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'��+��/��,

m > 0

Y
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while ( m > 0 ) {

t � �R8���
 n � m

t = n mod m
n = m
m t

n � m
� tm = t

}
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m � t

Euclid 
Al ith

return n
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#����%��#����%�� : : ����#%	&#���%����$#������#%	&#���%����$#��

1 4 3 3 3 1 3 ��� 1 �' 2 ��#
��� 4 �' 1 ��#�� 4 � 1 �#
��� 3 �' 4 ��#

1 4 7 3 3 1 2 ��� 1 �' 2 ��#

true

1 4 7 3 3 1 2 �� 1 � 2 �#
��� 4 �' 1 ��#
��� 7 �' 1 ��#�� 7 � 1 �#
��� 3 �' 2 ��#
��� 3 �' 2 ��#

hasMajority( d[1..n] ) {
for (i = 1; i <= n; i++) {

c = 0; 3
��� 1 �' 2 ��#
��� 2 �' 1 ��# false

c = 0;
for (j = 1; j <= n; j++)

if (d[i] == d[j]) c++
( /2)if (c > n/2) return TRUE

}
return FALSE
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���+�(+;! �!	+�

��B'�	���C+�(�'��#,�(�	���B�	���+���#,���	�

#����%��#����%�� : sort + : sort + ������

1 4 3 3 3 1 3

��� 1 �' 2 ��#
��� 3 �' 4 ��#

1 1 3 3 3 3 4
true�� 3 � 4 �#

hasMajority( d[1..n] ) {

true

j y
sort( d );
c = 0; i = 1
for (j = 1; j <= n; j++)for (j 1; j < n; j++)

if (d[i] == d[j]) {
if (++c > n/2) return TRUE

} else {} else {
i = j; c = 1

}
t FALSEreturn FALSE

}
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#����%��#����%�� : : �*% �*% + + ������

hasMajority( d[1..n] ) {
c = 0; i = random(1, n)
for (j = 1; j <= n; j++)

if (d[i] == d[j]) c++
if (c > n/2) return TRUEif (c > n/2) return TRUE
return FALSE

} G��	��'&��-���-�'��#,��(�	���(�D(�+�(>� < ½ 

hasMajority( d[1..n] ) {
for (k = 1; k<=30; k++) {

c = 0; i = random(1, n)
for (j = 1; j <= n; j++)

if (d[i] == d[j]) c++j
if (c > n/2) return TRUE

}
return FALSEreturn FALSE

} G��	��'&��-���-�'��#,��(�	���(�D(�+�(>� < (½)30
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� Experimental Analysis
� � �  �M G�� ��
-��
��������M�G������

� ��&-�"	-	�����!���
�	��!	,
	� @ ���
� O � � C � � � !� ����#
	 #	;��	O ,	$#	����>���C��-�#
	�������	B�!���


� Mathematical Analysisy
� #��$�	�,C,	$#	����>���C��-�"	�#�$"	��&-�'&�"	-	�

�������	B�!���
�'&+;!���

hasMajority( d[1..n] )
for (i = 1; i <= n; i++)
c = 0;

� ��
�

n

i 1

c = 0;
for (j = 1; j <= n; j++)
if ( d[i] == d[j] ) c++

if (c > n/2) return TRUE

�
�

n

j 1
1 �

�

�
n

i
n

1
= n2

if (c > n/2) return TRUE
return FALSE
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� Experimental Analysis
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� Mathematical Analysisy
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�'&+;!���

hasMajority( d[1..n] )
for (i = 1; i <= n; i++)
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for (j = 1; j <= n; j++)
if ( d[i] == d[j] ) c++
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Steiner  TreeSteiner  Tree

�-#	;�!�+�!�(��D;��*-,
	�?,!�'
$#	��	#�#���-��!���%&���'&��*��;$#	��	#�#���-�����������D;

3n = 3
Simpson method (1750)
?�!+;!.!	��=	�?� � 120o?�+;.	�D�=	�?� � 120

����	�������� ./���	��������	�������� ./���	����

?�! GeoSteiner ,	$"	�����-�VW,	��	; 532 �� 
?�!�#
	 2.5 ��&#G�- (�Z $.[. 1998)? �#
 5 #G�- ( 998)

http://www.diku.dk/hjemmesider/ansatte/martinz/geosteiner/
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���/�� �1./� ���/�� �1./� CPU CPU ��1���"�2%2����4� ��1���"�2%2����4� ??

� ��� %������)�

� � � �� ��������'�3��� �������]�8� ������� compiler 
�������$��������������, �0��� �/&���%������)�

� /.�.  t1(n) = 10-6n2 n '3������)������

� � CPU �0 M# 10 & 1122 )()( ntnt �
� 2� CPU ��0�� 10 �*� 

� ��+;! t2(n) = t1(n)/10
? � �

2
1

62
2

7
1122

10

1010

nn

nn

�

� ��

� ;!#��#
	��(	�;�� CPU ?,�(
����!�VW,	�'&�'����	B�!���
�>�&��*��'� ��(	16.310 �

� � 12 10 nn �

n 1000 2000 3000 4000 5000 6000 7000

t1(n) 10 40 90 160 250 360 490

t2(n) 1 4 9 16 25 36 49

���/�� �1./� ���/�� �1./� CPU CPU ��1���"�2%2����4� ��1���"�2%2����4� ??

� /.�.  t1(n) = 10-102n n '3������)������

#� 2�� CPU ��0�M#� 32 �*&� 
� ;!#��#
	��(	�;�� CPU ?,�(����!�VW,	�'&�'����	B�!���


& *�>�&��*��'�����	B 5 ��# !!!
)()( 1122 ntnt �

22 )232(log2log 12 nn ��

1
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210
32

210 10
10

n
n
� �

�
222

22

5
2log32log

)(gg
1n n

�
��

12 2322
32

nn ��
n 40 45 50 55 100 200 300

12 5 nn ��

n 40 45 50 55 100 200 300

t1(n) 1.1�1003 3.5�1004 1.1�1006 3.6�1007 1.3�1021 1.6�1051 2.0�1081

t2(n) 3 4�1001 1 1�1003 3 5�1004 1 1�1006 4 0�1019 5 0�1049 6 4�1079t2(n) 3.4�10 1.1�10 3.5�10 1.1�10 4.0�10 5.0�10 6.4�10

4.0�1019 ��

�#��	�' ��,�&->��
!	��Z !!!
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Moore's Law
$��>�#����C��-�*� 2 ��(	�� 18 �;%��$��>#������-�� 2 ��	�D� 18 �;��

���/�����/��

� 2�� t(n) = 10-102n   
M ' L ' 7 5 �Z < * 32 (� Moore's Law  :  �'� 7.5 �Z ��<#�� 32 ��(	
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AlAl--KhwariKhwarizzmi mi �� AlgorithmAlgorithm

� Abk Abdallqh Muvammad ibn Mksq al-Khwqrizm{

� ���$B��[	���C ($.[. 780 – 850) ��'��,��-�%� 
� "Algoritmi de numero Indorum"  (=	�	
	���) ��
#(	

"Al-Khwarizmi on the Hindu Art of Reckoning" (��-���)
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��

� ��������������!�*��� (pseudo-code)

gcd(a, b) {
while (b > 0) {

gcd(a, b) {
while (b > 0)e (b ) {

t = a mod b
a = b

e (b )
t = a mod b
a = b

b = t
}
return a

b = t

return areturn a
}

return a
}
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�����������������	���
�������������������	���
��

� ��������������!�*��� (pseudo-code)

seqSearch( d[1..n], x ) {
for (k = 1; k <= n; k++) {for (k = 1; k <= n; k++) {
if (d[k] == x) return k

}
return -1

}

prim( g[1..v][1..v], s ) {
t = new array[1 n]t = new array[1..n]
...

}}

0	��0	��

� input : ������������������ n �����
D = <d d d d >   D = <d1, d2, d3, ..., dn>

� output : ;��� d1 + d2 + d3 + ...+ dn

sum( d[1..n] ) {
0s = 0

for (k = 1; k <= n; k++) {
s += d[k]s + d[k]

}
return s ��

n

kds
} �k 1
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,%����*�,%����*�

� input : ������������������ n �����
D = <d d d d >   D = <d1, d2, d3, ..., dn>

� output : '&����!(���� d1, d2, d3, ..., dn

max( d[1..n] ) {
d[1]m = d[1]

for (k = 2; k <= n; k++) {
if (d[k] > m) m = d[k]if (d[k] > m) m d[k]

}
return m � �kdm � max

}
� �k

nk
dm

��1
max

#�����%����,%����*�#�����%����,%����*�

� input : ������������������ n �����
D = <d d d d >   D = <d1, d2, d3, ..., dn>

� output : /�����&� max � �k
k

dd �
1

max max

max( d[1..n] ) {

� �
nk��1

a ( d[ .. ] ) {
maxI = 1
for (k = 2; k <= n; k++) {
if (d[k] > d[maxI]) maxI = k

}
return maxIreturn maxI

}
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���,�����	��������,�����	�����

� input : x ��1 D = <d1, d2, d3, ..., dn>
x ��1 d �������������  x ��1 di ����������

� output : '&� k *�� dk = x   2������&+� '3� -1

h( d[1 ] ) {seqSearch( d[1..n], x ) {
for (k = 1; k <= n; k++) {
if (d[k] == x) return kif (d[k] == x) return k

