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Abstract— This paper addresses the problem of testing whether by Ponce and Faverjon [6]. In the paper, they proposed a 3-
three contact points form a 3-fingered force-closure graspritwo  fingered grasp planning method for polygonal objects based
dimensions. In particular, assuming frictional point contacts, we on linear programming. The approach directly followed one

present a new necessary and sufficient condition for three fiers . . e
to form a force-closure grasp. The proposed condition is basd of their sufficient condition for force-closure grasps. Buatty,

on a technique for representing a friction cone as a line segemt  Jia-Wei Li et al. [4] investigated a necessary and sufficient
in a dual plane. This representation allows force-closuredst to condition for 3-fingered force-closure grasps from [6] and
be formulated as the problem of intersection detection beteen developed an algorithm for 3-fingered force-closure telseiT
a line segment and a convex polygon. The resulting geometric \o1hoq phegins by preprocessing the friction cones using an
condition is presented along with an efficient algorithm forusing - . i, . - .
the condition in force-closure test. operation called disposition. This operation properlyirgks
the cones so that force-closure test can be reduced to idgtect
|. INTRODUCTION intersection of the three shrunk cones. Our method provides
In robotics grasping, it is desirable that the hand can Hadd tan alternative to their approach. Instead of actually nyaalf
object securely amidst any external disturbances. Thigtivé the cones, each cone is mapped to a line segment in the dual
quality of a stable grasp is the root of a classical concept jiane. Since properties of friction cones are preserveciund
grasping known as the force-closure property [1], [7]. Asgra this transformation, besides yielding an efficient foréesare
is said to achieve force-closure when any external wrentdst, our dual representation provides a new way for stggyin
can be balanced by wrenches at the fingertips. This papeoblems involving the force-closure property.
addresses the problem of testing whether three contactspoin The rest of the paper is organized as follows. In Section Il,
form a 3-fingered force-closure grasp in two dimensions. ackground about force-closure condition is briefly rexadw
particular, assuming frictional point contacts, we présemew Most importantly, we recall Proposition 2 for which the
necessary and sufficient condition for three fingers to forproposed condition is based on. In Section Ill, we present
a force-closure grasp. The proposed condition is based otha underlying geometry of cones that allows a double-sided
technique for representing a friction cone as a line segimentfriction cone to be represented as a line segment in a dual
a dual plane. This representation allows force-closurettes plane. This representation plays a crucial role in the déon
be formulated as the problem of intersection detection &etw of the proposed condition. The main result is then given in
a line segment and a convex polygon. Section IV where the proposed necessary and sufficientforce
Force-closure test is a basic problem in grasping. The notiolosure condition is stated in Proposition 3. Minor limidat
of force-closure however does not directly yield a methad faf this proposition and a workaround is discussed in Section
force-closure test. Some necessary and sufficient conditar V. We finally conclude the paper with some future works in
force-closure grasps were formulated in order to derivérsuSection VI.
a test. Different conditions usually result in differentthnads
varying in efficiency and applicability. A widely used neces Il. BACKGROUND
sary and sufficient force-closure condition given by Salfgb |1, g dimensions, a hard finger in contact with some object
and R.oth [7] allowed a fpr_ce_—closgre t(_ast_to be performed by 5 pointz = (21, 22) exerts a forcef = (fi, f2) with mo-
checkmgl vvh_ether the origin is strlctly. inside the convg*l humentdet(w, ) = &1 f>— f1» with respect to the origin (but it
of the primitive contact wrenches. This test also provided gannot exert a pure torque). Force and moment are combined
underlying idea to recent work in grasp computation [318h [ nto 4 three dimensional wrena = (£, det(x, £)). Under

Nguyen formally demonstrated for 2-fingered grasps that nQgq1omb friction, the set of wrenches that can be applied by
marginal equilibrium grasps achieve force-closure. Heo alg,o finger is:

gave a simple geometric algorithm for 2-fingered forceates
grasp planning. His work was extended to the cases of 3 fingers W = {(f,det(x, f)) : f € C},



whereC denotes the friction cone at. force-closure grasps. Specifically, we present a repratent

