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Abstract— A successful grasp of an object can be guaran-
teed when the object can never escape from the surrounding
fingers during the entire grasping execution. Ability to
capture an object clearly contributes to the robustness and
success of grasping tasks. Object concavity is a useful
geometric property allowing objects to be captured with
only few fingers. In particular, certain concave objects may
be captured using two fingers by appropriately placing the
fingers close to some pair of opposite concave sections.
Based on this intuitive idea, we address the problem of
capturing concave polygonal objects with two disc-shaped
fingers. We present an approach for computing a range of
distance such that the two fingers can move away from a
given immobilizing grasp but still prevent the object from
escaping; when within this computed range, it is guaranteed
under the frictionless contact assumption that the fingers
can move toward each other to bring the object to the given
immobilizing grasp. The proposed approach is implemented
and preliminary result is presented.

I. INTRODUCTION

An object is captured when it is restricted to stay
within a bounded region of the workspace, i.e., there
exists no trajectory to bring the object to infinity. A
capturing action generally applies to a set of the object’s
configurations rather than a single one. It provides a means
with which uncertainty in the object’s configuration can
be handled. Ability to capture an object clearly contributes

contact assumption. It is important to note that there
are two main classes of two-finger grasps: (1) squeezing
grasps for which the two fingers are pushing toward each
other (Fig. 1(a)), and (2) stretching grasps for which
the two fingers are pushing away from each other (Fig.
1(b)). Our focus is mainly on capturing issues related to
squeezing grasps. Specifically, we present an approach for
computing a range of distance such that the two fingers
can move away from a given squeezing immobilizing
grasp but still prevent the object from escaping. Moreover,
when within this computed range, it is guaranteed under
the frictionless contact assumption that the fingers can
move toward each other to bring the object to the given
immobilizing grasp. This computed range may also be
used as a quality in selecting good grasps since a larger
range yields better tolerance for error in positioning the
fingers during the pre-grasp stage.
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Fig. 1. An example of (a) a squeezing grasp, (b) a stretching
grasp, and (c) an object being captured as the fingers move away
from a squeezing grasp

to the robustness and success of grasping tasks as we Although capturing actions can help handle uncertainty

can guarantee a successful grasp of an object when it
cannot escape from the surrounding fingers during the
entire grasping executionA comprehensive review on
grasping works can be found in [2].

Object concavity is a geometric property allowing ob-
jects to be captured with only few fingers. In particular,
certain concave objects may be captured using two fingers
by appropriately placing the fingers close to some pair of

in the object’'s configuration and appears to be useful for
grasping and manipulation tasks, the problem of capturing
objects has so far received little attention in robotics.
It was introduced in [8] the concept of Inescapable
Configuration Space (ICS) region, i.e., on the idea of
characterizing the regions of configuration space in which
the object is not immobilized but is constrained to lie

within a bounded region of the free configuration space

opposite concave sections. In fact, concavity is a necessary This concept is used in [7] as a basis for computing a

condition for an object to be capture-able by two fingers.
Concavity can also be used for guiding manipulation; see
[1] for a work that takes advantage of concavity to derive
a method for orienting parts using inside-out pulling.

In this paper, we address the problem of capturing and
grasping a simple polygon with concavities in the plane
by two identical disc-shaped fingers under the frictionless

1In static grasp computation, it is usually assumed that the object to
be grasped stays fixed but this is not always true because all contacts
may not be made simultaneously causing the object to move away from
the initial configuration for which the grasp is computed

plan for manipulating polygonal objects using three disc-
shaped robots. Similar work in the two-finger case can be
found in [4] where a method based on stratified Morse
theory to find configurations of the gripper in the contact
C-space that can form an inescapabégeis presented.
The works described above aim at solving a similar
problem to ours but the approaches taken are based on
analyzing regions of the dual finger/object configuration
space, which results in complex computation. In contrast,
our approach takes advantage of the polygonal object
shape assumption and the object’s concavities to derive



a simple capturing condition that can be computed using
only the distance information in the workspace of the
object and the fingers. This is similar to the approach taken
in [6] where the object’s convexity is used in computing
the width of a gap guaranteed not to let the object to pass
through.

