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Chapter I

INTRODUCTION

1.1 Quantum Computing Overview
Recently quantum technologies especially quantum computing has been the

topic of interest for the general public and researchers. Quantum computing is not

exactly new, and the idea of using quantum mechanics to build computer has been

around since the 1980s. The problem of simulating quantum systems has always

been hard for computers and in the 1980s Richard Feynman, a great physicist of the

time, proposed that to simulate a quantum system, it should be easier to just simulate

it on another quantum system (Feynman, 1982). David Deutsch, also a physicist,

around the same time was trying to find the limit of Church-Turing thesis. Since the

underlying principle of the Church-Turing thesis is the physical realisable machine,

Deutsch looked into the physical aspect of it. He looked into the foundation of all

physics, quantum mechanics, and formulate his idea on building computer using

quantum mechanics as basis of the computation (Deutsch, 1985).

While trying to prove that quantum computer is more powerful than classical

computers. Deutsch came up with a problem, although not a practical one, in which

a quantum computer can solve in constant time while classical computer would take

linear time to solve (Deutsch and Jozsa, 1992). Later, Bernstein and Vazirani also

came up another toy problem that a quantum computer can solve faster than clas-

sical (Bernstein and Vazirani, 1997) and then Simon (Simon, 1997) in which his

algorithm was actually the first algorithm to move away from binary function and

strongly showed that quantum computer is in fact superior to classical computers for

certain class of problems. Inspired by Simon’s algorithm, Peter Shor in 1994 discov-

ered integer factoring algorithm and discrete logarithm finding (Shor, 1997). The

first quantum algorithm able to solve practical real world problem which is believed
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to be unsolvable on classical computers. Kitaev later generalised Shor’s algorithm

and Deutsch-Jozsa’s algorithm into algorithm for solving Abelian stabiliser prob-

lem (Kitaev, 1995). Quantum search algorithm, an unstructured search algorithm or

informally quantum brute-force search, was discovered by Grover in 1996 (Grover,

1997). But after important algorithms like Shor’s factoring and Grover’s algorithm,

not many interesting algorithms were proposed since quantum way of thinking is un-

natural. A new development on perspective to quantum view of thinking is needed

in order to discover more useful algorithms. Although the progress on quantum

algorithm didn’t move fast forward during the 1990s, progress were made on the

analysis on what ideal quantum computer can and cannot do (Boyer et al., 1998;

Bennett et al., 1997; Brassard et al., 2002; Terhal and DiVincenzo, 2004).

Since then, deeper understanding of the nature of quantum algorithm were

made (Aaronson, 2013; Aaronson and Ambainis, 2014; Aaronson, 2010) and mul-

tiple quantum algorithms were discovered for broader range of topics. Improve-

ments were made on Deutsch-Jozsa algorithm (Myers et al., 2001), Solovay-Kitaev

algorithm (Dawson and Nielsen, 2006), and Shor’s algorithm (Zalka, 2006). Algo-

rithm for solving systems of linear equations were proposed by Harrow, Hassidim,

and Lloyd (Harrow et al., 2009) (HHL algorithm). Multiple applications of HHL

algorithm were proposed such as quantum machine learning (Biamonte et al., 2017;

Kerenidis and Prakash, 2017). Quantum machine learning is discussed in more de-

tail in (Aaronson, 2014; Mitarai et al., 2018). More about quantum algorithms can

be found in (Harrow and Montanaro, 2017; Montanaro, 2016). In addition to quan-

tum algorithms, quantum communication and cryptography also got more advanced

with better Quantum Key Distribution algorithm (QKD) (Blundo et al., 2004; Al-

léaume et al., 2014) and how to increase the distance for quantum communication

(Muralidharan et al., 2016).

Recently there has been progress in the making of usable universal quantum

computer. In the quest to build a quantum computer, multiple approaches and tech-

nologies are used, such as optical system (Qiang et al., 2018), superconducting pro-
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cessor (Reagor et al., 2018; Arute et al., 2019), ion-trapped system (Wright et al.,

2019), nuclear magnetic resonance (NMR) (Jones, 2001), or silicon chips (Watson

et al., 2018). Each technology has its pros and cons in realising a workable quantum

computer with a large enough size. The main problem in realising qubits, the basic

component of the quantum computer which is analogous to the classical bit, is to

maintain the state of qubit long enough to carry out computation. Not only that but

the qubit must maintain its quantum effect throughout the computation process, it

needs to be tolerant to noises.

Noisy Intermediate Scale Quantum technologies (NISQ), a term coined by

John Preskill from Caltech (Preskill, 2018, 2012) (also the person who coined the

term Quantum Supremacy). In this NISQ-era, practical applications must be noise

resilient. Studies on useful applications in near future of NISQ-era can be found in

(Aaronson and Chen, 2017).

One immediate useful application in NISQ-era right now is certifiable ran-

dom number generator (Brakerski et al., 2018). Another interesting useful applica-

tion in NISQ-era are variational algorithms. Initially designed for solving quantum

chemistry problem; variational quantum algorithm, a hybrid algorithm combining

conventional processor and current noisy quantum processor, received a lot of atten-

tion currently. By running shallow depth quantum circuits with tunable parameters

and using classical optimiser to tune these parameters, variational algorithms can

be used to solve optimisation problems. Algorithms that put forth this field were

Variational Quantum Eigensolver (VQE) (Peruzzo et al., 2014) and Quantum Ap-

proximate Optimisation Algorithm (QAOA) (Farhi et al., 2014). Many applications

and variations of VQE and QAOA were proposed in multiple works (McClean et al.,

2016; Bravo-Prieto et al., 2019) and sample implementation of solving optimisation

problems such as max-cut, travelling salesperson problem, or graph colouring were

done in (Koller et al., 2019).
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1.2 Problem Statement
Many literature on quantum algorithm assume that the oracle or quantum cir-

cuit can be built using mathematical proof but don’t state how to actually implement

the circuit. Also with the access to quantum computer cloud platform such as from

IBM or Rigetti, we want to try realising the quantum algorithm that we’ve seen in

literature on real devices. These public access devices can help us gain insights

to discover more useful algorithm to solve interesting problems that we currently

have like improving machine learning, decrypting messages, or simulating com-

plex structure of quantum systems. The currently available quantum computer with

14-20 qubits is large enough to solve some of those interesting problems with small

input size.