A d-finger grasp is defined geometrically by the positiotechnique that maps a cone in a primary plane into a line
x;(i = 1,...,d) of the fingers on the boundary of the graspesegment in the corresponding dual plane. This mapping is
object. We can associate with each grasp the set of wrenchased on the well known duality of points and lines in two
W C ®? that can be exerted by the fingers. If we denote timensions. It will become clear in the next section that
W; the wrench set associated with tHé finger, we have being able to view a cone as a line segment is crucial to the

d formulation of the new condition.
W = {Z w;:w; € Wifori=1,..,d}. The duality mapping discussed in this section is between the
i=1 primary plane(z,y) and the dual planéa, b). Friction cones

Definition 1: A two dimensional grasp is said to achievélr® defined in the primary plane while the corresponding line
force closure when the corresponding wrenchigets equal Segment will appear in the dual plane. Only lines that do not
to 3. pass through the origin will be considered. Limitation ealis

In other words, a grasp achieves force closure when ahy this assumption and a workaround will be examined in
external wrench can be balanced by wrenches at the fingertp§ction V.

A somewhat weaker condition is equilibrium, defined below. L€t us begin by recalling a basic duality mapping between

Definition 2: A grasp is said to achieve equilibrium wherP0ints and lines in the plane. The coordinatesy) of a
there exist forces (not all of them being zero) in the friotioPoint on a line that does not pass through the origin can
cones at the fingertips such that the sum of the correspondft®ydefined by an equation in the form: + by = 1 where
wrenches is zero. a, b € R dictate where the line intersects theandy axes.

Force-closure clearly implies equilibrium. More interestThis correspondence allows a line in the primary plane to be
ingly, it is formally shown in [5] for two finger cases andMapped to a point in the dual plane. More precisely, we have
generalized to three finger cases in [6] that a sufficient conée following definition.
tion for force closure is non-marginal equilibrium grasps,, ~ Definition 4: Aline az + by = 1 in the primary plane has
grasps such that the forces achieving equilibrium lie tyric @ corresponding dual poirtt, b) in the dual plane.
inside the friction cones at the fingertips. With the duality relationship given above, it is obviousttha

Proposition 1: A sufficient condition for 2- and 3-finger the parametera and b of every line in the primary plane
force closure is non-marginal equilibrium that passes through the poifity,yo) # (0,0) must satisfy

That is, grasps achieving equilibrium with non-zero forcedto + byo = 1 (Fig. 1). This equation essentially defines a
for some friction coefficient achieve force closure for anijn€ in the dual plane which, in turn, leads us to the follogin
strictly greater friction coefficient. Due to [6], Propasit 2 Well known property of duality.
below, which requires the following definition, charactes

3-finger grasps achieving equilibrium with non-zero contac ax + by=1 b‘ (ay.04)
forces y
Definition 3: A set of vectors positively spanR” if any ax + hy=1
vector in®™ can be written as a positive linear combination oo
of the set. ‘ by=1
In 12, a necessary and sufficient condition for three vectors 2 + Ry
to positively span the plane is obviously that they do not aI{a) Y% (b) a

lie in the same half plane.

Proposition 2: A necessary and sufficient condition forrig. 1. puality mapping: (a) three lines intersecting at egipoint, and
three points to form an equilibrium grasp with three nonezeib) the corresponding dual points of the three lines in thel g¢iane
contact forces, not all of them being parallel, is that (P&y¢
exist three lines in the corresponding double sided frictio Lemma 1:The dual points of all lines in the primary plane
cones that intersect in a single point and (Pb) the vectdh@t intersect in a single point form a line in the dual plane.
parallel to these lines and lying in the internal frictiomes  AS shown in Fig. 2(a), a double-sided cone can be consid-

at the contact points positively span the plane. ered as a set of all lines that pass through a common point
(the cone’s apex) such that they are entirely containedeén th
Ill. GEOMETRY OF CONES union of two opposing convex regions that are bounded by

Applying the force-closure condition given in Propositidn two crossing lines (the cone’s boundary). By viewing a cone
requires reasoning about forces in friction cones. Reptase this way, it follows from Lemma 1 that the dual of a cone is
tion of forces and cones therefore plays an important role ansubset of a line in the dual plane. In fact, with little extra
how the condition can be tested or transformed. The obgctianalysis, the following lemma can also be stated.
of this section is to present geometry of cones that is theLemma 2:If D is a double-sided cone at the poinsuch
foundation of our new necessary and sufficient condition ftihat D does not contain the origin and the angldrom the



