Chapter 2
Motion Planning

2.1 Introduction

2.2 Goal of motion planning, Basic problem
and extension and Examples of
applications

2.3 Brief review of Euclidean Geometry
2.4 Basic motion planner
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Al:
study of computation that make
computers...

Intelligently Perceive, Reason and React.

Marvin Minsky (Dauita Al) na1a133n “Al is the science of

making machines do things that would require intelligence if

done by men’
- a
what ic intellluenCe:
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Marvin Minsky now believes the field has taken a wrong turn. Rather than trying to build costly,
clumsy physical robots, he says, researchers should concentrate their efforts entirely on

computer simulations — that's the key to unraveling the nature of intelligence.
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Manipulate an Object
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Goal of Motion Planning

« Compute motion strategies, e.g.:

— geometric paths

— time-parameterized trajectories

— sequence of sensor-based motion commands
» To achieve high-level goals, e.g.:

— go to A without colliding with obstacles

— assemble product P

— build map of environment E

— find object O
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A Solution

Using an RRT based
motion planner program.
It takes a few minute on a
PC (2003).
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Motion planning is not trivial:
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Basic Problem

e Statement:

Compute a collision-free path for a rigid or
articulated object (the robot) among static obstacles

* Inputs:

— Geometry of robot and obstacles
— Kinematics of robot (degrees of freedom)
— Initial and goal robot configurations (placements)

e Qutputs:

— Continuous sequence of collision-free robot configurations
connecting the initial and goal configurations
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Some Extensions to the Basic Problem

Moving obstacles
Multiple robots
Movable objects
Assembly planning

Goal is to acquire
information by sensing
— Model building

— Object finding/tracking

Nonholonomic constraints
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Dynamic constraints
Optimal planning
Uncertainty in control and
sensing

Exploiting task mechanics
(sensorless motions)

Physical models and
deformable objects

Integration of planning
and control
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Moving Obstacles and Dynamic Constraints

T=00sec5 T= 112505 T= 22450 T= 33750 T=4495e0
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Planning in Dynamic Unpredictable Environment
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Assembly Planning
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Map Building

Where to move next?
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Planning Target-Finding Strategies

.
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Planning Target-Finding Strategies

.
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The animation shows how it works
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Planning Target-Tracking Strategies

Trajectory: known or unknown

Target
o ——
Visibility Region
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Planning for Nonholonomic Robots

Prablem 3 S2-path 1

iy
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An example of nonholonomic motion planning:

Parallel Park
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Planning with Uncertainty in Sensing and Control
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Motion Planning for Deformable Objects
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An animation shows how the flexible plate moves.
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Examples of Applications

Manufacturing: » Graphic animation of “digital
— Robot programming actors” for video games,

— Robot placement movies, and webpages

— Design of part feeders Medical surgery planning
Design for manufacturing and Generation of plausible
servicing molecule motions, e.g.,
Design of pipe layouts and docking and folding motions
cable harnesses Building code verification
Autonomous mobile robots

planetary exploration,

surveillance, military scouting
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Robot Programming and Robot
Placement
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Multiple joint linkage
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Design for Manufacturing
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Design for Maintainability

Aircraft englne General Elecmc
I ik,

unii 2 wih 35

Military Scouting in Outdoor
Enwronment
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Diaital Actors
2 \

A Bug’s Life (Pixar/Disney) Toy Story (Pixar/Disney) )

o £20

Tomb Raider 3 (Eidos Interactive) The Legend of Zelda (Nintendo) Final Fantasy VIII (SquareOne)
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Motion Planning for Digital
Actors
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End Game 1997
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Radiosurgical Planning

Cross-firing at a tumor
while sparing healthy
critical tissue
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Radiosurgery

Collimation methods for
the N-1000 system

A, Schwelikard
J. R. Adler
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Generation of Plausible Docking Motions

| joanc-recepior docking:'-',l .}.j,

"
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Building Code Verification

%)

e

Introduction to Robotics sssning qauma unfi 2 wih 44

22



Geometry review

 Analytical geometry
» Affine geometry
» Euclidean geometry

Introduction to Robotics sssning qauema

Affine Geometry

Components Allowed operations

» Scalar (S) eS*EY SV
 Point (P)

V+V 2>V
 Free vector (V)

P-P >V
“P+V > P

Introduction to Robotics sssning qauma
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Examples

Vector addition

Point subtraction

Point-vector addition
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Y ~ 1 Y Y
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affine combination:
r=p+a-(q-p)
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Euclidean Geometry

* In affine geometry, angle and distance are
not defined.