However, fidelity of current public accessible superconducting quantum com-

puters are still under error correcting threshold. Long and complex computation

suffers from noises, short decoherence time (T1 ∼ 90-100µs; T2 ∼ 50-80µs), and

gate error (∼ 0.05% for single qubit gate; ∼ 1% for C-Not gate). Most algorithms

developed to solve real-world or interesting problems are often limited by circuit

depth, the number of gates which can be performed on qubits before computation

outcome is dominated by noise. To address this problem, there are three approaches;

by improving hardware resulting in higher gate fidelity, by optimising circuit reduc-

ing gate count (especially C-Not or C-Z), and by introducing new native operations

to real hardware (such as native swap gate in two microwave pulses instead of using

3 C-Not resulting six pulses).

We are interested in the second approach, on how to optimise circuit from the

device-user side. We want to know whether quantum comparator circuit, small but

commonly used subroutine for arithmetic based algorithm, can be optimised further

and whether its depth is shallow enough to be used to solve optimisation problem

with Grover’s algorithm. Instead of the popular circuit cost function of using C-Not

count or T gate count, we choose Qiskit cost (IBM Q defined cost) as our circuit
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cost function to be optimised as most superconducting technology still has single

qubit gate error (although one magnitude lower than two-qubit gate) and usually has

only one native two-qubit gate (either C-Not, C-Z, or iSwap). To make our design

general without restricting to certain devices physical structure, we assume backend

to have all-to-all physical connectivity and only suggest ideas on how to modify the

design to better match device backend when physical connectivity is known.

1.3 Thesis Questions

1. Assuming all-to-all connectivity, what is a good design for quantum compara-

tor circuit?

2. Can 3-bit quantum comparator be implemented on IBM QX devices with tol-

erable error?

1.4 Scope of Work

• Circuit cost to compare will assume all-to-all connectivity.

• Circuit cost to compare will only include C-Not count and Qiskit cost.

• Real device experiment will be done on IBM QX only.

• Only one iteration of Grover’s algorithm will be used to test quantum com-

parator usage on real device.

1.5 Research Implication
Giving an example on how to optimise small quantum circuit, in this case

quantum comparator, can give more insights and general idea on optimising larger

and more complex circuits. For near term noisy devices with longer decoherence
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time, lower error rate, and more qubits; instead of only waiting for the improve-

ment on hardware alone, circuit optimisation scheme can help shorten the gap of

realisable algorithms on current devices and algorithm for fault tolerant quantum

computer. Experimenting with basic component of binary arithmetic such as quan-

tum comparator unit can give us more info on how to devise algorithms for near

term devices. If the proposed circuit can be run on real devices and have good cor-

relation of ideal state and real state, then it implies that variational algorithms can

incorporate small scale exact circuit to speed up even more.
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Chapter II

BACKGROUND

2.1 Quantum Basics
The basics of quantum computing will be briefly discussed in this section,

most of the topics are selected from the quantum computing textbook from Nielson

and Chuang (Nielsen and Chuang, 2010).

Quantum Bits
Qubit is the fundamental component of computation in quantum computing.

It is analogous to classical bit in current computers. Classical bits can hold value of

0 or 1 at a time. Qubits on the other hand, can hold both 0 and 1 at the same time

but when observed (or measured) will collapse to being only 0 or 1 like classical

bits. a qubit can be described using equation

|ψ⟩ = α |0⟩+ β |1⟩ (2.1)

where α and β is a complex number with constraints of

|α|2 + |β|2 = 1 (2.2)

|ψ⟩ represents the state of this single qubit. |0⟩ and |1⟩ can be thought of as a fancy

notation for classical bit 0 and 1 respectively. α and β which we call amplitude can

be thought of as a number describing how much 0 or 1 this single qubit is. ||α||2

represents the probability that when observed the qubit will act as it has been |0⟩ all

along and similarly ||β||2 for |1⟩. The equation can be understood better with linear

algebra, thinking of |0⟩ and |1⟩ as basis in a 2-dimensional complex vector space. A

single qubit |ψ⟩ is just a unit vector in the space spanned by the bases thus we can

describe a single qubit using 2 complex numbers.
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We do not normally use single bit or qubit in our computation but rather a set

of bits or qubits (although there is a model of quantum computer with which fo-

cuses on single qubit, deterministic quantum computation with one qubit(Knill and

Laflamme, 1998; Hor-Meyll et al., 2015; Fujii et al., 2018) which we will not talk

about it here). In the case of classical bits, suppose we have a n-bit register which

can be described using n bit of information. The register can hold 2n information

which then got encoded to represent something in our computation. For the case of

qubits, let’s look at a system of 2 qubits first which can be represented by

|ψ⟩ = (α1 |0⟩+ β1 |1⟩)⊗ (α2 |0⟩+ β2 |1⟩) (2.3)

|ψ⟩ = α1α2 |00⟩+ α1β2 |01⟩+ α2β1 |10⟩+ β1β2 |11⟩ (2.4)