}
return -1

}

���,�����	��������,�����	�����

� input : x ��1 D = <d1, d2, d3, ..., dn>
d � d � d � � dd1 � d2 � d3 � ... � dn

  x ��1 di �������������

�

D = <2, 3, 6, 8, 9>
x = 8

� output : '&� k *�� dk = x   2������&+� '3� -1

seqSearch( d[1..n], x ) {
for (k = 1; k <= n; k++) {
if (d[k] == x) return kif (d[k] == x) return k
if (d[k] > x) return -1

}}
return -1

} D = <2, 3, 6, 8, 9, 10, 29>
x = 7x = 7
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���,�������
5�, ���,�������
5�, (binary search)(binary search)

� input : x ��1 D = <d1, d2, d3, ..., dn>
d � d � d � � dd1 � d2 � d3 � ... � dn

  x ��1 di �������������

�� output : '&� k *�� dk = x   2������&+� '3� -1

 1   2   3   4   5   6   7   8   9  10  11  12 
2 3 5 9 11 20 25d 39 44 49 52 79

x = 25

1 2 3 4 5 6 7 8 9 10 11 12

x 27

1 2 3 4 5 6 7 8 9 10 11 12
2 3 5 9 11 20 25d 39 44 49 52 79

x = 27

���,�������
5�,���,�������
5�,

binarySearch( d[1..n], x ) { 
left = 1, right = n
while (               ) {
mid = �(left + right) / 2�

left <= right
mid = �(left + right) / 2�
if (x == d[mid]) return mid
if (x < d[mid])( [ ])
right = mid - 1

else
left = mid + 1

}
return 1;return -1;

}
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Selection SortSelection Sort

selectionSort( d[1..n] ) {
for (k = n; k >= 2; k--) {
m = maxI(d, k)
d[k] � d[m]d[k] � d[m]

}
}

maxI( d[1..n], k ) {
maxI 1} maxI = 1
for (i = 2; i <= k; i++)
if (d[i] > d[maxI]) maxI = iif (d[i] > d[maxI]) maxI i

return maxI
}

,�%.�������2�� ,�%.�������2�� xx

� input : x ��1 D = <d1, d2, d3, ..., dn>
x ��1 d �������������  x ��1 di ����������

� output : i ��1 j  $��*�� i � j  ��1 (di + dj) = x j
  2����&+�'3� -1, -1

D < 9 2 4 3 7 5 0 >7 D = < 9, 2, 4, 3, 7, 5, 0 >x = 7

sum2( d[1..n], x ) {( [ ], ) {
for (i = 1; i <= n; i++)
for (j = 1; j <= n; j++)j=i+1;
if (i � j AND d[i]+d[j] == x) return i,j

return -1, -1
}}
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,�%.�������2�� ,�%.�������2�� xx

� input : x ��1 D = <d1, d2, d3, ..., dn>
x ��1 d �������������  x ��1 di ����������

� output : i ��1 j  $��*�� i � j  ��1 (di + dj) = x j
  2����&+�'3� -1, -1

D < 9 2 4 3 7 5 0 >7 D = < 9, 2, 4, 3, 7, 5, 0 >x = 7

,	 7 – 9  =  –2
,	 7 – 2  =  5

D = < 0, 2, 3, 4, 5, 7, 9 >x = 7

,	 7 – 0  =  7

! D ' " � ! < ! ! bi h.!	 D ��'�-
"	;���
!#  �<$!�;!#� binary search

,�%.�������2�� ,�%.�������2�� xx

� input : x ��1 D = <d1, d2, d3, ..., dn>
d � d � d � � dd1 � d2 � d3 � ... � dn

  x ��1 di �������������

�� output : i ��1 j $��*�� i � j  ��1 (di + dj) = x 
  2����&+�'3� -1, -1

sum2( d[1..n], x ) {
for (i = 1; i <= n; i++) {( ; ; ) {
delta = x – d[i]
j = binarySearch( d, delta )
if ( j � -1 ) return i, j

}
return -1 -1return -1,-1

}
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kk xaxx ���



��


�� 11
01

a = 100
x0 = 1.0

k
kk

xa

x
x

xx
�

� ��
	

��
�

�

lim

1,
2 0

1
1 x1 = 50.5

x2 = 26.24
x3 = 15.03

kk
xa

��
� lim x4 = 10.84

x5 = 10.03
x6 = 10.00

sqrt( a ) {
|x2 – a| > 10-10

6

x = 1
while ( x2 � a )

x = (x + a/x)/2

|x – a| > 10

x = (x + a/x)/2
return x

}}

��	���
����$����������#���	���
����$����������#�

gcd(a, b) { gcd(a, b) = gcd(b, a mod b)
while (b > 0) {
t = a mod b

b

g ( , ) g ( , )
gcd(a, 0) = a

gcd(45,  24)  = gcd(24,  21)a = b
b = t

}

g ( , ) g ( , )

= gcd(21,  3)  

d( 3 0)}
return a

}

= gcd( 3, 0)

= 3 
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sum

max

sequential searchsequential search

binary search

gcd (Euclid)

logarithmlogarithm

binary counter

sqrt (Babylonian)

sum of subsetsum of subset
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Iterative  &  RecursiveIterative  &  Recursive

sum( d[1..n] ) {
s = 0s 0
for (k = 1; k <= n; k++) {
s += d[k]

n}
return s

}
��

n

k
kds

1} �k 1

sum( d[1..n] ) {
+ d if k > 0return s(d, n)

}
( d[1 ] k ) {

sk = sk–1 + dk , if k > 0
s0 = 0

s( d[1..n], k ) {
if ( k == 0 ) return 0
return s(d k-1) + d[k]return s(d, k 1) + d[k]

}

maxmax

max( d[1..n] ) {
m = d[1][ ]
for (k = 2; k <= n; k++) {
if (d[k] > m) m = d[k]

}
return m

}
� �k

nk
dm

��
�

1
max

} nk��1

max( d[1..n] ) {
( d ) if k > 1return m(d, n)

}
( d[1 ] k ) {

mk = max(mk–1 , dk ), if k > 1
m1 = d1

m( d[1..n], k ) {
if ( k == 1 ) return d[1]
return max( m(d k-1) d[k] )return max( m(d, k 1), d[k] )

}
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Iterative  &  RecursiveIterative  &  Recursive
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s( d[1..n], k ) {
if ( k == 0 ) return 0
return s(d k-1) + d[k]return s(d, k 1) + d[k]

}

maxmax

max( d[1..n] ) {
m = d[1][ ]
for (k = 2; k <= n; k++) {
if (d[k] > m) m = d[k]

}
return m

}
� �k

nk
dm

��
�

1
max

} nk��1

max( d[1..n] ) {
( d ) if k > 1return m(d, n)

}
( d[1 ] k ) {

mk = max(mk–1 , dk ), if k > 1
m1 = d1

m( d[1..n], k ) {
if ( k == 1 ) return d[1]
return max( m(d k-1) d[k] )return max( m(d, k 1), d[k] )

}
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Sequential  SearchSequential  Search

seqSearch( d[1..n], x ) {
for (k = 1; k <= n; k++) {for (k 1; k < n; k++) {
if (d[k] == x) return k

}
return -1

}

seqSearch( d[1..n], x ) {
return search( d, x, n )( , , )

}
search( d[1..n], x, k ) {
if ( k == 0 ) return -1
if ( d[k] == x ) return k
return search( d x k-1 )return search( d, x, k-1 )

}

Binary  SearchBinary  Search

binarySearch( d[1..n], x ) { 
return bsearch( d, x, 1, n )

}
bsearch( d[1 n] x left right ) {bsearch( d[1..n], x, left, right ) {
if (left > right) return -1
mid = �(left + right) / 2�( g ) /
if (x = d[mid]) return mid
if (x < d[mid])
return bsearch( d, x, left, mid – 1)

else
return bsearch( d x mid + 1 right )return bsearch( d, x, mid + 1, right )

}
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Greatest  Common  DivisorGreatest  Common  Divisor

gcd(a, b) {
hil (b > 0) {

4
while (b > 0) {
t = a mod b
a = b

gcd(64,52)

4a b
b = t

}
babba )modgcd()gcd(

gcd(52,12)

4

4

return a
} aa

babba
�
�

)0,gcd(
)mod,gcd(),gcd(

gcd(12, 4)

4

gcd(a, b) {
if (b == 0) return a

gcd( 4, 0)

4

if (b 0) return a
return gcd(b, a mod b)

}

��loglog22 nn��

log2( n ) {
0

n �log2 n�
------------c = 0

while (n > 1) {
n = �n / 2�

------------
1      0
2      1n = �n / 2�

c++
}

3      1
4      2
5 2return c

}

5 2
6      2
7 2

log2( n ) {
if ( n <= 1 ) return 0

7 2
8      3
9      3if ( n <= 1 ) return 0

return 1 + log2(�n/2�)
}}
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��loglog22 nn��
log2( n ) {
if ( n <= 1 ) return 0if ( n <= 1 ) return 0
return 1 + log2(n/2)

}

log2( 14 )
3

log2( 14 )

l 2( 7 )

21+

log2( 7 )

11+

log2( 3 )

01+

log2( 1 )

Binary  CounterBinary  Counter

bcounter( n ) {
d = array of size nd = array of size n
for (i = 1; i <= n; i++) d[i] = 0
for (i = 1; i <= 2n; i++) {
print( d )
increment( d )