» Euclidean geometry is an extension
providing an additional operation called
“inner product”

» There are other types of geometry that
extends affine geometry such as projective
geometry, hyperbolic geometry...
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Inner product is a mapping from two vectors to a real number.
Dot product

d
u-v=>uy,
i=1

Lenath Distance

‘u‘: U-u dist(P,Q):‘P—Q‘

Angle
ang(u, V) = cos {MJ

ulv

Orthogonality: u and v are orthogonal when
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Let S be a set of points, S is convex when for
any pair of points p and g, the line segment
joining p and q is also contained in S

Convex set Non-convex set

Introduction to Robotics sssning qauema

Basic Motion Planner

Basic Concept

Sweep Line Algorithm
Visibility Graph
Minkowski Sum
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C-Obstacle

. C-obstacle

Work Space Configuration Space
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Implementation

AaNLLUL data structure ‘71'51‘915
Wi polygon aan ki
ANN1TON operation ‘1'71'
FRIN19L1s union,
intersection lAaginail
Use@nsnn
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Doubly-connected edge list

Introduction to Robotics sssning qauema

Components

Vertex table

Face table

Face Outer Inner

Introduction to Robotics sssning qauma

unii 2 wih 67

unii 2 wih 68

34



Components (cont)

Half-edge table
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Intersection and union of polygons
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Sweep line algorithm

Sweep (or rotate) a line through all inputs.

Partially construct the result during the
sweep.

Previously constructed result is not affected
by the un-swept input.

Using event points to mark when to do
what.

Introduction to Robotics sssning qauema

Line segment intersection

Input: n line segments
Output: all intersection points

Introduction to Robotics sssning qauma
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A naive algorithm takes O(n?) to
compute intersection points for
all pairs of n segments.

We can do better...

Introduction to Robotics sssning qauema

Sweeping...

Introduction to Robotics sssning qauma
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Let’s trace...

Intersect:

aA

Event: abcCBdeADE
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Let’s trace...

Intersect:

aA

Event: bcCBde ADE
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Key: two segments intersect, they
must be adjacent in the intersection
list at certain moment.

Introduction to Robotics sssning qauema

Let’s trace...

Intersect:

Event: bcabCBdeADE

Introduction to Robotics sssning qauma
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Let’s trace ...

Intersect:

Event:cabCBdeADE

Introduction to Robotics sssning qauema

Let’s trace ...

Intersect:

o]}

Event:chcabacCBde ADE

Introduction to Robotics sssning qauma

Insert bc
Insert ac
Add cC

i 2 wih 79
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Let’s trace ...

Intersect:
Count bc

bB Swap bB-cC
cC \

aA

Event: bcabacCBde ADE
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Let’s trace ...

Intersect:

cC
bB
VA

Event: bcabacCBde ADE
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Let’s trace ...

Intersect:

Event: abacCBdeADE

Introduction to Robotics sssning qauema

Let’s trace ...

Intersect:

cC
VA

Event: acCBde ADE

Introduction to Robotics sssning qauma

Count ab
Swap aA-bB
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Count ac
Swap aA-cC
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Let’s trace ...

Intersect:

VA
cC

Event: CBde ADE

Introduction to Robotics sssning qauema

Let’s trace ...

Intersect:

aA
o]}

Event: Bde ADE

Introduction to Robotics sssning qauma

Remove cC
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Remove bB
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Let’s trace ...

Intersect:

aA

Event: de ADE

Introduction to Robotics sssning qauema

Let’s trace ...

Intersect:

aA
dD

Event:e ADE

Introduction to Robotics sssning qauma
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Add eE
Insert ae
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Let’s trace ...

Intersect:

eE
aA

Event:eace ADE

Introduction to Robotics sssning qauema

Let’s trace ...

Intersect:

eE
VA

Event: ae AD E

Introduction to Robotics sssning qauma
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Count ae
Swap eE-aA
Insert de

unmii 2 wih 90
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Let’s trace ...

Intersect:

aA
ek

Event: ae Ade D E

Introduction to Robotics sssning qauema

Let’s trace ...

Intersect:

aA
ek

Event: AdeD E

Introduction to Robotics sssning qauma
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Remove aA
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Let’s trace ...

Intersect:
Count de

eE Swap dD-eE
dD

Event: de D E

Introduction to Robotics sssning qauema unfi 2 wih 93

Let’s trace ...