The rest of the paper is organized as follows. In
Section Il, we begin by characterizing all possible types
of squeezing equilibrium grasps based on the location on
the object’'s boundary at which the fingers are placed.
In Section I, we show that grasps belonging only to
two of the five possible types are able to immobilize
the grasped object. The immobilizing grasps consist of
equilibrium grasps with the two fingers at concave vertices
(type-1), and equilibrium grasps with one finger on an
edge and the other at a concave vertex (type-2). For each
of these grasps, when the fingers slightly move away
from the grasping position, the object will be able to
move but still cannot escape (Fig. 1(c)). This idea is
formalized in Section IV-A where we show that, for a
given immobilizing grasp, there exists an associated finite
interval of distance by which the fingers can be far apart
from each other while still capture the object. Following
its definition, this distance interval is referred to as a
capturing interval Then in Section IV-B, we propose a
simple method for computing, for a given immobilizing
grasp, a capturing interval such that whenever the distance
between the capturing fingers is in this interval, we can
also guarantee that the object will be brought to the
immobilizing grasp without getting stuck anywhere else as
we move the fingers toward each other (the immobilizing
configuration is reached when the distance between the
fingers is reduced to the minimum of the interval). Finally,
we present preliminary results in Section V and discussion
and future works in Section VI.

II. EQUILIBRIUM GRASPS

A grasp of an object is modeled as a set of grasping
points (fingertips) on the boundary of the object. An
equilibrium graspis a grasp whose grasping fingers can
exert wrenches (not all of them are zero) through the
grasping points to balance the object. A grasp achieves
force-closureif the grasping fingers can exert forces and
torques to cancel any external wrench. In other words, an
object in a force-closure grasp can remain in equilibrium
under arbitrary external disturbance and clearly, force-
closure implies an equilibrium grasp. Under the fric-
tionless contact assumption, force-closure is a sufficient
condition for immobility but it is not a necessary one.
Considering the effect of curvature at the contact, it is
shown in [5] that a grasp can immobilize an object without
achieving force-closure.

In this section, we classify an equilibrium grasp based
on the location of the fingers’ centers. Note that the center
of a finger must lie on a closed curve obtained from
growing the object’s boundary by the radius of the fingers.

Also recall that under the frictionless contact assumption,
the line of force at a contact must be in the inward
normal direction. In the following classification, grasps
are distinguished by two features of the grown boundary,
each of which indicates where the center of each finger
is located. The possible features are a vertex, a straight
edge and a circular arc (from growing the boundary at a
concave vertex, an edge, and a convex vertex respectively).
For each possible type, we describe the condition for its
equilibrium.

o Type-1: (vertex,vertex). See Fig. 2(a). There are, in
fact, four grasping points in this case. The center of
a finger must be in the interior of the cone formed
by the lines of forces at the two contact points of the
other finger.

Type-2: (vertex,straight edge). See Fig. 2(b). There
are three grasping points. The corresponding three
lines of forces intersect and the interior of the cone
formed by the lines of forces exerted by the finger
with two contact points must contain the center of the
other finger. The object is immobilized by the effect
of curvature of the fingers although the grasp does
not achieve force-closure.

Type-3: (straight edge, straight edge). See Fig. 2(c).
The two edges must be parallel and the lines of forces
from the two contact points intersect. The grasp can
only achieve equilibrium but cannot immobilize the
object as it is obvious that the object may slide in
the direction of the edge.

Type-4: (circular arc, straight edge). See Fig. 2(d).
The finger associated with the circular arc feature
must locate where the line of force at its contact is
aligned with the line of force of the other finger.
Type-5: (circular arc, vertex). See Fig. 2(e). The
grasp can only achieve equilibrium. The object is
not immobilized as it can rotate around the finger

Fig. 2. Types of squeezing equilibrium grasps (see text)

As mentioned in Section I, only squeezing equilibrium
grasps of types 1 and 2 can immobilize the object. This
statement will be proven in the next section. As for
stretching equilibrium grasps, only grasps of type-1 can
immobilize the object. This can be understood from the
illustration in Fig. 3 showing that the object in a stretching
grasp of type-2 may rotate around the finger at the concave
vertex.