1 IV. NEW FORCE-CLOSURE CONDITION

To derive the proposed necessary and sufficient force-
closure condition, we transform Proposition 2 into a new one
by totally rewriting the condition in the dual plane usingth
duality mapping given in Section Ill. The transformatiomca
be best explained in two steps. In Section IV-A, we show how
> > a key condition of Proposition 2 can be rewritten. Specifjcal
@) X (b) 2 we state in Lemma 3 a condition in the dual plane for three

o 2 Duali o of . double-sided condaioma all forces to intersect in a single point and positively span the
.2 oulty nappig of o sone. () double-sted condsinmo o plane. Buiding upon this condition, Section IV-B develop a
of any line in the cone is between the two dual points of the hwandary ~condition in the dual plane for checking whether there exist
lines of the cone three forces in the three friction cones that satisfy Lemma 3
This later condition is essentially the proposed necesaady
sufficient force-closure condition.
+x axis to each line inD is in the interval[¢:, ¢2], then the  Application of forces is the most basic element to be
dual of D in the dual plane is a line segment joining the pointonsidered in this section. In Proposition 2, when a contact
g(¢1) and g(¢,) whereg : R — R? is a vector function force is involved, it is sufficient to pay attention only toeth
mapping angles to the dual point of a line whose angle fromine of action and the direction of the force applicationrajo
the +z axis is¢. (See Fig. 2) the line. When the force is not through the origin, it creates
Proof: To prove that the dual of the cone forms a line sege moment around the origin. Without actually calculating th
ment, it is sufficient to show thatis continuous on the interval moment, the sign of moment (either positive or negative) can
[¢1, ¢2]. Without loss of generality, leg(¢) = (a(¢),b(¢)) be obtained by inspecting the direction of the force aroined t
wherea(¢)z + b(¢)y = 1. To define the functiona andb, origin. The counterclockwise direction gives a positivgnsi
let us consider the line passing through the peint (x4,y,) While the clockwise direction gives a negative one. Thisaide
and havings as the angle from-z axis to the line (Fig. 3). enables us to represent a contact force in the dual plane with
Clearly, this line can be defined byﬂ Sms‘/’ With some the dual point of its line of action together with its sign of
trigonometric simplification, this equation can be written moment. This practice is used throughout this section.

_ H _ sin ¢
the forma(¢)z + b(¢)y = 1 by havinga(¢é) = 75,1555 A, Concurrent and Positively Spanning Forces

andb(¢) = _dsinc(% whered = /zg + y%,_mo = dcosa An important building block is given in the next lemma. In
and Yo = dsina. This means that the functionsand b are qartlcular it provides a condition in the dual plane foreir
contmu.ous when the.lme dc_)es not pass through. the origin. folces to intersect in a single point and positively span the
tum, g is continuous in the intervalpy, ¢,] as desired. plane. Let us state the lemma and sketch how it can be proved.
Lemma 3:Three forces, none of them passing through the
origin, intersect at a single point and positively span tlame
if and only if (Pa) the three dual points of the corresponding
three lines of action (of the three forces) lie on the same lin

XoYo) /g that does not contain the origin, and (Pb) the sign of moment
d of the middle dual point is different from those of the other
a X two.

Condition (Pa) of the lemma follows directly from Lemma
Fig. 3. A line not through the origin but throudtro, yo) with the angle 1 The restriction that the line through the three dual moint
from the +z axis . P
does not contain the origin is needed to exclude the case of
three parallel forces. To show how condition (Pb) is derjved
We also need to show thag(¢;) and g(¢.) are the consider three forces that intersect in a pairsuch that none
endpoints of the line segment that is the dual of the congf. them passes through the origin. Certainly, at least two of
To do so, it is sufficient to show that is one-to-one on the the forces must have the same sign of moment. Let us denote
interval [¢1, ¢2]. This is almost obvious. The line through these two forces by, andf,, and denote the remaining force
with angle ¢ from the +z axis is identical only to the line by f,. Also, let us denote byD the double-sided cone at
throughe with angle¢ + kn, k € Z from the +z axis. Since that contains all lines going throughand parallel to vectors
D is a cone, the intervdb;, ¢-] must be smaller than. This af, + 8f,, a,8 > 0. Since bothf, and f, have the same
means that no two angles in the interval correspond to the sasign of moment, it is easy to verify that the origin cannot be
line. Together with the fact that different lines have difiet contained inD (otherwise, the sign of moment ¢f, would
dual points, we can then conclude tlgats one-to-one. ®m be different from that off,). Using Lemma 2, the dual of



through the origin, it is obvious that all the forces credte t
same sense of rotation (either clockwise or counterclos&wi
around the origin. In other words, every force in the same
friction cone has the same sign of moment and, equivalently,
every point on the same line segméhtin the dual plane has
the same sign of moment as well (Fig. 5). We are now ready to
X state the main result. Let us give the proposed force-odosur
condition in the following proposition and explain how the
condition is derived.