Intersect:
Remove dD

dD
=

Event: D E
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Let’s trace ...

Intersect:
Remove eE

eE

Event: E
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Analysis

Sorting points takes O(n Ig(n)).

Event queue is implemented using heap: insertion,
deletion take O(lg(n)).

Intersection list is implemented using balanced binary
tree: insertion, deletion take O(lg(n))

Swapping can occur only at intersection event points,
suppose there are | intersection events.

The algorithm therefore runs in O(nlg(n) + | Ig(n)).
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Visibility Graph

s s e sinoniest palln possilis?

Introduction to Robotics sssning qauema

The shortest path between any two points s and t that
avoids a set of polygonal obstacles is a polygonal curve,
whose vertices are either vertices of the obstacles or the

points s and t.

Proof

Introduction to Robotics sssning qauma
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Zooming in...
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Definition: The visibility graph of s and t and the
obstacle set is a graph whose vertices are s, t and the
obstacle vertices, and vertices v and w are joined by an
edge if v and w are either mutually visible or if (v,w) is
an edge of some obstacle.
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Obstacles with vertices s and t

Introduction to Robotics essaind gauas

Corresponding visibility graph
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Computing Visibility Graph
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Introduction to Robotics »

Introduction to Robotics »
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Let’s trace...

Introduction to Robotics sssning qauema wnii 2 wih 105

Sorting event points by their angles takes O(nlg(n)).

Computing angle of vector a with respect to the x-axis...

a=|a|(cosd,sinfb)
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Orientation Checking...

Vector a is in the counterclockwise side of vector

b iff b x a| > 0.
axb=
i i K
a
a, a, 0/=(ab,—ab )k
b b, b, 0
Introduction to Robotics ss5aind qauma undt 2 wih 108

54



Introduction to Robotics »

Introduction to Robotics »
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Introduction to Robotics »

Introduction to Robotics »
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Introduction to Robotics »

Introduction to Robotics »
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Analysis

Sorting takes O(n Ig(n))
Computing intersection at 6=0 takes O(n)

At each event, insertion, deletion take
O(lg(n)) using balanced binary tree

We have to repeat all these steps for all n
points, therefore the entire computation
takes O(n?lg(n)).
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Minkowski Sum

TAINNTDAUIUAINALN9 T C-Space TR laelld Minkowski Sum
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Minkowski sum of S, and S,

81'S,={q} wieutunaaeu s, lfaanmes q
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd

A
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd

A
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smuald | d]=1
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd

v
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd
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Definition: given a vector d, a point p is an extreme
point in direction d if it maximizes the dot product pd
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Observation: given two convex polygon P and R, the
set of extreme points of P@® R in direction d is the
set of sums of points p in P and points r in R that are
extreme in direction d.

True because of linearity of the dot product, namely,
(p+r)ed=ped+red

That is, let
P, and R, be the set of extreme points of P and R in direction d.

The set of extreme points in directiond of P®R is
P ®R,
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Given two convex polygon P and R with m and n edges,
their minkowski sum P @ R can be computed in
O(m+n) time and consists at most m+n edges.
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So, the number of vertices in the union of a collection
of pseudodisks with a total of n vertices is at most 2n
= 0O(n).
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Lemma 1: given a set of convex objects T,,T,,...,T,
with disjoint interior and a convex object R. The set

{T®R|1<i<n}

is a collection of pseudodisks.

Proof: Consider two convex polygons T, and T,
with disjoint interior, we want to show that T, ®R
and T, ®R do not cross over one another.

Recall the condition for a point to be extreme in a
given direction d...
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Observation For T, and T,, we have a double
tangents. Let d, and d, be the outward pointing
perpendicular vectors of these tangents.

T2
extreme
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p is an extreme point of T, ® R in direction d,
then there exist:

t, = an extreme point of T, in direction d
r = an extreme point of R in direction d

Suchthatp=t, +r
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Suppose the Lemma isn’t true. That is there exist
T,and T,suchthat T @R and T, ®R cross
over.

T, extreme T, extreme
dd da
d &
b T
, extreme
T, extreme
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But wait... this is not possible. Recall from the
observation how the extremity switches.

T, extreme T, extreme
dq d
extreme

TZ
extreme

d

T, extreme

c

dy

T, extreme
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Therefore,

Lemma 1: given a set of convex objects T,,T,,...,T,
with disjoint interior and a convex object R. The set

{T®R|1<i<n}

Is a collection of pseudodisks.
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