2110681 Computer Algorithms: (Lecture) Example I

Ex: Find Max1

001  begin
002  answer € A[1]
003 for i € 2 step 1 until n do
004 if A[i] > answer then answer = A[i] endif
005 enddo
006  return answer
007 end
Solution:
Timeused: 002> 1
003 > n
004 > n-1
005>1
006 > 1
That is, Ta(n) = Too2+ NTo03 + (N-1)To04 + Toos + Toos
=n+n-1+3
=2n+2

Ex: Find Max2
001  max-search(A[l...n])

002  begin

003 if n =1 then return A[1] endif

004 answer € max-search(A[1...n-1])

005 if A[n] > answer then return A[n] else return answer endif
006 end

Solution:

Time used: TA(n) = Tooz + Toos + TA(n-l) + Toos

= Too3 + Tooa + Toos + (Tooz + Toos + Toos + Ta(n-2)) + ...

=NTyp3 + (n-l)T004 + (n-l)T()()5
=n+(n-1) +(n-1)

=3n+2

Ex: Bubble Sort

001  sort(A[l...n])

002  begin

003  for last € nstep -1 until 2 do

004 for i € 2 step 1 until last do

005 if Ai] <A[i-1]then buffer € AJi]
Ali] € AJi-1]
A[i-1] € buffer endif

006 enddo

007  enddo

008 end

Solution:

+ Too3



Time used : Ta(n) =(n-1) + (n-2) + (n-3) + ... + 1 =n(n-1)/2
That is Ta(n) = ©(n%)

Ex: Insertion Sort
001  sort(A[l...n])

002  begin
003 for j € 2 step 1 until n do
buffer < A[j]
i < j-1
005 while i > 0 and A[i] > buffer do
Afi+1] € A[i]
i €i-1
006 enddo
AJi+1] € buffer
007 enddo
008 end
Solution:

Time used: Ta(nN)=1+2+3+ ... +n=n(n-1)/2
Worst case: O(n%)
Best case: QQ(n)

Ex: Find time complexity of
001 fori < 1tondo

002 y € S(m)

003 enddo
if S(m) = O(m?).
Solution:

T(n) = Zn:@(mz) = @(mz)znll
=nO(M’) = O(nm?)

Ex: Find time complexity of
001 fori < 1tondo

002 y € ()

003  enddo
if S(i) = ©(n?).
Solution:

T(n) = i@(iz) =00 =)

i=1



Ex: Find time complexity of
001 fori €< 1tondo

002 forj< 1toido

003 S@j)
004 enddo

005 enddo

if S(j) = ©(n?).

Solution:

T(n) - iZ@(iz) — oYY )

i=1 j=1

= @(iﬁ) — oM

Ex: Find time complexity of
001 fori; € 1tondo

002 fori, € 1toi; do
003 fori; € 1toi,do
oom forim € 1toim.g do
00m-+1 S€&S+1
if S=0.
Solution:

001 =>1<i1<n

002> 1<i,<ih<n

00M =2 1<in<ip1<...<i<ih<n
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Since #0=m
#1 =n-1, so # of bit string = m+n-1.
We can conclude that Ts = C""'= Cc™"!

Ex:
001  whilen>0do
002 n< |n/2]

003 enddo



Solution:

Iteration: 1 2 3 4 k-1 k
n n2 2> n2’ n/2? | 0=|n/2"|

Thus, k2 < p <ok
log, 2k2 < logz n <logy okl
k-2 <logyn <k-1<k
k~logon

That is T(n) = O(logz n)

Ex: Find the time complexity of GCD(a, b)

001  begin

002  while (a>0) do

003 g<a

004 a<bmoda
005 b<q

006 enddo

007 returnb

008 end

Solution:

Sincebmoda=b- |b/ala, thatis0<bmoda<a-I

case l:a<b/2,bmoda<a-1<b/2
case2:a=b/2,bmoda=0
case 3:a>b/2,b/2<a<b. Since b2<a
b/a<2
and a<b
b/a>1, thatis 1 <b/a<2.
From this, we can conclude that [b/a]=1.
So,bmoda=b-a<b-b/2=D0b/2
The value of a in each loop. For the i iteration, approximate by b/2.
Since the number of iterations is equal to log, b, time complexity = O(log b)