a

Fig. 4. Three intersecting forces: (a) not positively spagrthe plane,
(b) positively spanning the plane, and (c) the dual of thedhforces that (a) X (b) a
positively span the plane

Fig. 5. A friction cone not containing the origin: (a) shogiall forces in
the cone, and (b) their dual line segment with the sign of nmime

D is therefore a line segment whose endpoints are the dual
points of the lines of action of, and f,. Let us call this  Proposition 3: LetC;, i = 1,2, 3 be the three friction cones
line segmentSp. Now consider the remaining forcg;. For at three contact points such that none of the forces in the
the three forceg;, f, and f; to positively span the plane, it three cones passes through the origin. Also, let line segmen
follows from Definition 3 that it is necessary and sufficidmitt S; be the dual of the underlying double-sided coneCpf A
they do not lie in the same half plane. As shown in Fig. 4(ajecessary and sufficient condition for the three contagitpoi
this implies that the line of action of; cannot be outsid® to form an equilibrium grasp with three non-zero contact
or the three forces would be pointing in the same half plamgrces is that (a) the three line segmestsi = 1,2,3 do
bounded by the line (regardless of the sign of momenff not have the same sign of moment, and (b) the convex hull of
The only remaining possibility is that the line of action £f  the two line segments with the same sign of moment intersect
must be contained in the interior &f and the sign of moment with the remaining line segment. See Fig. 6.
of f5 must be different from that of the other two forces (Fig. In essence, this proposition is an extension of Lemma 3.
4(b)). According to Lemma 2, the dual point of the line offhe proposition involves detecting whether there exisee¢hr
action of f; is therefore in the interior of the line segmentorces, f, € C;,i = 1,2,3, or equivalently three dual points
Sp (Fig. 4(c)) . With this conclusion and the fact that thg), ¢ S;,i = 1,2, 3, that satisfy Lemma 3. Immediately from
sign of moment off ; is different from that of the other two the condition (Pb) of Lemma 3, we obtain the first condition
forces, condition (Pb) of the lemma follows. of the proposition saying that the three dual line segments
must not have the same sign of moment. Now, gt and
Sy, k,1 =1,2,3, k # [, be the two dual line segments with
A friction cone is a cone of forces while the cone stated ifhe same sign of moment and 161, be the remaining dual
Lemma 2 is a cone of lines. For convenience and accuracylige segment. For the dual points, € Sy, andp, € S; such
remaining discussion, the following definition is needed. that the line segmeri, p; intersectss, ,, it is obvious that the
Definition 5: The underlying double-sided cone of a fricthree dual point,, p, andp,, = Pyp; N Sy, satisfy Lemma
tion cone at a contact point is a double-sided cone at the sagiesince the union of all possible line segmepfy; is the
contact point that contains all lines of action of all forées convex hull ofS; and.S;, it is obvious that there exists a line
the friction cone. segmenp, p; that intersectss,,, if and only if the convex hull
LetC;,i = 1,2, 3 be the three friction cones at three contaghtersectsS,,. This, as a result, derives the second condition
pointsc;,i = 1,2,3 and assume that none of the forces in thef the proposition.
three cones passes through the origin. Also, let us denote by _
D; the underlying double-sided cone 6f. Since eactC; is C- Algorithm
assumed to have no force that passes through the origin, th&Vith Proposition 3, testing whether three contact points ca
correspondingD; therefore does not contain the origin andform a force-closure grasp is straightforward. We first gppl
from Lemma 2, the dual oD; is a line segment in the dualLemma 2 to convert each friction cone into the corresponding
plane, denoteds;. When no force in a friction cone passeslual line segment. The two endpoints of a dual line segment

B. Formulating the Condition



of three double sided cones can be solved efficiently using
y D, algorithms from computational geometry for obtaining the
union of polygons [2], we sketch here a much simpler and
efficient method for finding a point outside three double dide

2
g =
é C = cones.
3 D,
The method is based on an intuitive idea that a line cutting