} 0 0 0

<0,0,1,1,1>
}

}
increment( d[1 n] )

0 0 0
0 0 1
0 1 0

<0,1,0,0,0>
increment( d[1..n] )
for (i=n; i>=1 AND d[i]=1; i--) 
d[i] = 0

0 1 0
0 1 1
1 0 0

d[i] = 1
}

1 0 1
1 1 0
1 1 1

if (i >= 1) d[i] = 1

1 1 1
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Binary  Counter : RecursiveBinary  Counter : Recursive

bcounter( n ) {
d = array of size nd = array of size n
for (i = 1; i <= n; i++) d[i] = 0     
count( d, 0 )

}
count( d[1..n], k ) {
if ( k ) i t( d )if ( k = n ) print( d )
else {
d[k+1] = 0; count( d k+1 )d[k+1] = 0; count( d, k+1 )
d[k+1] = 1; count( d, k+1 )

}
0 1 ? ? ?k 2} 0 1 ? ? ?k = 2

0 1 1 ? ?k 30 1 0 ? ?k = 3 0 1 1 ? ?k = 3

Binary  Counter : RecursiveBinary  Counter : Recursive

count( d[1..n], k ) {
if ( k = n ) print( d )if ( k = n ) print( d )
else {
d[k+1] = 0; count( d, k+1 )
d[k+1] = 1; count( d, k+1 )

}
} k 0}

[-,-]
k = 0

[0,-]
k = 1

[1,-]
k = 1

k = 2 k = 2 k = 2 k = 2
[0,0] [0,1] [1,0] [1,1]
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sqrtsqrt

sqrt( a ) {
1 |x2 – a| � 10-10x = 1

while ( x2 � a )
x = (x + a/x)/2

| |

x (x + a/x)/2
return x

}
1,

2
1

0
1

1 ���
	



��
�


��

�
� x

x
axx
k

kk

sqrt( a ) {
return sqrt(a 1);return sqrt(a, 1);

}
sqrt( a, x ) {sq t( a, ) {
if (|x2 – a| < 10-10) return x;
return sqrt( a, (x + a/x)/2 );

}

Sum of SubsetSum of Subset

� input : x ��1 D = {d1, d2, d3, ..., dn}
x ��1 d �������������  x ��1 di ����������

� output : true 2�� D  ���-/�&��*��;����*&���� x
2����&�� '3� false

D = { 1, 4, 3, 9, 7 },  x = 11 true

D = { 1, 4, 3, 9, 7 },  x = 18 false
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Sum of SubsetSum of Subset

subsetSum( d[1..n], x ) {
return subsetSum( d, x, n )

}
subsetSum( d[1 n] x k ) {subsetSum( d[1..n], x, k ) {
if (x == 0) return true;
if (k  < 1) return false;( ) ;
return subsetSum(d, x–d[k], k-1) OR

subsetSum(d, x,      k-1);
}

{1,5,3,9,7},6,5

{1,5,3,9,7},-1,4 {1,5,3,9,7},6,4

D = {D = {33, , 99, , 77}, x = }, x = 1010

true
{3,9,7},10,3

true

true
{3,9,7},3,2

false true
{3,9,7},-6,1

false
{3,9,7},3,1

truefalse

true

{3,9,7},-9,0 {3,9,7},-6,0

false
{3,9,7},0,0

truefalse
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CollectionCollection

B A

A C
A

SetSet

B

A CAA
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B A

A C
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ListList

A

C B

A

A C B A

StackStack

A
push pop

BX

C

A
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QueueQueue

ACBAX dequeueenqueue

Priority QueuePriority Queue

add removeMax
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�
'��������$��1�����	�
'��������$��1�����	

++

3 �

a b

���������������� list list ���������-���������-

size elementData 0 1 2 3 4

A B C3

X
add(1, X)

X

�!���
��<��	���C�<��	�
% + ( < %& + !

size elementData 0 2 3

,�%�+�(�<��-��%�+#!

size elementData 0 1 2 3 4

A B C3

remove(0)
�#
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�������� �������� list list ��� ��� linked listlinked list

header

2

size

2

"A" "B"

ep
i

ii-1 i+1

? �
p

?�!�#
	$-��#

Linked list Linked list ������2�������2�--�	���	��

firstsize first

2

size

"A" "B""A"

header

2

size

"A" "B"

�	���������
������

���	� ����������������
 46 / 498 � ���	�� ����



�������� �������� list list ��� ��� linked listlinked list

header

2

size

2

"A" "B"

ep
i

ii-1 i+1

? �
p

?�!�#
	$-��#

Linked list Linked list ������2�������2�--�	���	��

firstsize first

2

size

"A" "B""A"

header

2

size

"A" "B"

�	���������
������

���	� ����������������
 46 / 498 � ���	�� ����



Linked list Linked list ����������� ����� (circular)(circular)

lastsize

2

"A" "B"

firstsize

"B"

2

"A"

headersize

"A" "B"

2

A B

����� ����� Stack Stack ���������-���������-

elementDatasizeStack s

0s = new Stack(4)

1s push("A") A1s.push( A ) A

2s.push("B") A B

3 A B Cs.push("C")

2 A Bs.pop()

! �< � C <����
����	������	�
,�%�+�(�<��-��%&�+#!

?�! �?�!�#
	$-��#
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����� ����� Queue Queue ���������-���������-
elementDatafrontQueue q size
0  1  2  3

0q = new Queue(4) 0

0q enqueue("A") A1
?�!�#
	$-��#

0q.enqueue( A ) A1

0q.enqueue("B") A B2

1 Bq.dequeue() 1

1 B Cq.enqueue("C") 2

2 Cq.dequeue() 12 Cq.dequeue() 1

2 C Dq.enqueue("D") 2

2 X C Dq.enqueue("X") 3

Binary Search TreeBinary Search Tree

2 33 3 > 288 8 > 2

1 9

33 3 < 988 8 < 9

1 9

4
88

8 > 4 4

88
3 5 8 > 5

88

��&+�

t � ht h
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BST : min,  maxBST : min,  max

2020 20202020

1515 4040

2020

1515 4040

22 2525 5454 22 2525 5454

55 4747 6060 55 4747 6060

t � ht h

����� ����� BST BST �������,%�� N �6
$�������,%�� N �6
$

1, 2, 6, 3, 5 2, 1, 5, 3, 6  

*$#	���-��-�!�+�!�*����
"	;��
��-�!���
�'&�>�&�?�(�!�+�!
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BST : removeBST : remove

20202020

1515 4040
�	8�
�7�� 2 �;�

��:� ��������	 404747

22 2525 5454

4747

8585

606055

�	5	 8585�	5	
��:� ��������	 5

�	8�
�7���������	8�
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BST  vs.  AVLBST  vs.  AVL
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Hash Table : Linear ProbingHash Table : Linear Probing

0 1 2 3 4 5 6 7 8 9 10 11 12

%"� h(x) = x % 13 ����+���������*����'��,/�������������#
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Hash Table : Quadratic ProbingHash Table : Quadratic Probing
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�������������	�����������������������	����������

public static void main(String[] args) {

1117=1x3x3x3/2x3x3x3x3x3/2/2x3x3/2/2/2/2/2x3x3x3/2/2/2x3/2

Set set = new ArraySet();
Queue q = new ArrayQueue();
Node v = new Node(1,null);!���� Set ��� ������*����� (ms)
q.enqueue(v); set.add(v);
int target = 1117;
while( !q.isEmpty() ) {
ArraySet 164987
BSTSet 1112

   !��� Set ��       ������*���� (ms)

( q p y() ) {
v = (Node) q.dequeue();
if (v.value == target) break;
Node v1 = new Node(v.value*3, v); // try x3

BSTSet 1112
AVLSet 430
LinearProbingHashSet 1903

390Node v1 new Node(v.value 3, v); // try x3
Node v2 = new Node(v.value/2, v);  // try /2
if (!set.contains(v1)) {q.enqueue(v1); set.add(v1);} 
if (!set contains(v2)) {q enqueue(v2); set add(v2);}

QuadraticProbingHashSet 390
SeparateChainingHashSet 350

if (!set.contains(v2)) {q.enqueue(v2); set.add(v2);}
}
if (v.value == target) printSolution(v);

}} /��*������!�0� set ������������� 73816 /�

Priority Queue : Binary HeapPriority Queue : Binary Heap

50
0

1 2

15 21 4 2

30 5
3 4 5 6 log2 n

2 10 18 20 3
7 8 9 10 11

0 1 2 3 4 5 6 7 8 9 10 11 12 13

50 30 5 15 21 4 2 2 10 18 20 312

size elementData

�	���<��'& �	���<��'& 
'&'& '&'&
��
��)!	�)!	���- ��- �' �' ���(�' ���(�' 


��
���#	�#	��- ��- �'& �'& ���(�'& ���(�'& 
&& &&>(���- >(���- �'& �'& ���(�'& ���(�'& 
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Set set = new ArraySet();
Queue q = new ArrayQueue();
Node v = new Node(1,null);!���� Set ��� ������*����� (ms)
q.enqueue(v); set.add(v);
int target = 1117;
while( !q.isEmpty() ) {
ArraySet 164987
BSTSet 1112

   !��� Set ��       ������*���� (ms)

( q p y() ) {
v = (Node) q.dequeue();
if (v.value == target) break;
Node v1 = new Node(v.value*3, v); // try x3