So to think of a quantum system of 2 qubits in terms of linear algebra, the system is

a 4-dimensional vector space spanned by 4 bases; |00⟩, |01⟩, |10⟩, and |11⟩. Similarly

for 3-qubit system, the space is spanned by 8 bases; |000⟩, |001⟩, |010⟩, to |111⟩. In

general, a system of n qubits can be represented by

|ψ⟩ = |ψ1⟩ ⊗ |ψ2⟩ ⊗ |ψ3⟩ ⊗ · · · ⊗ |ψn⟩ (2.5)

which needs 2n complex number to describe. This means that we can store much

more information compare to classical systems. Do noted that even if we store so

much information in the system, when we observe the system to bring out infor-

mation we still can only see n bits of information. This is the pitfall many fall into

thinking when first learning quantum computing. Quantum system can store and

compute (which will be discussed in later part) many information at the same time

but it tells us very little, storing 2n but only tell us n. So in order to carry out fast

computation we need to extract n bits of information which is meaningful to us.

Superposition and Entanglement
The phenomenon of being both 0 and 1 at the same time of qubit is called

”superposition”. Let us take a step back a bit. Remember that for a n-dimensional

vector space, the set of n independent vectors that span the space is called basis. For
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a non-trivial vector space, there are infinite set of n vectors that form basis set. So

for 2-qubit system, |00⟩, |01⟩, |10⟩, and |11⟩ is just one of infinitely many bases we

can choose from. We refer to this set of basis as the computational basis. A single

qubit can be in a superposition of some basis or just a definite state of another basis.

For example,

|ψ⟩ = 1√
2
|0⟩+ 1√

2
|1⟩ (2.6)

is a superposition in computational basis but a definite state in (|0⟩+ |1⟩) and (|0⟩ −

|1⟩) basis. Another phenomenon which is important in quantum computation is

”entanglement”. Entanglement is a phenomenon in which two or more particles (in

this case qubits) cannot be described individually. A good example of an entangled

state is

|ψ⟩ = 1√
2
|00⟩+ 1√

2
|11⟩ (2.7)

The state above is in entangled because the system (2-qubit system) cannot be de-

scribed via what state each qubit is in but rather it needs to be described as a whole

system. It’s easier to see from the linear algebra point of view, since we cannot

describe a vector in the space using one basis but a combination of basis.

Quantum Computation
Operations acting on qubits which change the states they are in into some other

states are referred to as quantum gate. Quantum gate is not a physical gate like in

classical computer but it refers to the manipulation we done on the states which

differs for each backend technology; refraction glass in optical technologies, wave

pulse in superconducting technologies, or laser beams in ion-trap system. Every

computation in quantum computation needs to be reversible except those that de-

stroy superposition such as measurements. In terms of linear algebra, we can think

of qubit state as column vector and these operations as unitary matrices or unitary

transformations on vectors. Since they’re linear transformation, each operation acts

on all of the states at the same time. This is what makes quantum computing more

powerful than classical computing.

7
1

3
4

7
4

3
2

5



C
U
 
i
T
h
e
s
i
s
 
6
0
7
0
2
2
9
6
2
1
 
t
h
e
s
i
s
 
/
 
r
e
c
v
:
 
1
6
1
2
2
5
6
2
 
2
1
:
2
5
:
1
1
 
/
 
s
e
q
:
 
1
6

10

One important fact about quantum computations, even though we can manip-

ulate all the states at the same time, we still need ingenuity to manipulate them in

a way that after we finish those operations and extract the information from the 22
n

possible states, we can only get n meaningful bits of information.

Example of quantum gates

Some selected examples of common gates and circuit symbols used in quan-

tum computing are listed below. Each gate is listed with its circuit model repre-

sentation (which will be discussed later), name, matrix representation or a brief

description of what it does.

Hadamard H 1√
2

1 1

1 −1


Pauli-X X

0 1

1 0


Pauli-Y Y

0 −i

i 0


Pauli-Z Z

1 0

0 −1


Phase S

1 0

0 i


π/8 T

1 0

0 eiπ/4



controlled-Not



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0
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controlled-Z



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1



swap



1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1



Toffoli



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0


measurement Projection onto |0⟩ and |1⟩

qubit wire carrying a single qubit

classical bit wire carrying a classical bit

Visualisation of Qubits
Single Qubit Visualisation

Recall that qubit can be expressed as |ψ⟩ = α |0⟩ + β |1⟩ and from probabil-

ity preservation |α|2 + |β|2 = 1, thus the equation describing a single qubit can be
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φ

θ

x̂

ŷ

ẑ = |0⟩

−ẑ = |1⟩

|ψ⟩

Figure 2.1: Bloch sphere representation of a qubit

rewritten as

|ψ⟩ = eiγ
(

cos θ
2
|0⟩+ eiϕ sin θ

2
|1⟩

)
. (2.8)

Observed that in this form θ and γ are angles describing a unit vector in a three-

dimensional sphere as shown in Figure2.1. This unit sphere is often referred to as

Bloch sphere. Its visualisation helps us a lot when thinking and reasoning what

the state a qubit is in. Now that we have Bloch sphere, how do we translate single

qubit gate operations into this representation? Recall that single qubit gates can be

expressed as unitary matrices, using a little bit of math, we can see that every single

qubit gate maps nicely to a rotation around some axis in this Bloch sphere. Thus

we can describe a single qubit gate using three real values; two for defining rotation

axis and one for rotation angle.