[1l. 1 MMOBILIZING GRASPS

In this section, we will prove that a squeezing equi-
librium grasp of types 1 or 2 effectively immobilizes the



without loss of generality that the object is grasped when
one finger is atn and the other is at. Assume oppositely
that the object can move while the two fingers stay fixed at
the grasping configuration. This assumption is equivalent
to assuming that the object stay fixed whereas at least one
finger has to be able to move and the distance between
the two fingers is fixed amn|.

grasped object. Note that there are many ways in which ~ Obviously there exists a neighborhodd,, of m that
this statement could be proved. For example, for grasps ¢&n be divided into two parts by the boundary segments
of type 1, it is sufficient to prove that they achieve force 1 and M, and likewise there exists a neighborhab
closure and for grasps of type 2, we may use the second- of n that can be d|V|dgd into two parts by thg boundary
order immobility condition. A proof is recently given in ~ SégmentsV, and N, (Fig. 4(b)) . Consider the finger that
[3] by considering critical values of the function of the IS initially at m when the object is grasped. Within the
distance between the two fingers. For completeness and to "€ighborhood),,, this finger can move only in the convex
introduce elements to be used in the following sections, '€gion bounded b/, and M, or it has to penetrate the
we will present a simple geometric proof requiring only object. Following Lemma 1, this convex region is outside
rigidity of the grasped object and the fingers. the rectanglek” except atm. Applying the same reason
Let us begin with type-1 equilibrium squeezing grasp. with the .che_r flnggr, we have that .|f a finger moves, its
Consider a grasp of type 1 shown in Fig. 4(a). In this NewW position is not ink. As_a res.ult, if at least one finger
illustration, we redraw Fig. 2(a) by omitting the physical ~Moves, then at least one finger is outsideand the other
boundary and showing instead the grown boundary of finger is either outsideX’ or on the boundary ofs" (at
the object. This allows a finger to be represented as the qorrespor)dlng concave yertex). Since the fingers are
a point. From now on, without loss of generality, we ©n different sides of<, the distance between them must
consider only point fingers (only concave vertices are be greater thahmn| which results in a contradiction and,
concerned so the grown boundaries are still polygonal). therefore, completes the proof for type-1.

Fig. 3. Stretching equilibrium grasps of (a) type-1, and (b) type-2

Let us denote respectively by and M the top and For type-2, using similar setup, the same argument can
bottom boundaries, byv; and NN, the two line segments be applied to conclude that no matter how each finger
of N in counterclockwise order (around the object), My moves (at least one finger has to be able to move) in its
and M, the two line segments a¥/ in counterclockwise neighborhood, the distance between the two fingers must
order, and byn and m the concave vertices oV and be greater than that when the object is grasped and that

M respectively. To prove that this grasp immobilizes the derives a contradiction which proves the lemma. In this
object, the following lemma is needed. In the lemma case, one of the boundaries is a single line segment. This
and the remainder of this section , we I&t denote the difference requires a straightforward modification of the
rectangular region bounded by two parallel lin€s, and idea in Lemma 1 by considering only one cone. =

K, whereK,, and K,, are the lines perpendicular to the
line segmentmn such thatk,, passes throughn and

IV. CAPTURING OBJECTS
K,, passes through.

N, N, N, N, When an object is captured by two fixed fingers, it may

5 move but will not be able to escape from the capturing fin-

. Ko N Ko gers. In other words, the object’s configuration is restricted
Ng N,k K/ K to lie within a bounded subset of the object’s configuration
MN | /M, ﬁ\ space. Let us consider the positions of the fingers in a
- " S K coordinate frame attached to the object being captured.
@ M (b) M, e M> In this frame, we will see that the object will stay fixed

Fig. 4. A grasp of type-1 showing rectanglé in between the while the finge.rs may move within a bo_unded region. This
two boundaries with (a) corresponding cones formed by the lines allows us to view the object as a stationary obstacle and

of forces, and (b) neighborhood of the grasping fingers the fingers as two movable robots that are constrained to
lie far apart from each other by a fixed distance. With
Lemma 1:The line segmentd/;, M5, N; and N, are this perspective, for a given immobilizing grasp, we will
not in K except at the endpoints: andn. show in Section IV-A that there always exists an associated
A proof of this lemma can be found in Appendix of capturing interval i.e., finite interval of distance between
this paper. the two fingers for which we can guarantee that the
Lemma 2:An equilibrium grasp of types 1 or 2 immo-  object can be captured. Then in Section IV-B, we present
bilizes the grasped object. a simple method for computing an associated capturing

Proof: Let us begin with type-1 where we assume interval for a given immobilizing grasp.



A. Capturing Interval

A capturing interval is defined as follows.

Definition 1: While still capture an object, the two
fingers at a given immobilizing grasp can move away
from each other with the distance between them varying
within a finite interval. We call such interval of distance
a capturing interval associated with the grasp.