BSTSet 1112
AVLSet 430
LinearProbingHashSet 1903

390Node v1 new Node(v.value 3, v); // try x3
Node v2 = new Node(v.value/2, v);  // try /2
if (!set.contains(v1)) {q.enqueue(v1); set.add(v1);} 
if (!set contains(v2)) {q enqueue(v2); set add(v2);}

QuadraticProbingHashSet 390
SeparateChainingHashSet 350

if (!set.contains(v2)) {q.enqueue(v2); set.add(v2);}
}
if (v.value == target) printSolution(v);

}} /��*������!�0� set ������������� 73816 /�

Priority Queue : Binary HeapPriority Queue : Binary Heap
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Binary Heap : addBinary Heap : add

1313

12 112 1

2 12 162 12

0 1 2 3 4 5 6

16

size elementData

13 12 1 2 125

t � log2 ng2

Binary Heap : Binary Heap : removeMaxremoveMax

15

13 9

15

12 11 12 11

0 1 2 3 4 5 6

size elementData

15 13 9 2 11 16

t � log2 ng2

�	���������
������

���	� ����������������
 55 / 498 � ���	�� ����



Binary Heap : addBinary Heap : add

1313

12 112 1

2 12 162 12

0 1 2 3 4 5 6

16

size elementData

13 12 1 2 125

t � log2 ng2

Binary Heap : Binary Heap : removeMaxremoveMax

15

13 9

15

12 11 12 11

0 1 2 3 4 5 6

size elementData

15 13 9 2 11 16

t � log2 ng2

�	���������
������

���	� ����������������
 55 / 498 � ���	�� ����



MaxHeapMaxHeap Min HeapMin Heap

hmax heap min heap
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1515--pupuz z zzle le : : �%������������%�����������
public static PuzzleBoard solve(PuzzleBoard b) {

Queue queue = new ArrayQueue();
queue.enqueue(b);
while ( !queue.isEmpty() ) {

b = queue.dequeue();
for (int d = 0; d < 4; d++) {

PuzzleBoard b2 = b.moveBlank(d);( );
if (b2 != null) {

if ( b2.isAnswer() ) return b2;

queue.enqueue(b2);

}
&

}
}

}
ll

?�! queue ��<��	�	-�'&�
��?,�(

return null;
}
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1515--pupuz z zzle le : : �%������������%�����������
public static PuzzleBoard solve(PuzzleBoard b) {

Queue queue = new ArrayQueue();
queue.enqueue(b);
while ( !queue.isEmpty() ) {

b = queue.dequeue();
for (int d = 0; d < 4; d++) {

PuzzleBoard b2 = b.moveBlank(d);( );
if (b2 != null) {

if ( b2.isAnswer() ) return b2;
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}
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}
}

}
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1515--pupuz z zzle le : : �%������������%�����������
public static PuzzleBoard solve(PuzzleBoard b) {

Set set = new ArraySet();
Queue queue = new ArrayQueue();
queue.enqueue(b);
while ( !queue.isEmpty() ) {

set.add(b);

b = queue.dequeue();
for (int d = 0; d < 4; d++) {

PuzzleBoard b2 = b.moveBlank(d);( );
if (b2 != null) {

if ( b2.isAnswer() ) return b2;
if ( ! set contains(b2) ) {
queue.enqueue(b2);

}

if ( ! set.contains(b2) ) {
queue.engueue(b2);

}

&

set.add(b);

}
}

}
ll

?�! queue ��<��	�	-�'&�
��?,�(

?�! set �>%&���#����$#	�)*"	)!��
return null;

}

����� ����� Set Set 2���	�����2���	�����
public static PuzzleBoard solve(PuzzleBoard b) {

Set set = new ArraySet();Set set = new ArraySet();Set set = new BSTSet();Set set = new AVLSet();Set set = new HashSet();
Queue queue = new ArrayQueue();
queue.enqueue(b);  set.add(b);
while ( !queue.isEmpty() ) {

b = queue.dequeue();
for (int d = 0; d < 4; d++) {

PuzzleBoard b2 = b.moveBlank(d);( );
if (b2 != null) {

if ( b2.isAnswer() ) return b2;
if ( ! set contains(b2) ) {if ( ! set.contains(b2) ) {

queue.enqueue(b2);  set.add(b2);
}

}}
}

}
llreturn null;

}
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1515--pupuz z zzle le : : �%������������%�����������
public static PuzzleBoard solve(PuzzleBoard b) {

Set set = new ArraySet();
Queue queue = new ArrayQueue();
queue.enqueue(b);
while ( !queue.isEmpty() ) {

set.add(b);
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for (int d = 0; d < 4; d++) {

PuzzleBoard b2 = b.moveBlank(d);( );
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if ( b2.isAnswer() ) return b2;
if ( ! set contains(b2) ) {
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}
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queue.engueue(b2);

}

&
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}
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}
ll
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��?,�(

?�! set �>%&���#����$#	�)*"	)!��
return null;

}
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while ( !queue.isEmpty() ) {

b = queue.dequeue();
for (int d = 0; d < 4; d++) {

PuzzleBoard b2 = b.moveBlank(d);( );
if (b2 != null) {

if ( b2.isAnswer() ) return b2;
if ( ! set contains(b2) ) {if ( ! set.contains(b2) ) {

queue.enqueue(b2);  set.add(b2);
}

}}
}

}
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Selection SortSelection Sort

l ti S t( d[1 ] ) {selectionSort( d[1..n] ) {
for (k = n; k > 1; k--) {
maxI = 1maxI 1
for (i = 2; i <= k; i++)
if (d[i] > d[maxI]) maxI = i

d[k] � d[maxI]
}

}}
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Selection Sort  (Selection Sort  (5�X� 5�X� C)C)

void selectionSort(int d[], int n) {
int k, i;
for (k = n - 1; k > 0; k--) {
int maxI = 1;int maxI = 1;
for (i = 0; i <= k; i++)
if (d[i] > d[maxI]) maxI = i;(d[ ] d[ a ]) a ;

int t = d[k]; 
d[k] = d[maxI];
d[maxI] = t;

}
}}

�������������	�������	��������������	�������	�
#include <stdio.h>
#include <stdlib.h>
#include <windows.h>#include <windows.h>

int main(int argc, char *argv[]) {
int i k n repeat = 10;int i, k, n, repeat = 10;
for( n = 0; n<=20000; n+=2000) {

int *d = malloc( n * sizeof(int) );
l 0long sum = 0;
for (k=0; k<repeat; k++) {

for (i=0; i<n; i++) d[i] = i;
long start = GetTickCount();
selectionSort(d, n);
sum += GetTickCount() - start;

}
printf("%d \t %f \n", n, (float)sum/repeat);

}}
system("PAUSE"); return 0;

}
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Selection Sort  (Selection Sort  (5�X� 5�X� Java)Java)

static void selectionSort(int[] d) {
for (int k = d.length-1; k > 0; k--) {
int maxI = 1;
for (int i = 0; i <= k; i++)for (int i = 0; i <= k; i++)
if (d[i] > d[maxI]) maxI = i;

int t = d[k];t t d[ ];
d[k] = d[maxI];
d[maxI] = t;

}
}

�������������	�������	��������������	�������	�
public class TestSelectionSort {

public static void main(String[] args) {
int repeat = 10;
for (int n = 0; n <= 20000; n += 2000) {

int[] d = new int[n];[] [ ];
long sum = 0;
for (int k = 0; k < repeat; k++) {

for (int i = 0; i < n; i++) d[i] = i;for (int i 0; i < n; i++) d[i] i;
long start = System.currentTimeMillis();
selectionSort(d);
sum += System currentTimeMillis() start;sum += System.currentTimeMillis() - start;

}
System.out.printf("%d \t %f \n", 

(d bl ) / t)n, (double)sum/repeat);
}

} for (int i = 0; i < 10000; i++)
selectionSort(new int[1]);
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� ]�8� C : %"� GNU-C Compiler (3.4.2)

� ]�8� Java : %"� Java 6 (build 1.6.0_14-b08)
� interpreted-only mode Java Java�

(option –Xint ����"	-	�)
� Compilation to native code

� � '

n GNU�C (Native) (interpret)
0 0 0.0 0.0

2000 9 4 6 3 90 6(��-$�� compile ;!#��	���'��
���<�;)*"	 @ ��� 10,000 $��*-)

2000 9.4 6.3 90.6
4000 39 25.0 359.4
6000 84.4 54.6 806.2

� Lenovo X200
Intel CoreTM 2 Duo

8000 151.6 98.5 1425.0
10000 237.5 156.2 2231.2
12000 343.7 220.4 3190.6

P8400 @ 2.26GHz
3GB Ram

14000 467.2 300.0 4359.5
16000 610.9 393.7 5675.0
18000 773 5 500 0 7160 6Windows XP 18000 773.5 500.0 7160.6
20000 957.8 614.0 8862.3
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./�������������������,����$������	�./�������������������,����$������	�
  static int counter = 0;
static void selectionSort(int[] d) {

t 1 + d l th + d l th 1counter = 1 + d.length + d.length - 1;
for (int k = d.length-1; k > 0; k--) {
int maxI = 1;int maxI 1;
counter += 2 +  k+2  + k+1;
for (int i = 0; i <= k; i++) {
counter += 1;
if (d[i] > d[maxI]) {

I i t + 1maxI = i;
}

}

counter += 1;

}
counter += 3;
int t = d[k]; d[k] = d[maxI]; d[maxI] = t;