Multiple Qubit Visualisation

Unfortunately, the Bloch sphere representation does not extend to multiple

qubits. There are multiple proposals for visualising multiple qubits states but none

of them really receive much popularity since it does not help us much to gain more

understanding, so people still using math equation when talking about multiple

qubits states.
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Figure 2.2: Circuit model of half adder (adding 0 with 1)

Circuit Model
To represent quantum program or algorithm, we use circuit model to describe

the process of what operations to apply to each qubit. Figure 2.2 is an example of

circuit model of half adder with input |0⟩ and |1⟩ . Each wire in the circuit model

represents each qubit, unless noted otherwise all qubits are initialised in |0⟩ state.

Wire with two lines represents classical bit. Box on each qubit wire refers to the

operation or quantum gate acting on the qubit. Time goes from left to right, each

gate in the same layer refers to the same time slice that it operates on.

Do note that this is circuit model is not a real hardware circuit but is only a

way to represent quantum programs similar to how music score is used to represent

what each note in the piece should be played but is not limit the music instrument

that the piece can be played with.

Quantum Algorithm
Algorithm in quantum computing can be categorised in three broad categories.

Fourier Transform based algorithm - these include Shor’s factoring and dis-

crete logarithm algorithm (Shor, 1997), Deutsch-Jozsa (Myers et al., 2001), Si-

mon’s (Simon, 1997), any many others. This type of algorithm apply Fourier trans-
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form to multiple expanded states and with ingenuity manipulate those states to ex-

tract information in some ways that is enough to giveaway the answers without the

need to look at the whole states. This type of method is generalised by discovery by

Kitaev (Kitaev, 1995) during his attempt to solve Abelian Stabilizer problem and

the generalisation to the hidden subgroup problem. The Deutsch-Jozsa algorithm,

Shor’s algorithm and other related exponentially fast algorithm can be viewed as a

special case of Kitaev’s algorithm.

Quantum Search Algorithms - This class of algorithm and its basic princi-

ples were first discovered by Grover with his famous unstructured search algorithm

(Grover, 1997), the quantum version of brute-force searching. Using a technique

called amplitude amplification at its core, this type of algorithm was further studied

and proved by BBHT (Boyer et al., 1998) that this search type algorithm cannot

achieve exponential speed up over classical algorithm and that problem’s structure

is required to really design an efficient algorithm even for quantum computers.

Quantum Simulation - Simulating quantum systems is hard for classical com-

puters and thus Richard Feynman proposed the idea (Feynman, 1982) that we need

new computing model which uses quantum mechanics as the basis to efficiently

simulate them. Recently this type of algorithm gained popularity since some Hamil-

tonian, a physical method to describe energy level of a quantum system, of some

easy quantum systems can be implemented on current device of quantum computer

and are robust to noises. By reducing problems to quantum systems with known

Hamiltonian, many optimisation problems can be done on quantum computers (Pe-

ruzzo et al., 2014; Farhi et al., 2014). The problem with current quantum computer

will be discussed in the next section and we’ll see why this type of algorithm are

widely studied right now.
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2.2 Noisy Intermediate Scaled

Quantum-Technology Devices
At the time of writing, general-purpose error free or fault tolerant quantum

computer is yet to be realised. All quantum computers to date possess small num-

ber of qubits and are prone to some types of errors or noises which interferes with

quantum states of qubits. This type of quantum computer are called Noisy Interme-

diate Scaled Quantum (NISQ) Computer a term which was coined by John Preskill

(Preskill, 2018). The interference from noises make qubits loses their superposition

state and the entanglement between qubits which is the key behind power of quan-

tum computer and thus method on fighting against noises is being an active research

at the moment.

Noise In NISQ
For each type of NISQ devices, the source and impact of noise varies. For this

thesis, only the noise from superconducting technology will be described.

Decoherence

A phenomenon in which qubit loses its quantum mechanical properties, such

as losing its superposition states or the entangled states between qubits are called

decoherence. In superconducting qubits, there are two sources for decoherence;

namely relaxation time (T1) and dephasing time (T2). Relaxation is the energy

decay which makes the qubit loses its |1⟩ component and slowly moves to |0⟩. Re-

laxation time is the in which a pure |0⟩ states lose all of its energy and becomes

|0⟩ state. Dephasing is the event that qubit slowly loses its phase, or in the abstract

view the complex component of the amplitude. Similarly dephasing time refers to

the time duration for a qubit to completely lose its phase component. The study

to increase decoherence time and prevent outside causes perturbation are studied

in (Ithier et al., 2005). This decoherence time also limits the depth of circuit, how

many operations can be done before qubits lose their quantum mechanical proper-
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ties, which make long algorithm unrealisable on current NISQ devices.

Gate Error

Quantum computation or qubit manipulation in superconducting devices are

performed via microwave pulses. The pulses change qubit’s energy level and how

it interacts with each other. Controlling exact energy to transfer into qubit is a hard

feat and thus there are margin of errors to the expected energy level which can make

computation output suffers from some errors. This error occurring when manipu-

lating qubits are called gate errors. Different elementary gates, native gates that

each device can perform, have different amounts of errors which will be discussed

in more detail in quality metric section. At the time of writing, gate error dominates

every other error and is the factor that determines whether a certain algorithm can

be run on a certain devices.

Read Out Error

After computation is done, we need to read the output from our quantum com-

puters. At the time of writing even this step has errors. To extract output or cal-

culation results from quantum computers in the case of superconducting devices,

another set microwave pulses are applied which in turn introduce another error to

our results. Fortunately this type of errors can be mitigated easily.