When an object is immobilized in an immobilizing
grasp, the object is certainly captured. This fact confirms
that the associated capturing interval is not empty. Next,
we will show that this interval is finite.

In the following discussion, let us again use a typical
example of a squeezing equilibrium grasp of type 1 shown
in Fig. 4(a) and all the related notations given in Section
lll. Let us also denote, respectively, By, ands,, the two
fingers that lie ain andn when the object is immobilized,
and pretend for a moment that the two boundafiésnd
N extend to infinity (Fig. 5(a)). We denote respectively
by M’ and N’ the extended version of the boundarigs
and N.

Free Space RegionslLet us imagine that the fingers

@

Fig. 5. The fingers are restricted to lie in (a) the free space
regions by the boundary constraint, and (b) in the feasible region
by the distance constraint (see text)

0 = ¢0*, it is also captured for the interval < § < 6*.
Obviously, the free space regiofis, and F;, are fixed
whereas the feasible regionig, and GG, depend ond.
Let us try to understand this relationship by considering
the boundary ofG,, as we increasé from zero. Fig. 6
shows snapshots of the boundary@f for § = §1, 02, 03
and §, whered; < 0o < 43 < d4. AS we can see, as
0 increases(,, grows larger but by the construction of
feasible region and the fact thatf’ must be outside the
rectangleK, subset ofG,, that is abovek,, is guaranteed
to be bounded for any positive Combined with that the

have moved away from each other and have the distance interior of the free spacg, is abovek’,, we can conclude

between them increased frdmmn| to d = [mn|+§. Now
that the fingers may move (no longer at the immobilizing

configuration), it is easy to see that the extended boundary Well-

N’ constrains3,, to lie in the top free space portion and
likewise the extended boundaty’ constraing3,,, to lie in

the bottom free space portion. These top and bottom free
space portions are denoted correspondingly¥hwnd F,,,

(Fig. 5(a)).

Feasible Regions:Besides being constrained by the ex-

tended boundaries, both fingers have to maintain that they

are far apart from each other by the distadc&nder this
distance constraint, for a position to be feasible By,
there must exist a point if;,, that is far from the position
by the distancel. This restriction allows us to construct
the feasible region of3,, (denotedG,,) by growing the
boundary of F,,, with the distanced (Fig. 5(b)). This
region does not contaitt;,, for the obvious reason that
B,, is forbidden to be in there by the extended boundary
M’. As a result, the fingeB,, is now confined in both,
andG,,. The intersectiort;,, = F,,NG,, defines the region
of possible positions of3,,. Following the same process,
the regionF;,, of possible positions aB,,, can be obtained
from F,, = F,, N G,, whereG,, is the feasible region
of B,, constructed by growing boundary &f, with the
distanced.

Varying 4: As mentioned earlier, the object is captured
when the region of possible positions of each finger is
bounded. We can see that whee: 0, i.e., when the object

is immobilized, 7, = {m} and F, = {n} are bounded.
As we increase), F,,, and F}, get larger in such a way
that F,, and F;,, for smallers are respectively a subset of
F,, and F,, for larger§ (true from the construction af,,
and G,,). This means that when the object is captured at

that F;, = F;,, NG, is bounded. With the same reason, we
can also conclude thak;,, = F,, N G,, is bounded as

Fig. 6. The boundaries of feasible regions at varying

Ighoring the Boundary Extension: Now thatF},, and £,

are always bounded for positive does it mean that the
object is always captured regardless of the valug?©Of
course, not. The “always” boundedness conclusion is due
to the construction that is based on extended boundaries
M’ and N’ (instead of the actual boundaried and

N). Let us try to analyze what situation the extension is
not needed for ensuring the boundednesg’gfand F,.
Before continuing, letV/, = M’ — M and N, = N' — N
denote, respectively, the extended parts of the extended
boundaries\/’ and N’. Starting atd = 0 when the object

is immobilized, fingerB,, can lie only atn which is

on the actual boundaryv and fingerB,, can lie only

at m which is on the actual boundary/. Apparently,
both extended parts\/, and N, are not involved in
constraining the fingers. Boundedness Bf, and F,,

can thus be concluded in this case without the boundary
extension. Let us continue by considerifig= 6* where