}
}

�������������	�����,����$��������������	�����,����$�
public class TestSelectionSort {

public static void main(String[] args) {
int repeat = 10;
for (int n = 0; n <= 20000; n += 2000) {

int[] d = new int[n];[] [ ];
long sum = 0;
for (int k = 0; k < repeat; k++) {

for (int i = 0; i < n; i++) d[i] = i;for (int i 0; i < n; i++) d[i] i;
counter = 0;
selectionSort(d);
sum += counter;sum += counter;

}
System.out.printf("%d \t %f \n", 

(d bl ) / t)n, (double)sum/repeat);
}

}
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����Z6�&,����$�#���������Z6�&,����$�#�����
  static int counter = 0;

t ti id l ti S t(i t[] d) {static void selectionSort(int[] d) {
for (int k = d.length-1; k > 0; k--) {
int maxI = 1;int maxI 1;
for (int i = 0; i <= k; i++) {
counter += 1;
if (d[i] > d[maxI]) {
maxI = i;

}}
}
int t = d[k]; d[k] = d[maxI]; d[maxI] = t;int t d[k]; d[k] d[maxI]; d[maxI] t;

}
}
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selectionSort( d[1..n] ) {
f (k k 1 k ) {for (k = n; k > 1; k--) {
maxI = 1
for (i = 2; i <= k; i++)for (i = 2; i <= k; i++)
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� '��!���+3#�~�� '3�'��!���*��
? ! " + � � ( � ( &� ?�!�#
	�	��"	-	�+������$(	$-��#$(	,�-

� ?�!�#
	�	��"	-	�+�(����	���	;��- input
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Big Big -- ThetaTheta
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Big Big -- OmegaOmega
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Big Big –– OO  : : �����#�������#��

� O(g(n))  = { f(n)  | f(n) � g(n)  }

� O(g(n))  = { f(n)  | �'�"	�#� c > 0 �
� n0 � 0

'& " ? ! f( ) ( ) %& }�'�"	?,! f(n) � cg(n) ��%� n � n0 }

( )g(n) ��M�����������- f(n)
f (n)

cg(n)

g(n)

f (n) ( O(g(n))

nn0

Big Big –– Omega : Omega : �����#	%�������#	%��

� '(g(n))  = { f(n)  | f(n) � g(n)  }

� '(g(n))  = { f(n)  | �'�"	�#� c > 0 �
� n0 � 0

'& " ? ! f( ) ( ) %& }�'�"	?,! f(n) � cg(n) ��%� n � n0 }

f (n)
( )

g(n) ��M�������
(	-��- f(n)

cg(n)

f (n) ( '(g(n))

nn0

�	���������
������

���	� ����������������
 86 / 498 � ���	�� ����



Big Big –– OO  : : �����#�������#��

� O(g(n))  = { f(n)  | f(n) � g(n)  }

� O(g(n))  = { f(n)  | �'�"	�#� c > 0 �
� n0 � 0

'& " ? ! f( ) ( ) %& }�'�"	?,! f(n) � cg(n) ��%� n � n0 }

( )g(n) ��M�����������- f(n)
f (n)

cg(n)

g(n)

f (n) ( O(g(n))

nn0

Big Big –– Omega : Omega : �����#	%�������#	%��

� '(g(n))  = { f(n)  | f(n) � g(n)  }

� '(g(n))  = { f(n)  | �'�"	�#� c > 0 �
� n0 � 0

'& " ? ! f( ) ( ) %& }�'�"	?,! f(n) � cg(n) ��%� n � n0 }

f (n)
( )

g(n) ��M�������
(	-��- f(n)

cg(n)

f (n) ( '(g(n))

nn0

�	���������
������

���	� ����������������
 86 / 498 � ���	�� ����



Big Big –– ThetaTheta  : : �����#��&/�������#��&/��
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#����%�� #����%�� : log: log22 n!n!

n! = n � (n-1) � ... � 2 � 1
� n � n � � n � n = nn������ � n � n � ... � n � n = n

log2 n! �   log2 nn = n log2 n  ��-�� n ��1
n! = n � (n 1) � � (n/2) � (n/2 1) � � 2 � 1
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�  n/2 � n/2 �...� n/2 �     1 � ... � 1 � 1
� (n/2)n/2

������

(	- � (n/2)
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� ;������+��,����+��, ��3��+��,*��$/��0!(�

� �� ���!����/
� cg(n) = #(g(n)) ��%&� c ��M�$(	$-��#

� loga n = #(logb n) �>�	� loga n = (logab) logb n
� . � �( ( )) ( )t n t n# � #� �

� �"&� 

�a nk + a nk-1 + + a = #(nk)

� �( ( )) ( )t n t n# #� �

�aknk + ak-1nk 1 +...+ a0 = #(nk)
�0.001n3 + 7000n2 – 11 = #(n3)
� log2 n10 = 10(log2 n) = #(log n)
� . � � 2( ) ( 1) / 2 ( )

n n
i i n n n
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# � # � # � � #� �
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� �
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��#��#������#
��#

� constant : #( 1 ) 
l ith i #( l )� logarithmic : #( log n )

� polylogarithmic : #( log c n ) ,  c � 1
� sublinear : #( na ) , 0 < a < 1
� linear : #( n )
� quadratic : #( n2 )
� polynomial : #( nc ) , c � 1p y ( ) ,
� exponential : #( cn ) , c > 1
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&( f1(n) )
'( g1(n) )'( g1(n) )

h(n)
&( f2(n) )
'( g2(n) )( g2( ) )

h(n) ( O( f1(n) + f2(n) )
h(n) ( '( g1(n) + g2(n) )
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&( n2 )
'( n )'( n )

h(n)
&( n )
'( n )( )

h(n) ( O( n2 + n) = O( n2)
h(n) ( '( n + n) = '( n )
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&( n2 )
'( n2 )'( n )

h(n)
&( n )
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&( n2 )
'( n )'( n )

h(n)
&( n )
'( n )( )

h(n) ( O( n2 + n) = O( n2)
h(n) ( '( n + n) = '( n )
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&( n )
'( n )'( n )

h(n)
&( n2 )
'( 1 )( )

h(n) ( O( n2 )
h(n) ( '( n )

����	4���������	4�����

f1(n)

f ( ) f ( )f2(n) f3(n)

max( f1(n)+ f2(n) , f1(n)+ f3(n) )( f1( ) f2( ) , f1( ) f3( ) )
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for (k = 1; k <= n; k++) {
P(k)

}
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#����%�� #����%�� : for: for

for (k = 1; k <= n; k++) {
process( d, k )
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for (k = 1; k <= n; k++) {
P(k)

}

P(k) ?�!�#
	 t(k)

�
n

kt )(�
�k

kt
1

)(

#����%�� #����%�� : for: for

for (k = 1; k <= n; k++) {
process( d, k )

}

process(d,k) ?�!�#
	 #( k2 )

�#
n

k 2 )( �
�
	



�
�
�


#� �

n

k
k

1

2

�k 1 	� �k 1

�



�
 ��
#�

)12)(1( nnn
�
	

�
�
#�

6

)( 3n# )(n#�

�	���������
������

���	� ����������������
 94 / 498 � ���	�� ����



#����%�� #����%�� : for: for

for (i = 1; i <= n; i++)
for (j = 1; j <= n; j++) 
sum += d[i][j]
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#����%�� #����%�� : for: for

for (i = 1; i <= n; i++)
for (j = 1; j <= i; j++) 
sum += d[i][j]
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#����%�� #����%�� : for: for

for (i = 1; i <= n; i++)
for (j = 1; j <= n; j++) 
sum += d[i][j]
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#����%�� #����%�� : for: for

for (i = 1; i <= n; i++)
for (j = 1; j <= i; j++) 
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#����%�� #����%�� : for: for

for (i = 2; i <= m-1; i++)
for (j = 3; j <= i; j++) 
sum += d[i][j]
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#����%�� #����%�� : Insertion Sort: Insertion Sort

insertionSort( d[1..n] ) {
for (k = 2; k <= n; k++) { '( )for (k 2; k < n; k++) {
t = d[k]
for (j = k-1; k >= 1; k--) {

�
n
'(n)

if (t >= d[j]) break
d[j+1] = d[j]

}

O(k)�
�k 2}

d[j+1] = t
} ( 2)}

}
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#����%�� #����%�� : for: for

for (i = 2; i <= m-1; i++)
for (j = 3; j <= i; j++) 
sum += d[i][j]
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insertionSort( d[1..n] ) {
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�
n
'(n)

if (t >= d[j]) break
d[j+1] = d[j]

}

O(k)�
�k 2}

d[j+1] = t
} ( 2)}

}

,	�'&����

O(n2)
4 1 3 2 5

��'�-
"	;���
!# �!���
�'&�,
%� 

k
,	����� 4,1,3,2,5

1,4,3,2,5
1,3,4,2,5

;���	�	-�#	 
1,2,3,4,5
1,2,3,4,5
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#����%�� #����%�� : while: while
log10( n ) {
c = 0
while (n > 1) {
n = n / 1043 1l �

n
c++

}
return c

10 10log n

return c
} #(log n)

i = 0,  j = n
while ( i < j ) {
i += 1
j -= 1

} #(n)
3
2
4
7

} #(n)

#����%�� #����%�� : Binary Search: Binary Search

binarySearch( d[1..n], x ) { 
left = 1 right = n 1000left = 1, right = n
while ( left <= right ) {
mid = �(left + right) / 2�

1000
500
125( g ) /

if (x = d[mid]) return mid
if (x < d[mid])

62
31
15right = mid - 1

else
left = mid + 1

15
7
3� �

1
2 2log �n

n

left = mid + 1
}
return -1; O(l )

3
1
0

}

right – left + 1 $%��"	�#��!��
?��(#-�'&��?�$!�

O(log n)
right left + 1  $��	�#�����
?��#-���?�$�

$(	��- right – left + 1  $%� n ?�������  
;
-���
�$�&-
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#����%�� #����%�� : GCD: GCD

gcd(a, b) {
a    b
34 21.!	 a > b  

while (b > 0) {
t = a mod b
a = b

34 21
21   13
13    8

�	�	�.��;-#(	  
a mod b < a/2 
� a = b

b = t
}

8    5
5    3
3 2

����

��;-#(	 �"	-	� }
return a

}

3 2
2    1
1 0

��;-#	  �	-	�
��M� O(log n)

1 0

?,! a > b
1 .!	 b � a/2 ��+;! a mod b < a/2 (�>�	� a mod b < b)1. .	 b � a/2, ��+;  a mod b < a/2   (�>�	� a mod b < b)
2. .!	 b > a/2, ��+;!  a/b < 2  ;�-��*� �a/b� = 1

a mod b = a – b �a/b� = a – b 
< a – a/2  =  a/2 

�����������������8"�������������������8"��

recursive( ... ) {
if ( ... ) return ...

#(...)...

recursive( ... )

( )

t (...) +( )
...
recursive( ... )

t (...)
...   +

t ( )
...

}

t (...)
}

t (n) = t( )+ +t( ) + #( )t (n) = t(...)+...+t(...) + #(...)
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gcd(a, b) {
a    b
34 21.!	 a > b  

while (b > 0) {
t = a mod b
a = b

34 21
21   13
13    8

�	�	�.��;-#(	  
a mod b < a/2 
� a = b

b = t
}

8    5
5    3
3 2

����

��;-#(	 �"	-	� }
return a

}

3 2
2    1
1 0

��;-#	  �	-	�
��M� O(log n)

1 0

?,! a > b
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�����������������8"�������������������8"��

recursive( ... ) {
if ( ... ) return ...
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recursive( ... )

( )
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recursive( ... )
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#����%��#����%�� : : ���,�������
5�,���,�������
5�,

bsearch( d[1..n], x, left, right ) {
if (left > right) return -1if (left > right) return 1
mid = �(left + right) / 2�
if (x = d[mid]) return mid
if (x < d[mid])
return bsearch( d, x, left, mid – 1)
lelse
return bsearch( d, x, mid + 1, right )

}}

?,! m = right – left + 1 $%��"	�#��!���
?��(#-�'&�!�-�	�$!�
? ! ( ) " ? ' b h '&�( !?, t(m) ����#
	�	��	-	�?��	����� bsearch ��#-����


  �'&�!�-�	�$!��'�"	�#� m ��#  ��+;!#(	

t( ) t( /2) + #(1) t(0) #(1)t(m) = t(m/2) + #(1) , t(0) = #(1)

tt((mm) = ) = tt((mm//22) + ) + ##((11))

)1()( #��
	



�
�
�

mtmt m 1�)(
2

)( �
	

�
�

)1(#��
�


�



�
 mtmt m k

k

1

1

2

1
2

� �

�

)1(
22 2 #��
	

�
�

��
	

�
�

tt



 mm

mk 2log1��

)1(
22 32 #��
	



�
�
��

	



�
�
 mtmt (2+log2m)#(1)

... t(m) = #(log m)
��B',	+�(>�

)1(
22 1 #��
	



�
�
��

	



�
�


� kk
mtmt

��B'��&#+� binary search��B�#+� binary search
t(m) = O(log m)#(1)
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#����%��#����%�� : : ���,�������
5�,���,�������
5�,

bsearch( d[1..n], x, left, right ) {
if (left > right) return -1if (left > right) return 1
mid = �(left + right) / 2�
if (x = d[mid]) return mid
if (x < d[mid])
return bsearch( d, x, left, mid – 1)
lelse
return bsearch( d, x, mid + 1, right )

}}

?,! m = right – left + 1 $%��"	�#��!���
?��(#-�'&�!�-�	�$!�
? ! ( ) " ? ' b h '&�( !?, t(m) ����#
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#����%��#����%�� : Tower of Hanoi: Tower of Hanoi

hanoi(n, a, b, c) {
if ( 0)if (n == 0) return
hanoi(n - 1, a, c, b)
print("move " n a "->" c)print( move , n, a, > , c)
hanoi(n - 1, b, a, c)

}

?,! t(n) ����#
	�	��"	-	���- hanoi(n, a, b, c) ��+;!#(	

t(n) = 2t(n – 1) + #(1) ,   t(0) = #(1)

t(n)  = #(2n)

tt((nn) = ) = 22tt((nn--11) + ) + ##((11))
t(n) =  2t(n – 1) + #(1)

= 2(2t(n 2) + #(1)) + #(1)= 2(2t(n – 2) + #(1)) + #(1)
=  4t(n – 2) + 2#(1) + #(1)
=  4(2t(n – 3) + #(1)) + 2#(1) + #(1)
=  8t(n – 3) + 4#(1) + 2#(1) + #(1)( ) ( ) ( ) ( )
=  23t(n – 3) + 22#(1) + 21#(1) + 20#(1)
...
=  2nt(n – n) + ... + 22#(1) + 21#(1) + 20#(1)
= (2n + ... + 22 + 21 + 20 )#(1)
= (2n+1 – 1) #(1)( ) ( )
= #(2n)
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#����%��#����%�� : Tower of Hanoi: Tower of Hanoi

hanoi(n, a, b, c) {
if ( 0)if (n == 0) return
hanoi(n - 1, a, c, b)
print("move " n a "->" c)print( move , n, a, > , c)
hanoi(n - 1, b, a, c)

}

?,! t(n) ����#
	�	��"	-	���- hanoi(n, a, b, c) ��+;!#(	

t(n) = 2t(n – 1) + #(1) ,   t(0) = #(1)

t(n)  = #(2n)

tt((nn) = ) = 22tt((nn--11) + ) + ##((11))
t(n) =  2t(n – 1) + #(1)

= 2(2t(n 2) + #(1)) + #(1)= 2(2t(n – 2) + #(1)) + #(1)
=  4t(n – 2) + 2#(1) + #(1)
=  4(2t(n – 3) + #(1)) + 2#(1) + #(1)
=  8t(n – 3) + 4#(1) + 2#(1) + #(1)( ) ( ) ( ) ( )
=  23t(n – 3) + 22#(1) + 21#(1) + 20#(1)
...
=  2nt(n – n) + ... + 22#(1) + 21#(1) + 20#(1)
= (2n + ... + 22 + 21 + 20 )#(1)
= (2n+1 – 1) #(1)( ) ( )
= #(2n)
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5��&��
� ��� ��������8"��5��&��
� ��� ��������8"��

DQ( n ) {
if (n = 0) returnif (n 0) return
for (i=1; i<=n; i++)
for (j=1; j<=n; j++)

=	�����-

print( i )
for (i=1; i<=2; i++)
DQ( /2 ) �	���'��)*"	DQ( n/2 )

}

�	�����)	

t(n)  =  2t(n/2) + n2 ���=	�����-

����	���'��)*"	

��������	 ��� 5��&��
���������	 ��� 5��&��
�

t(n) = 2t(n/2) + n2 t(n) = 2t(n/2) + n2( ) ( )

n

( ) ( )

(n)2

/2 /2

( )

( /2)2 ( /2)2�	���'��)*"	n/2 n/2 (n/2)2 (n/2)2
=	�����-
����

�	�����)	
�'&�!���
�'

��	;�
<�
- @

t(n/2) = 2t(n/22)+(n/2)2
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5��&��
� ��� ��������8"��5��&��
� ��� ��������8"��

DQ( n ) {
if (n = 0) returnif (n 0) return
for (i=1; i<=n; i++)
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=	�����-
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�����������		�	� N�����������		�	� N

t(n)  =  2t(n/2) + n2

n
��	;��-�!���
�'&
;
- 

��%&��VW,	�
<�
-

/22 /22 /22 /22

n/2 n/2
log2 n

n/23 n/23 n/23 n/23 n/23 n/23 n/23 n/23

n/22 n/22 n/22 n/22 g2

...       ...       ...       ...        ...       ...        ...       ...  
#(1) . #(1) . #(1) . #(1) . #(1) . #(1) . #(1) . #(1)

t(n/2)  =  2t(n/4) + (n/2)2

t(n/4) = 2t(n/8) + (n/4)2t(n/4)    2t(n/8) (n/4)
. . .