Physical Connectivity

One important quality of quantum computers are physical connectivity. In

order to fully exploit the power of quantum computers entangled qubits are crucial

but there’s a catch to this. Most if not all NISQ devices can only entangle qubits

that are physically close in the device (i.e. neighbouring qubits on 2-d layout in

Figure 2.3(14-qubit backend: IBM Q team, ”ibmq_16_melbourne v1.0.0” (2019))).

Retrieved from https://quantum-computing.ibm.com)). Even if the connectivity is

not all-to-all, there’s a way to swap qubits states around and entangle any pair in the

system. For example from Figure 2.3, if we want to entangle or apply C-Not gate to
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Figure 2.3: Physical connectivity of ibmq_16_melbourne

qubit 8 and 3, we can swap 9 with 8, swap 5 with 9, swap 4 with 5, then apply C-Not

from 4 to 3. However naively swapping qubits around will increase circuit depth

and increase error to the computation. Smart mapping of which physical qubits

needs to be map to our logical qubit in our algorithm is crucial. There are research

on making a compiler to help with this problem which is studied in (Zhang et al.,

2019).

2.3 Error Mitigation and Correction
Current NISQ devices are not capable of running long and complex algorithms

such as Shor’s factoring algorithm or Grover’s search just yet because these types of

algorithm needs exact precision during its computation. Instead of waiting only for

qubits properties to improve, there is another field which studies how to use quantum

computers with these imperfect qubits. Error correcting and mitigation schemes

are proposed such that once the qubit error rate drops below a certain threshold

and more qubits are available on the devices, these error correcting method can be

used to carry out error-free calculation. Another perspective was proposed recently

(Peruzzo et al., 2014; Farhi et al., 2014; Bravo-Prieto et al., 2019; McClean et al.,

2016), instead of fighting against noises, algorithms should be designed to be noise

robust.
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Error Correction Schemes
Error correction on quantum computer can be done with qubit encoding

(Roffe, 2019; Gottesman, 2010; Devitt et al., 2013). Example of qubit encodings

are bit flip code, sign flip code, Shor code (Shor, 1995), and bosonic code (Cochrane

et al., 1999). The most notable encoding is the surface code (Kitaev, 2003; Den-

nis et al., 2002; Fowler et al., 2012) by which is mimic topological qubits which is

fault-tolerant by nature.

Error Mitigation Schemes
Some types of noises such as read out errors or measurement errors can be

mitigated easily if devices properties are available. By preparing sets of known

quantum states and perform a series of finite measurement on them and recreating

Positive-Operator Valued Measure (POVM), classical noise which is the dominant

noise in read out error can be mitigated [(Maciejewski et al., 2019; Temme et al.,

2017; Kandala et al., 2018)

Noise Robust Algorithm
Recently noise robust algorithms that can be run on NISQ devices are pro-

posed. The two most popular algorithms are Variational Quantum Eigensolver

(VQE) (Peruzzo et al., 2014) and Quantum Approximate Optimization Algorithm

(QAOA) (Farhi et al., 2014) which requires both quantum computer or quantum pro-

cessing unit (QPU) and classical computers or classical processing unit (CPU) to

work together. VQE and QAOA first initialise some shallow depth circuit, usually

refers to as entangler, which entangle qubits with tunable parameters which upon

measurement should give high probability of observing good candidate solution to

optimisation problems. After observing the result from QPU, classical optimiser

is run on CPU to fine tune the entangler parameter and then redo the algorithm

on QPU until best answer is found. This type of algorithm is very similar to how

evolutionary algorithm or machine learning do things classically.
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2.4 Quality Metric of Quantum Circuit
Quantum algorithm, in the early days were mostly inspired by classical algo-

rithm. Since quantum computation needs to be reversible, research on designing

quantum circuits took reversible classical computation as based (Gupta et al., 2006;

Shende et al., 2003; Maslov and Dueck, 2004; Yang et al., 2008; Prasad et al., 2006;

Smolin and DiVincenzo, 1996). The problems they addressed were optimisations

of number of garbage bits and quantum cost. Later on, in addition to quantum cost

and garbage bits, researchers added number of ancilla qubits, delay (or recently

called circuit depth), and the exact synthesis of circuit using some sets of elementary

quantum gates (Große et al., 2008; Hung et al., 2006). Around the time when small-

scaled quantum computers were realised, multiple cost metrics were discussed in

(Maslov and Miller, 2007) and later literature started using new cost metrics such

as ancilla count, gate count in terms of elementary gate sets defined by each device,

or costly gates with respect to some real devices.

Some commonly used quality metrics or cost metrics in recent literature are

briefly described below.

Ancilla Bit Count
Ancilla qubits are extra qubits which is used during computation in addition to

input and output qubits to speed up the computation process by reducing total gates

or circuit depth (Morimae et al., 2017, 2014). Many works proposed ways to reduce

ancilla qubits by increasing circuit depth linear to the number of inputs (Wille et al.,

2010). Since most current NISQ devices don’t have fully-connected qubits or large

number of qubits available, a trade-off between number of ancilla and circuit depth

needs to be considered.
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Fidelity
Fidelity is a single value describing how close a quantum system is to the ideal

system. In this case fidelity may refer to how close the states after computation are

to the ideal final states, finding this type of fidelity is done via a method called

quantum state tomography (Schmied, 2016; Torlai et al., 2018). Another type of

tomography, the quantum process tomography, can be used to find fidelity value of

how good circuits are as opposed to the matrix it represents (O’Brien et al., 2004;

Knee et al., 2018). Fidelity is usually used to measure the quality of a quantum com-

puter (Wright et al., 2019; Linke et al., 2017; Ballance et al., 2016), how well it can

carry out the computation (usually done by randomised benchmarking) (Hashagen

et al., 2018; Magesan et al., 2012, 2011), and how close it is to a perfect device. Fi-

delity is device specific and thus is not used to measure how well a quantum circuit

implementation is across different devices.