0* is a positive constant such that the correspondihg
does not contain any point of the extended pefit and

the corresponding,, does not contain any point of the
extended partV, (by continuity and finite lengths of the
actual boundaries, constafitexists; this will be explained



in detail in Section IV-B). This means that whenever finger
B, is in contact with the object, it can be in contact only
with the actual boundaryy (not with the extended part
N,). Likewise, whenever fingeB,, is in contact with the
object, it can be in contact only with the actual boundary
M. In other words, the extended paft§, and N, do not
participate in constraining the fingers. Therefore, we can
again safely ignore the boundary extension in this case.
Moreover, by the reason given in the previous paragraph,
that the object is captured &t= 6* implies that it is also
captured for the entire interval< § < ¢*. This concludes
the finiteness of a capturing interval and we can then state
the following lemma.

@ Fn ()

Fig. 7. The regions of possible finger positions (a) at an
immobilizing grasp, and (b) as the fingers move away

Lemma 3: There exists an associated capturing interval
for an equilibrium grasp of types 1 or 2.

Although the discussion so far is written with the focus
on type-1 equilibrium grasps, the line of reasoning and
most arguments also apply to type-2. Another version for
type-2 can be generated by straightforwardly modifying

intersectsN’ in two points. Sincen is not an endpoint
of N, there exists a neighborhood af not containing
any point of N,.. Therefore, by continuity, there exists a
positive value of§ such that the two intersection points
lie in the neighborhood which, in turn, ensures that the
boundary ofGG,, does not intersedv,.. Applying the same
reasoning tal;,, N M, = (), existence ob* is confirmed.

While ensuring that,, N M, = 0 and £, N N, = 0,
the value ofd can be increased from zero to the point that
G, begins to contain some points éf, or GG,, begins
to contain some points aV,. In other words, this critical
event corresponds to the maximuithat can ensuré;,, N
M, =0 and F,, " N, = (. It occurs at the lowesf such
that an endpoint of\/ lies on the boundary of7,,, or an
endpoint ofN lies on the boundary af,, (will be clarified
shortly). There are four endpoints to consider. Let us
denote byn; andn, the endpoints ofV and bym, and
my the endpoints of\/. Recall that the feasible regions
G, andG,, are constructed by growing, respectively, the
extended boundarie®/’ and N’ by the distancémn|+4.
Now suppose that; lies on the boundary ofr,, when
0 = 0,1. From the construction ofy,,, we must have
dn1 + |mn| equal to the shortest distance between
and the extended boundafy’. At this point, if § is still
increased(,, will grow larger and contain a neighborhood
of n,. Sincen, is an endpoint of/V, its neighborhood
must interseciV,,, which impliesF,,\ N, # (. This means
that when considering endpoint; alone, it is necessary
that § can be increased only upt®,; to ensure that

what has been presented. Therefore, to avoid tedious £, (N, = . Therefore, by considering all four endpoints,

repetition, it is omitted here.

B. Computing a Capturing Interval

The discussion leading to Lemma 3 has provided clues
to computing a capturing interval for a given immobilizing
grasp. Most relevant is the main idea thiahn|, |jmn|+
5*] forms a capturing interval whe@d* is a positive
constant such that},, N M, = 0 and F,, " N, = 0
when é = 6*. Suchd* is claimed to exist. It turns out
that computing a capturing interval is a small step from
showing existence ob*. Let us investigate the claim
of existence by considering the boundary of the feasible
region G, at varying values of. Clearly,G,, " N, = {)
implies thatF,, N N, = 0 and thatG,, " N, = () can be
guaranteed when the boundary @f, does not intersect
the extended partV, (if G, " N, # 0, N, which is
above K,, must intersect the boundary 6f, because it
extends to infinity while the subset @, above K, is

we can thus compute the critical® from the formula

min{ds(ny, M'),ds(na, M),
ds(mlaN/)7ds(m27N/)} - |mn|,

where d,(p, P) denotes the shortest distance between
point p and boundaryP. This, in turn, yields a capturing
interval [|[mmn/|, [mn| + §*].