Recursion  TreeRecursion  Tree  : : #��2�����5��&��
�#��2�����5��&��
�

t(n)  = 2t(n/2) + n2

(n)2n(n)2=	�����-�'&�"	 
?���(
���;��

(n)2/2

( )2/22/22 /22 /22 /22

n/2 n/2(n/2)2 (n/2)2

( /22)2 ( /22)2 ( /22)2 ( /22)2 (n)2/22

(n)2/23n/23 n/23
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(n/23)2 (n/23)2 (n/23)2 (n/23)2 (n/23)2 (n/23)2 (n/23)2 (n/23)2 ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

...       ...       ...       ...        ...       ...        ...       ...         ...
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�
n

k
n2log 2

2 #( n2 )��
n

kn
2log

2 1
x

xk ��
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1
1 �

�k
k

0 2 ( )
1 � < 2
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0 2xk ��
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�����������		�	� N�����������		�	� N

t(n)  =  2t(n/2) + n2
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Recursion  TreeRecursion  Tree  : : #����%��#����%��

t(n)  =  2t(n/2) + n

nn
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Recursion  TreeRecursion  Tree  : : #����%��#����%��
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Recursion  TreeRecursion  Tree  : : #����%��#����%��

(a+b) < 1t(n)  = t(0.2n) + t(0.7n) + nt(n)  = t(an) + t(bn) + n
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Insertion Sort : Best CaseInsertion Sort : Best Case
insertionSort( d[1..n] ) {

for (k = 2; k <= n; k++) {
t = d[k]
for (j = k-1; k >= 1; k--) {

if (t >= d[j]) breakif (t >= d[j]) break
d[j+1] = d[j]

}
d[j+1] = t

}
} j k

1 3 5 8 9
}

��B'��<#�D; : �!���
��'�-
"	;��  �"	 k >= 1 $��*-�;'�#
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Insertion Sort : Worst CaseInsertion Sort : Worst Case
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Insertion Sort : Average CaseInsertion Sort : Average Case
insertionSort( d[1..n] ) {

for (k = 2; k <= n; k++) {
t = d[k]
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� $'������������*M���� Divide & Conquer

� /���&��
� Binary search
� Modular exponentiation
� Karatsuba integer multiplicationg p
� Strassen matrix multiplication
� Merge sortg
� Quick sort
� Quick selectQ
� Closest point
� Min + Max� Min  Max
� Celebrity problem
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Divide Divide –– Conquer Conquer –– Combine Combine 

DQ( P ) {

if ( P is trivial ) return Solve( P )

Divide P into P P PDivide P into P1, P2, …, Pk

for ( i = 1 to k )

Si = DQ( Pi )

S = Combine( S1, S2, , Sk )S Combine( S1, S2, …, Sk )

return S

}

���,�������
5�, ���,�������
5�, (binary search)(binary search)

� input : x ��1 D = <d1, d2, d3, ..., dn>
d � d � d � � dd1 � d2 � d3 � ... � dn

  x ��1 di �������������

�� output : '&� k *�� dk = x   2������&+� '3� -1

 1   2   3   4   5   6   7   8   9  10  11  12 
2 3 5 9 11 20 25d 39 44 49 52 79

x = 25

1 2 3 4 5 6 7 8 9 10 11 121 2 3 4 5 6 7 8 9 10 11 12
2 3 5 9 11 20 25d 39 44 49 52 79

x = 27
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Binary SearchBinary Search

bsearch( d[1..n], x, left, right ) {
if (left > right) return -1if (left > right) return 1
mid = �(left + right) / 2�
if (x == d[mid]) return mid
if (x < d[mid])
return bsearch( d, x, left, mid – 1)
lelse
return bsearch( d, x, mid + 1, right )

}}

?,! m = right – left + 1 $%��"	�#��!���
?��(#-�'&�!�-�	�$!�
?,! t(m) ����#
	�	��"	-	�?��	���'�� bsearch �'&�(#-�!��
?, t(m) ����#
	�	��	-	�?��	����� bsearch ��#-����


  �'&�!�-�	�$!��'�"	�#� m ��#  ��+;!#(	

t(m) = t(m/2) + #(1) t(0) = #(1)t(m) = t(m/2) + #(1) ,   t(0) = #(1)
c = log21 = 0, 1 = #(m0) � #(log m)

��%�	4./� ��%�	4./� binary searchbinary search

� A ���������,��0��������/�/&�����*����������������

�� ����*���&� "&��%�%� A *�� A[k] ��'&����� k

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
-4 -3 -1  0  1  2  6  8 11 13 14 19 20 24 26 35 48 49 80 90 92
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

4 3 1 0 1 2 6 8 11 13-4 -3 -1 0 1 2 6 8 11 13

2  6  8 11 13
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��%�	4./� ��%�	4./� binary searchbinary search

� A ���������, n+1 "&��  

� A ��0�������/0���'&� 1 2M� n 
'&��1��&������ 1 "&�� (�!��&���'&���M��-#��)

� ����&� '&�%�-#��%� A
1 2 3 6 8 9 10 11 12 13 1 1 16 1 18 19 20 21
1 10 19 15 14  9 13 12 11  8  7  3  4  6 16 17 20  2  5 18 16
1 2 3  4  5 6  7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

1  2  3  4  5  6  7  8  9 10 11 12 13 14 15 16 16 17 18 19 20


�-$�;#��'�'&?�! binary search $!���#��;����,�%����� ?
� � ' '&+ ( ! ! ? + !? O( )
�-$�;#��'�'+�(�!�- sort �!���
 ? �
�,	+;!?� O(n)

aakk mod mmod m

� ak mod m �������'���)*��%"��&���+3���������!

� '���)���"��
� ak mod m = a(ak–1 mod m) mod m� a mod m  a(a mod m) mod m
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0 k 01

� �� �
� �� �/

/
2
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� kmma

k
ma kk evenismodmod

01
mod

2

22/

� �� �/
1 ddkmmaa k oismodmod

22/

260 mod 10 = (230 mod 10)2 mod 10260 mod 10 =    (230 mod 10)2 mod 10

=    (215 mod 10)2 mod 10230 mod 10

=  2(27 mod 10)2 mod 10215 mod 10
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260 mod 10 = (230 mod 10)2 mod 10260 mod 10 =    (230 mod 10)2 mod 10

=    (215 mod 10)2 mod 10230 mod 10

=  2(27 mod 10)2 mod 10215 mod 10
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aakk mod mmod m

260 = (230)2 =        42 =  6

=        82 =  4230 = (215)2

=   2�82 = 8215 = 2 �(27)2

=   2�82 =  827 = 2 �(23)2

3 1 2

mod 10

2 12 2

=   2�22 =  823 = 2 �(21)2

21 = 2 (20)2 =   2�12 =  221 = 2 �(20)2

20 = 12 = 1

���,����] ���,����] aakk mod mmod m

� �� �/
2

0 �
� kmma

k
ma kk evenismodmod

01
mod

22/� �
� �� �/

1

2�

ddkmmaa
kmmama

k oismodmod

evenismodmodmod
22/

powerMod( a, k, m ) {
if (k == 0) return 1;
p = powerMod(a, k / 2, m);
if ( k is even )

return (p * p) % m;return (p * p) % m;
else

return (a * p * p) % m; 
}

t(k) = t(k/2) + #(1)t(k)   t(k/2) + #(1) 
= #(log k)
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aakk mod mmod m

260 = (230)2 =        42 =  6

=        82 =  4230 = (215)2

=   2�82 = 8215 = 2 �(27)2

=   2�82 =  827 = 2 �(23)2

3 1 2

mod 10

2 12 2

=   2�22 =  823 = 2 �(21)2

21 = 2 (20)2 =   2�12 =  221 = 2 �(20)2

20 = 12 = 1

���,����] ���,����] aakk mod mmod m

� �� �/
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0 �
� kmma

k
ma kk evenismodmod

01
mod

22/� �
� �� �/

1

2�

ddkmmaa
kmmama

k oismodmod

evenismodmodmod
22/

powerMod( a, k, m ) {
if (k == 0) return 1;
p = powerMod(a, k / 2, m);
if ( k is even )

return (p * p) % m;return (p * p) % m;
else

return (a * p * p) % m; 
}

t(k) = t(k/2) + #(1)t(k)   t(k/2) + #(1) 
= #(log k)
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���,�]����	�����.�!%2%./% ���,�]����	�����.�!%2%./% ##((11))
powerMod( a, k, m ) {

if (k == 0) return 1;
M d( k / 2 )

011xp = powerMod(a, k / 2, m);
if ( k is even )

return (p * p) % m;

110
000

011

x

p p
else

return (a * p * p) % m; 
}

011
011
10010}

.!	 a, k, �
� m ��M��"	�#���	; 4 ���k #bits
$�B�
� 4 ��� ��� 4 ��� ?�! #(42) 

t(4) = t(4–1) + #(42)
= t(4–2) + #(42) + #(42)

256 8
128 7

= t(4–3) + #(42) + #(42) + #(42)

3
�

2
�

2 �



�

��

64 6
... ...

)�(�)�( 3

1

2

1

2 #��
�
	

�
�
�
#�#� ��

�� kk

�����,%� �����,%� FibonacciFibonacci

fn =  fn – 1 +  fn – 2n n 1 n 2

f0 = 0,  f1 = 1

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 370, ...