—

(a) 77 x (b) X through each of the three cones (i.e., separating each cone
b into two pieces) must contain a point outside the union of
s Q P, the three cones (Fig. 7(a)). To find such a line, notice that

! S, each cone has an interval of orientations of all lines itrehi

+) contains. A line with an orientation outside the union of the

P, three intervals from the three cones definitely cut throuigh a
the three cones (Fig. 7(b)). This is because it has a differen
orientation from every line in each cone. We choose a line
with this orientation that passes through a cone’s apex & th
6 E | (2 three fic e ahderiving doubl only four line intersection has to be computed in identifyin
£, e clsure et (1) e icton cones, (ncerra gl segments of the fine that are covered by the cones. Any point
the segments with the same sign of moment intersecting ther segment 0N the line outside these segments can be chosen to be a new
indicating force-closure origin (Fig. 7(c)).

C

CHET

can be computed by applying the duality map given in /
Definition 4 to the two boundary lines of the corresponding

friction cones. Of course, in some given configurations, the

assumption of Lemma 2 may be violated because the origin is L
contained in some friction cones. In this case, a new looatio

of the origin outside the three cones is computed and the thre

contact points together with their friction cones are tlatesi (@) (b) (©)

_accordingly. Discussion about thiS_ computation will bee.‘mv. Fig. 7. Picking a new origin: (a) lind. cutting through the three cones

in Section V. Once the three dual line segments and the'SS'gJH%taiﬁs points outside the coﬁes, (b) lihe has an orientation outside the

of moment are obtained, Proposition 3 can then be directlyion of the three intervals of orientations from the threees, and (c) line
applied. The convex hull of two line segments is the conveX parallel to M and through an apex of a cone allowing us to identify only
hull of the four endpoints, so the condition (b) of PropasitB two segments covered by the cones

amounts to detecting intersection between a line segmelrs an

convex polygon of at most four vertices. Note that computing i )

the convex hull of points in the plane and detecting inteisec ~ USING the above method, a point outside the three cones
between a line segment and a convex polygon are bag‘garly can be found when the union of the three orientation

problems in computational geometry. Efficient algorithros f Nt€rvals does not cover the entire orientation ragge This
solving these problems can be found in [2]. means that the method can always find a new origin outside

the three cones when the half friction cone angle is smaller
V. LOCATING THE ORIGIN than ¢ (so that the union of the three intervals is smaller

To map a double-sided cone to the corresponding dual lifi@n 2). Although this method has a limitation, it is quite
segment, Lemma 2 requires that the cone does not conffctical since the half friction cone angle smaller thgans
the origin of the primary plane. The containment can gesually assumed in most works on grasping.
easily detected by comparing the half cone angle with theAn interesting alternative to the workaround method given
angle between each cone’s axis and the line joining therorigh this section is to allow friction cones to contain the amig
to the cone’s apex. Having the angle greater than the htilfs easy to verify that the dual of all forces in a frictionre
cone angle indicates that the origin is outside the cone. &t contains the origin is, of course, not a line segment but
mentioned in Section IV-C, some configurations may violathe union of two rays lying on the same line with different
the assumption of Lemma 2 by having the origin containesigns of moment. This approach requires a direct modifinatio
in some friction cones. In this case, a new location of thef Lemma 2, a minor change in Proposition 3, and a new
origin outside the three double-sided friction cones haketo algorithm that can handle rays. We are completing this mod-
located. A straightforward method is to pick a point outsidiéication and in the process of writing a paper describing thi
the union of the three cones. Although computing the uniorew approach.



VI. CONCLUSION

We have presented a new necessary and sufficient condition
for three hard fingers with frictional contact to form a force
closure grasp in two dimensions. Following the new conditio
we have transformed force-closure test into the problem of
detecting intersection between a line segment and a convex
polygon of at most four vertices. Besides an efficient force-
closure test, an important contribution of this work is thuad
representation of friction cones. Hopefully this repreatan
will help open a new way to look at grasping problems partic-
ularly the ones involving force-closure. Besides extegdhre
approach to cover the cases where friction cones may contain
the origin, we are investigating the dual representation in
many aspects. An interesting avenue is an attempt in regriti
everything using projective geometry in hope that rays and
segments may be treated uniformly. We are also exploring how
to apply this new representation in solving grasp plannimg) a
regrasping problems.
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