An attractive property of this computed capturing in-
terval is that when the distance between the fingers is in
this interval, the object can be brought to the associated
immobilizing configuration by moving the fingers toward
each other until the distance between them is reduced to
|mn|. We can guarantee that the fingers will not be stuck
anywhere else during this finger motion. This guarantee is
clear from the fact that when fingét, is in contact with
the object, it can be in contact only witki and, likewise,

bounded). As a consequence, it can be guaranteed thatwhen fingers3,, is in contact with the object, it can be

F, NN, = 0 when the boundary aof/,, does not intersect
the extended parv,. Now, let us trace the intersection
between the boundary @¥,, and N’ as we continuously
increased from zero. Atd = 0, from construction, the
boundary ofG,, is tangent tok,, and intersectsV’ at

n. As ¢ increases,G, grows larger and its boundary

in contact only with)M . Because for all pairs of points,
one fromM and the other fromV, there exists only one
equilibrium grasping configuration when one finger is at
m and the other is at, it is then impossible for the fingers
to get stuck anywhere except at the desired immobilizing
configuration.



V. PRELIMINARY RESULTS

We have implemented an algorithm for identifying all
two-finger immobilizing grasps of type 1 and 2 for an
input simplen-sided polygon. According to the condition
given in Section I, our implementation straightforwardly
verifies whether a grasp of type-1 or type-2 could be
formed at each vertex/edge pair and vertex/vertex pair.
For each grasp found, it then computes the corresponding
capturing interval using the calculation provided in Section
IV-B. It finally sorts all the grasps found according to the
size of their capturing intervals. Checking the condition for
type-1 or type-2 grasps takes constant time, so identifying
the grasps take®(n?). Since The number of concave
vertices is inO(n), the number of grasps found is in the
order of O(n?). Sorting them take®)(n?1gn), therefore
we obtain anO(n?1gn) implementation.

The program is written in C++ and runs on an 800
MHz PC. It takes less than 0.1 second for any test
case using a polygon with about 30 vertices. Fig. 8(a)
and 8(b), respectively, show the grasps of type-1 and
type-2 with the largest capturing interval. In the figures,
immobilizing configurations are marked with circles and
the largest distance where the two fingers can be far apart
is represented by a line segment. We can see that the size
of the capturing interval for the type-1 grasp in Fig. 8(a)
is much larger than that of the capturing interval for the
type-2 grasp in Fig. 8(b). For a grasp of type-2, when
the fingers are expanded by small amount, the object is
allowed to rotate by a relatively large angle. As shown in
Fig. 8(c), to obtain a large capturing interval for type-2, the
involved grasped edge has to be long enough to prevent
large rotation from freeing the object from the capturing
fingers. This somewhat suggests that a grasp of type-1 is
generally more robust than a grasp of type-2. In Fig. 9,
type-1 grasps with the maximum capturing intervals are
shown. For test polygons in Fig. 9(a) and Fig. 9(b), we
found respectively 7 and 19 type-1 grasps, and 6 and 26
type-2 grasps.

Fig. 8. Some results showing grasps with maximum capturing
interval (a) type-1, (b) type-2 and (c) type-2 with a large grasped

edge
@ f £ :(b) g ; ;
Fig. 9. More results showing type-1 grasps with the largest

capturing interval

VI. DIscussiON ANDCONCLUSION

We have presented a classification of frictionless two-
finger immobilizing grasps of polygons and a simple
method for computing a capturing interval associated with
a squeezing immobilizing grasp. With this computation,
the separation distance between the fingers can be set
during the pre-grasp stage to ensure that the object will
never escape during the entire grasp execution and finally
will be immobilized at the desired configuration.

The capturing interval computation presented in this
paper takes into account only incident edges of concave
vertices. We plan to consider more neighboring edges
around the grasped concavities. This inclusion is likely
to result in larger capturing intervals. Other future works
include the investigation of issues concerning stretching
immobilizing grasps and the computation of two-finger
capturing intervals for 2D curved and 3D polyhedral and
curved objects.
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APPENDIX

Proof of Lemma 1:Recall the condition of the equilib-
rium grasp of type 1 that the interior of the cone bounded
by the lines of forces from one finger must cover the center
of the other finger. Here, the left and right edges of the
cone atmn are drawn as\/;, and M. Note that we know
that M, is perpendicular td\/; and M is perpendicular
to M, by concavity of vertexn and by the fact thab/;
and M, are listed in counterclockwise order around the
object (Fig. 4(a)). For the interior of the cone at to
cover the vertexn, the segmeninn must be to the left
of Mg which implies thatM,; — {m} cannot be ink.
Similarly, this condition constrains thakznmn must be to
the right of M, which likewise implies that\/; — {m}
can neither be ink. Applying the same argument to the
cone atn, we conclude that all the boundary segments
M, My, Ny and N, are not inK except at the endpoints
m andn. =