Circuit Depth
Multiple operations that act upon different independent set of qubits can be

done at the same time in most devices. Similar to counting clock cycle in classical

circuit design, circuit depth defines the actual time needed for certain circuit to run.

Literature focusing on the classical reversible circuits and early works on designing

quantum circuit may refer to this as quantum delay. With current NISQ devices,

where qubits lifetime is ephemeral, circuit depth is a common metric to consider in

most literature.

T-depth and T-count
Clifford gates and T gate is one of the universal gate set in quantum computa-

tion (Kliuchnikov et al., 2013). Performing T gate exactly or even within small error

threshold is a problem for some kind of quantum computers (Amy et al., 2013) and

using T-depth as a cost function was proposed. Many algorithms to optimise cir-

cuits to reduce T-depth and T-count was proposed (Amy, 2013; Glaudell et al., 2019;
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Selinger, 2014, 2013; Thapliyal and Ranganathan, 2013; Thapliyal et al., 2018; Ross

and Selinger, 2016)

C-Not count
For most technologies including superconducting quantum computers, C-Not

gate is the most costly gate which requires a longer time and is more error prone than

every other basis gates available with respect to its architecture. Most literature, use

this metric as a means to compare good circuit design. C-Not optimising algorithms

for Linear Nearest Neighbour qubits were proposed in (Cheung et al., 2007; Hirata

et al., 2009) and for any quantum computers in general (Nam et al., 2018; Meuli

et al., 2018; Muñoz-Coreas and Thapliyal, 2018; Cheng et al., 2015)

Quantum Cost
First proposed in the work of Barenco et al (Barenco et al., 1995) as a metric for

designing efficient quantum computations using elementary gate set. It is defined

as the total gate count of arbitrary single qubit gate and arbitrary two-qubit gate.

Multiple variants of this quantum cost were proposed after prototypes of quantum

computers were realisable, such as in the work of (Vedral et al., 1996). Circuit

optimisation algorithms were proposed to reduce this cost (Hung et al., 2006; Lukac

et al., 2017)

Qiskit Cost
Proposed by IBM to be used as a cost for circuits running on IBM QX devices

(Zhang et al., 2019). This cost function was used by multiple competitions from

IBM Q to find efficient quantum circuit compiler and designing efficient quantum

algorithms. The cost is defined by 10m + n where m is the number of C-Not gate

and n is the number of single qubit gate. The idea behind this cost function came

from characteristics of IBM QX devices and superconducting quantum computers

from other providers (Arute et al., 2019; Reagor et al., 2018) that C-Not gate or
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basis two-qubit gate has around 10 times error rate of that single qubit gate.
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Chapter III

REVIEW OF LITERATURE
Binary arithmetic are core components to classical computing. Similarly to

quantum computers, in the early days people tried to mimic this approach of build-

ing circuits from building blocks such as adder, comparator, and multiplier circuit.

Since Shor’s algorithm for factoring and discrete logarithm was proposed. Newer

approach to arithmetic via quantum means such as teleportation based operations

(Van Meter et al., 2008), measurement based schemes on cluster states (Trisetyarso

and Van Meter, 2010), or repeat-until-success circuits (Wiebe and Roetteler, 2016).

Taken after Shor’s Quantum Fourier Transform approach, multiple QFT adders and

multipliers were proposed (Beauregard, 2003; Beauregard et al., 2003; Pavlidis and

Gizopoulos, 2014; Maynard and Pius, 2014). Even looking further into the future,

multi-computer arithmetic operations were studied in (Van Meter et al., 2008; Jones

et al., 2012).

In the next following subsection, various approaches into building quantum

adder and quantum comparator will be discussed in brief details.

3.1 Adder inspired by classical reversible circuit
Based on classical reversible circuits, this type of quantum adder encode the

number to be added using binary representation (or base-d number for d-level quan-

tum systems). One of the first designs were proposed by Vedral, Barenco and Ekert

in 1996 (Vedral et al., 1996). Vedral adder was then later improved by multiple

works (Gossett, 1998; Cheng and Tseng, 2002; Chakrabarti and Sur-Kolay, 2008)

but the most notable one is from Cuccaro in which ripple carry adder was pro-

posed (Cuccaro et al., 2004). Vedral adder also used as a based for floating point

adder (Nachtigal et al., 2011; Nguyen and Van Meter, 2014), Binary Coded Deci-
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mal adder (Nagamani et al., 2014), adder for sets of numbers stored in superposition

states (Lu et al., 2018), approximate adder (Alvarez-Rodriguez et al., 2015), proba-

bilistic adder (Lau et al., 2010), and the realisation of adder on ion-trapped device

(Barbosa, 2006).

An improved version of Cuccaro adder was proposed in (Wang et al., 2016)

which reduces the work of cleanup intermediate value by reorder input states. Cuc-

caro adder also got many applications to it. Some examples of the applications are

approximate adder specialised for Shor’s algorithm (Gidney, 2019; Zalka, 2006),

optimal T-depth division circuit (Thapliyal et al., 2018), optimal R gate adder (Mon-

taser et al., 2019), and devising algorithms for linear nearest neighbour quantum

computers (Hirata et al., 2009; Choi and Van Rodney, 2011; Choi and Meter, 2012).