Ex: fn = fn_1 + fn_z where f() = O, f] =1
Solution:

X rFr-r—1=0
1445 . 1-45
r = s = ———
2 2
Thus, fn=0u(1+2\/g )n+a2(1_;/§ )"

f()=0 =(11+(1290L1=-(12

1+\/§ 1—\/§
1 + o

f1:1 =o
2 2




—a1+\/§-al_\/§ (1=Land 0L=-L
= I | 5 2 75
That is, fn=ﬁ(l+2\/_) \}g(#)n
Test: f0=\/§(1+2\/_) \/lg(#)():O
f__1+\/_ S L=y
: ﬁ 2 50 2
f2=...

Ex: Find the time complexity of Insertion Sort, T(n) =T(n-1)+n, T; =0
Solution: Tp =Ty + Ty
Homogeneous part: T" =T,
vr=1
Therefore, T"=a,()" ... )

Particular part: f(n) =n
TP =(pin+p)n
pin+p.n =pi(n-1)° + pa(n-1) +n
=p(n*-2n+1) + po(n-1) + n
=pin®—2pin+p;+pn—pa+n

pin+p.,n =pint+(2p;+p2+ Dn+pi—ps
Then, P2 = -2p1 +p2+ 1
P1 =1/2
and 0 =P1— P2,
P2 =pP1 =1/2
Thatis, T(P=()n*+ (%N ()

From (1) and (2), Tp = a;(1)" + ()n* + (¥4)n
Findo;,, Ti1=0=0;+1 2> a;=-1

Hence, T,  =-1(1)"+ (%5)n*+ (%)n
=-1+(%)N* + (%N
_nn+bh

2
T, =0

Ex: Find the time complexity of Binary Search, Ton=Tn, + 1, T; =1
Solution:
Let Tp = Tp.; + 1, where b =1log, n.
Homogeneous part: Tf)h) = al(l)b ............ (D)
Particular part: T\” =p;b

pib  =pi(b-1)+1
0 =P + 17 p1= 1



So, T =b . (2)
From (1) and (2), Ty =a;(1)°+b
Findo;: To-1 =1, b =logyn

=logy 1 =0, that is Ty = 1.
Wherefore, To=1
=ou+0=1,a;=1.

We can conclude that, Tp = (1)b +b.
Because of b =1log, n,

thus, Tp=logan+1 = O(log n)

Ex: Merge Sort, Tp=2Tn, +n, T; =0
Solution:
Let Tp=2Ty.1 + 2b, where b =log; n.
Homogeneous part: T f)h) = 011(2)ID ............ (1)
Particular part: TP’ =p,2%b
pi2°b =2p2”'(b-1) +2°
pib =pib-1)+1
pl =1
Thatis, T® =2 ... Q)
(1) and (2), Tp = 0,(2)° + 2°b
Find a;: Th=; = 0. Thus Tp— = 0, since b =logy n=1log, 1 = 0.
Thence, To=0=a; =2 o;=0.
We can conclude that Ty, = 2°b
Replace b with log, n,Tn = (2°°%")log,n  =nlogyn

= 0(n logn)
Ex: Tp=2Tna+ 0% T1=0
Solution:
Let Ty =2Tp + 22b, where b =log n.
Homogeneous part: T ﬁ,h) = 011(2)ID ............ (1)
Particular part: T =p;2%b
pi2%®°b =2p 22 V(b-1) + 2%
— 022 Do) + 22
P27 (b-1)
plb =p1b/2—p1/2 +1
pib =-pi+2
p = L
: b+1
2
So, TP == 2% 2
b b+1 @
From (1) and (2), Tp = 0,(2)" + %22%
+

Since Ty=; =0, Tp= = 0.
That is, Ty =0a;+ 0=0. 2> o;=0.



Therefore, Ty = LZbe,
b+1

2

e — A Y
" (log,n)+1 &2

= ———n’log,n <
(log, n)+1 log, n
=2n’
= 0(n%)

n-log,n