3.2 Adder using Quantum Fourier Transform
Began with Shor’s factoring algorithm, the factoring algorithm requires a pro-

cess to solve it namely; after computing f(x) then compute f(x + y). Where f(x)

takes x into the transform space by QFT. Inspired by Shor’s adder and in the hope of

speeding up factoring algorithm, one of the first few notable improvements on QFT

adder on this was done by Draper (Draper, 2000). Draper’s QFT adder was then

later optimised by many researchers (Gidney, 2018, 2017; Florio and Picca, 2004)

and were used as a base for quantum modular exponential (Pavlidis and Gizopoulos,

2014; Amy et al., 2013), floating point adder (Thapliyal and Ranganathan, 2013),

quantum hybrid multiplier (Maynard and Pius, 2013), and mean finding algorithm

and weight sum algorithm (Ruiz-Perez and Garcia-Escartin, 2017). Variants from

Draper’s QFT adder also got applications for QFT-based algorithm and improved

version of Shor’s algorithm (Asaka et al., 2019; Beauregard, 2003) and also the

realisation of QFT adder on multiple experimental setup (Choi and Meter, 2012).
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3.3 Quantum Comparator
Realising quantum comparator circuit can be done via two means.

First approach is to use quantum adder. When comparing two binary numbers

A and B, if one wants to check whether A is larger than B, by complementing B

into B’. By adding A and B’ together, checking the carry output bit, it can tell us

whether A is larger than B or not. This first approach does not need specialised

circuits and can be done by a little modification on quantum adder and reverse the

add procedure to clean ancilla bit. Analysis on this modification can be seen in

(Cuccaro et al., 2004; Vedral et al., 1996) for plain quantum adder and (Draper,

2000; Gidney, 2017) for QFT adder.

Second approach to building quantum comparator is to directly design sub

circuit to compare each bit of the number similar to classical ripple comparator

approach. Most literature on this approach were done with the aim of optimising

quantum cost (Beckman et al., 1996; Sarker et al., 2014; Oliveira et al., 2006). No

literature on this approach which focus on optimising C-Not can be found.

3.4 Multiple Controlled Toffoli Gate
One basic component in classical when doing arithmetic and Boolean algebra

is the “and” operation. Reversible “AND” operation is usually done via multiple

controlled-Toffoli gate (MCT) in quantum computing and since ”AND” is a very

basic operation. Works on classical reversible circuit which tend to optimise quan-

tum cost usually use lots of MCT with both positive and negative controls and Peres

gate (which is also a variant of MCT). Optimising MCT can help the circuit in gen-

eral to achieve better quantum cost and reduction on C-Not gate count. Multiple

techniques on finding better designs of MCT such as computer aided design (Nam

et al., 2018), linear depth MCT with no ancilla but assuming arbitrary two qubit con-

trol gate (Saeedi and Pedram, 2013), single T-depth MCT design (Selinger, 2013),
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using relative phase version of operations with ancilla bits which later got reversed

reducing both T-count and C-not count (Maslov, 2016).
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Chapter IV

PROPOSED CIRCUIT
In this chapter we study in detail how to optimise the implementations of the

quantum comparator circuit, show how we extend circuits from literature to achieve

this new circuit.

From Cuccaro’s quantum adder, core part of it is the MAJ circuit (or gate).

MAJ gate accepts three qubits input and also output three qubits. Operation of

MAJ gate is to find the majority of the input and permute it in such a way that the

majority (of either 0 or 1) will be output in the lowest line of qubit (see Figure 4.1

for the circuit model).

To build quantum comparator that outputs whether A is more than B or not.

We took Cuccaro adder and modified it using the extension in (Cuccaro et al., 2004).

Since we only interest in the highest bit of the adder and we don’t care about the sum

result. We can build quantum comparator by propagating the carry (or the majority

of three qubit) to the most significant bit, put it in the output bit, and reverse the

majority step. Figure 4.2 depicts three bit quantum comparator using this method,

output bit at s0.

Taking controlled-Not gate optimisation method from (Maslov, 2016), we

can use the same techniques of using relative phase to make relative phase MAJ

gate (RMAJ) gate. One version of relative phase Toffoli gate, Margolous gate, is

a

b

c

a′

b′

maj

Figure 4.1: majority gate (MAJ)
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Figure 4.2: quantum comparator based on Cuccaro adder

depicted in Figure 4.3. By replacing Toffoli gate in MAJ gate with Margolous

gate, this RMAJ gate will only differ to MAJ on |011⟩ input, which maps |011⟩

to − |101⟩ instead of |101⟩. This phase difference does not pose a problem since

our entire circuit does not rely on phase change during the carry ripple process.

Also we fix the phase back to its original phase using inverse of RMAJ (iRMAJ)

which can be implemented easily by reversing gate order and inverting the gate.

Ry(π/4) Ry(π/4) Ry(−π/4) Ry(−π/4)

Figure 4.3: Margolous gate

Figure 4.4: reverse majority gate (RMAJ)
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Algorithm 1: greater than
input : A = an−1an−2an−3 . . . a0, B = bn−1bn−2bn−3 . . . b0, z = z, c = 0

output: A = an−1an−2an−3 . . . a0, B = bn−1bn−2bn−3 . . . b0, z = z ⊕ sn, c = 0

for i← 0 to n− 1 do
bi ←∼ bi

b0 ←MAJ(a0, b0, c)

for i← 1 to n− 1 do
bi ←MAJ(ai, bi, bi−1)

z ← z ⊕ bn−1

for i← n− 1 to 1 do
bi ← RMAJ(ai, bi, bi−1)

b0 ← RMAJ(a0, b0, c)

for i← 0 to n− 1 do
bi ←∼ bi
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Chapter V

RESULTS
In this chapter, we will summarise our proposed quantum comparator circuit

to Cuccaro’s comparator, VBE comparator, and ripple carry comparator generalised

from (Sarker et al., 2014; Oliveira et al., 2006; Beckman et al., 1996). The result

we compared were not from their original papers but rather their implementation on

superconducting IBM QX device. All candidate comparator circuits were transpiled

from circuit model into IBM QX device native gates of arbitrary single qubit and

C-Not gate. We also report the 2-qubit comparator running on IBM QX devices.

The reason we do not include QFT based adder in our comparison is due to

the fact that depth defined on all QFT based adder literature assumed arbitrary two-

qubit gate as having depth one. Implementing QFT based circuit using C-Not as

only two qubit gate would increase too much depth and we do not see any reason to

compare circuits that were optimised based on different assumptions and goals.

We tested our proposed 2-bit quantum comparator circuit with Grover’s

Adder
Num-
ber of
bits

Num-
ber of
anc.
bits

C-Not
count Qiskit cost

Proposed circuit 2n 1 10n+ 1 108n+ 10

VBE 2n n 28n−14 312n− 156

Cuccaro 2n 1 16n− 5 176n+ 10

Ripple Comparator 2n n O(n2) O(n2)

Table 5.1: Circuit cost summary for n ≥ 3. We then listed number of input
bits, number of ancilla bits, C-Not count, and Qiskit cost. We do not include
the complementing step but only the high bit finding part.
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algorithm by setting search threshold to be 2. We do one Grover iteration

for the comparison step which in the ideal scenario, should output 00011 with

100% of the time. We tested the same circuit on three devices; ibmq_vigo,

ibmq_ourense and ibmqx2 (5-qubit backend: IBM Q team, ”ibmqx2 v2.0.1”,

”ibmq_vigo v1.0.2”, ”ibmq_ourense v1.0.1”, (2019). Retrieved from https://

quantum-computing.ibm.com) with 8196 shots per device. As we can see slightly

in computation result, it seems to have a correlated output 00001 and 00011 higher

than the rest. Our assumptions on the outcome is that since the fourth output bit

of all devices has short decoherence time (both T1 and T2) the 1 in the fourth bit

might lose its 1 component before computation ends.

Figure 5.1: Proposed circuit result from ibmq_vigo

Figure 5.2: Proposed circuit result from ibmq_ourense

7
1

3
4

7
4

3
2

5



C
U
 
i
T
h
e
s
i
s
 
6
0
7
0
2
2
9
6
2
1
 
t
h
e
s
i
s
 
/
 
r
e
c
v
:
 
1
6
1
2
2
5
6
2
 
2
1
:
2
5
:
1
1
 
/
 
s
e
q
:
 
1
6

32

Figure 5.3: Proposed circuit result from ibmqx2
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Chapter VI

DISCUSSION

6.1 Summary of Findings
From the results of comparing our proposed circuits with other quantum com-

parator circuit from literature, we can see that using Maslov’s relative phase opti-

mising techniques is a promising approach to optimise circuit cost defined by C-Not

count and Qiskit cost. Comparator circuit is a very small compare to most prob-

lem specific oracle circuits. We can see a huge improvement on C-Not count and

Qiskit cost even from optimising comparator circuit which suggests that if we use

the same techniques on larger and more complex circuit, its cost should be reduced

with higher efficiency.

Another perspective to the results is that as we know more device properties,

in this case its native elementary gate. Given the correct cost factor with respected

to each device to minimise, every circuit should be able to become smaller and much

more efficient.

For the real device results, we can see strong signs that output has some cor-

relation with the ideal output states with only the fourth qubit high error rate. We

expect that by using error read out mitigation scheme, we might be able to see bet-

ter results. With the three devices we tested on, it seems that shallow depth circuit

might be able incorporate our proposed quantum circuit while still not losing all the

quantum properties of the qubit after computation ends.

It is important to note that our scope of optimisation in this thesis is to reduce

C-Not count and Qiskit cost, but another significant factor one should consider when

running on real device is circuit depth. As can be seen from Table 5.1, one might

wonder why ripple comparator cost is in O(n2), it is due to the fact that parts of
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ripple comparator can be perform in parallel. Parallel or multi-quantum computer

given large enough input might have lower circuit depth and circuit cost for each

quantum computer.

6.2 Future Work
Maslov’s technique of turning parts of circuit into relative phase variant and

later readjust the phase back is only one technique to be used. There still are many

parts available to be optimised, such as combining two RMAJ gate to permute states

of five inputs instead of three at a time. Another interesting circuit to optimise

is the adder circuit since it is a very important subroutine which is used by many

algorithms such as Shor’s factoring and some oracles of optimisation problems. A

good candidate for base adder is from (Wang et al., 2016), which can also be used

with the same relative phase techniques.

6.3 Open Problems
As suggested in (Maslov, 2016), it is hard to systematically synthesise relative

phase version of circuits. Computer-aided Design (CAD), evolutionary algorithm,

or machine learning algorithm might be able to help us find better circuits. A new

cost function might need to be considered to better suit newer devices since there

is progress on adding more native elementary two-qubit gate to superconducting

device Abrams et al. (2019). There might even be a better scheme than relative

phase version to optimise as there might be a connection between balancing circuit

cost and ancilla count and it will be much more important for devices with larger

qubits in the near future.
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