�� 10 �� 11 �� 21
5
�

�
6
�

�
�

11
10

F 5
�

�
6
�

�
�

21
112F 5

�

�
6
�

�
�

32
213F

�� �� ��

5
�

�
6
�

�
�

53
324F 5

�

�
6
�

�
�

85
535F ,	 F n

5
�

6
� 53 5

�
6
� 85

.!	�	�$�B?�! #(1) :  T(n) = T(n/2) + #(1)  � T(n) = #(log n)� ( ) ( ) ( / ) ( ) ( ) ( g )

.!	�!�-�	� Fn �'+;!�"	�#���	;?,W( �	�$�B��+�(?�( #(1) 
�-�"	;�
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���,�]����	�����.�!%2%./% ���,�]����	�����.�!%2%./% ##((11))
powerMod( a, k, m ) {

if (k == 0) return 1;
M d( k / 2 )

011xp = powerMod(a, k / 2, m);
if ( k is even )

return (p * p) % m;

110
000

011

x

p p
else

return (a * p * p) % m; 
}

011
011
10010}

.!	 a, k, �
� m ��M��"	�#���	; 4 ���k #bits
$�B�
� 4 ��� ��� 4 ��� ?�! #(42) 

t(4) = t(4–1) + #(42)
= t(4–2) + #(42) + #(42)

256 8
128 7

= t(4–3) + #(42) + #(42) + #(42)
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fn =  fn – 1 +  fn – 2n n 1 n 2
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0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 370, ...
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.!	�	�$�B?�! #(1) :  T(n) = T(n/2) + #(1)  � T(n) = #(log n)� ( ) ( ) ( / ) ( ) ( ) ( g )

.!	�!�-�	� Fn �'+;!�"	�#���	;?,W( �	�$�B��+�(?�( #(1) 
�-�"	;�
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A x BA x B : : ,�]2����1���%� ,�]2����1���%� ##(n(n22)  ?)  ?
1003
0410

�

0000
1003

40124012
0000
0411230

1003 = 10�102 + 03 , 0410 = 04�102 + 10

0411230

(10�102 + 03)�(04�102 + 10)
= 10�04�104 + (10�10 + 03�04)�102 + 03�10
= 400000  +  11200             + 30
= 411230

A x BA x B

AA A
n/2 digits n/2 digits

ALA =

B =

AR

BL BR

A � B = (AL10n/2+ AR) �(BL10n/2 + BR)
= AL�BL10n + (AL�BR + AR�BL)10n/2 + AR�BR

t(n) = 4t(n/2) + #(n)
Master method :  c = log2 4 = 2,  

n = O(n2–3)  	� t(n) = #(n2)
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A x BA x B : : ,�]2����1���%� ,�]2����1���%� ##(n(n22)  ?)  ?
1003
0410

�

0000
1003

40124012
0000
0411230

1003 = 10�102 + 03 , 0410 = 04�102 + 10

0411230

(10�102 + 03)�(04�102 + 10)
= 10�04�104 + (10�10 + 03�04)�102 + 03�10
= 400000  +  11200             + 30
= 411230

A x BA x B

AA A
n/2 digits n/2 digits

ALA =

B =

AR

BL BR

A � B = (AL10n/2+ AR) �(BL10n/2 + BR)
= AL�BL10n + (AL�BR + AR�BL)10n/2 + AR�BR

t(n) = 4t(n/2) + #(n)
Master method :  c = log2 4 = 2,  

n = O(n2–3)  	� t(n) = #(n2)
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A x B (A x B (������������))

1003 = 10�102 + 03 , 0410 = 04�102 + 10

10�04 = 40
03�10 = 30
(10 + 03)�(04 + 10) = 13�14 = 182

(10�102 + 03)�(04�102 + 10)
= 40�104 + (182 – 40 - 30)�102 + 30
= 400000 +  11200         + 30
= 411230

A x B : A x B : KaratsubaKaratsuba ((19621962))

AA A
n/2 digits n/2 digits

ALA =

B =

AR

BL BR

A � B = AL�BL10n + (AL�BR + AR�BL)10n/2 + AR�BR
C = A �BC1  AL�BL
C2 = AR�BR
C3 = (A +A )�(B +B ) = (A B +A B +A B +A B )C3  (AL+AR)�(BL+BR)  (ALBL+ALBR+ARBL+ARBR)

A � B = C110n+ (C3 – C1 – C2)10n/2 + C2

t(n) = 3t(n/2) + #(n)
Master method :  c = log2 3 �g2

n = O(nc–3) 	� )()( 3log2nnt #� O(n1.59)
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A x B (A x B (������������))

1003 = 10�102 + 03 , 0410 = 04�102 + 10

10�04 = 40
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(10 + 03)�(04 + 10) = 13�14 = 182

(10�102 + 03)�(04�102 + 10)
= 40�104 + (182 – 40 - 30)�102 + 30
= 400000 +  11200         + 30
= 411230

A x B : A x B : KaratsubaKaratsuba ((19621962))

AA A
n/2 digits n/2 digits

ALA =

B =

AR

BL BR

A � B = AL�BL10n + (AL�BR + AR�BL)10n/2 + AR�BR
C = A �BC1  AL�BL
C2 = AR�BR
C3 = (A +A )�(B +B ) = (A B +A B +A B +A B )C3  (AL+AR)�(BL+BR)  (ALBL+ALBR+ARBL+ARBR)

A � B = C110n+ (C3 – C1 – C2)10n/2 + C2

t(n) = 3t(n/2) + #(n)
Master method :  c = log2 3 �g2

n = O(nc–3) 	� )()( 3log2nnt #� O(n1.59)
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�������������	�����������������������	����������

45000

mSec. (interpreted-only mode)

35000

40000

45000

25000

30000

35000

15000

20000

25000
Karatsuba

Brute�force

5000

10000

15000

0

5000

10000 20000 40000 80000 160000 320000 640000 bits

A x B : A x B : ���,�]���
�8-���,�]���
�8-

MatrixMult( A[1..n][1..n], B[1..n][1..n] ){
C = new array[1 n][1 n]C = new array[1..n][1..n]
for ( i = 1; i <= n; i++ ) {
for ( j = 1; j <= n; j++ ) {( j j j ) {

C[i][j] = 0
for ( k = 1; k <= n; k++ ) {
C[i][j] += A[i][k] * B[k][j]

}
}}

}
return C � ��

n

k
jkkiji bac

1
,,,

}
�k 1

$B������)C��	; n � n ��-��# ?�!�"	�#��	�$B����	�C��M� n3$�B�����)��	; n n ��-�# ?��	�#��	�$�B����	���� n

?�!�#
	 #( n3 )
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�������������	�����������������������	����������
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20000
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10000 20000 40000 80000 160000 320000 640000 bits

A x B : A x B : ���,�]���
�8-���,�]���
�8-

MatrixMult( A[1..n][1..n], B[1..n][1..n] ){
C = new array[1 n][1 n]C = new array[1..n][1..n]
for ( i = 1; i <= n; i++ ) {
for ( j = 1; j <= n; j++ ) {( j j j ) {

C[i][j] = 0
for ( k = 1; k <= n; k++ ) {
C[i][j] += A[i][k] * B[k][j]

}
}}

}
return C � ��

n

k
jkkiji bac

1
,,,

}
�k 1

$B������)C��	; n � n ��-��# ?�!�"	�#��	�$B����	�C��M� n3$�B�����)��	; n n ��-�# ?��	�#��	�$�B����	���� n

?�!�#
	 #( n3 )
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A x B : Divide & ConquerA x B : Divide & Conquer

�� aaa

5
5
�

6
6
� nn aaa ,12,11,1

���

��

A1 1 A1 2

5
5
5

6
6
6

� nnnnn aaa
A ,22,21,2 ��

1,1 1,2

5
5
5
5

6
6
6
6

��� A2 2A2 1

5
5
�6

6
� nnnnn aaa ,2,1, ��

��� 2,22,1

A x B : Divide & ConquerA x B : Divide & Conquer

������ 211121112111 BBAACC
5
�

�
6
�

�
�5
�

�
6
�

�
�5
�

�
6
�

�

2,21,2

2,11,1

2,21,2

2,11,1

2,21,2

2,11,1

BB
BB

AA
AA

CC
CC

C1,1  =  A1,1 ��B1,1  + A1,2 ��B2,1 
C2,1  =  A2,1 ��B1,1  + A2,2 ��B2,1
C1 2  =  A1 1 ��B1 2  + A1 2 ��B2 21,2 1,1 1,2 1,2 2,2
C2,2  =  A2,1 ��B1,2  + A2,2 ��B2,2

t(n) = 8t(n/2) + #(n2)
Master method :  c = log2 8 = 3 
g2

n2 = O(n3–3) 	� #(n3)
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A x B : Divide & ConquerA x B : Divide & Conquer

�� aaa

5
5
�

6
6
� nn aaa ,12,11,1

���

��

A1 1 A1 2

5
5
5

6
6
6

� nnnnn aaa
A ,22,21,2 ��

1,1 1,2

5
5
5
5

6
6
6
6

��� A2 2A2 1

5
5
�6

6
� nnnnn aaa ,2,1, ��

��� 2,22,1

A x B : Divide & ConquerA x B : Divide & Conquer

������ 211121112111 BBAACC
5
�

�
6
�

�
�5
�

�
6
�

�
�5
�

�
6
�

�

2,21,2

2,11,1

2,21,2

2,11,1

2,21,2

2,11,1

BB
BB

AA
AA

CC
CC

C1,1  =  A1,1 ��B1,1  + A1,2 ��B2,1 
C2,1  =  A2,1 ��B1,1  + A2,2 ��B2,1
C1 2  =  A1 1 ��B1 2  + A1 2 ��B2 21,2 1,1 1,2 1,2 2,2
C2,2  =  A2,1 ��B1,2  + A2,2 ��B2,2

t(n) = 8t(n/2) + #(n2)
Master method :  c = log2 8 = 3 
g2

n2 = O(n3–3) 	� #(n3)
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A x B : A x B : StrassenStrassen ((19691969))

������ 211121112111 BBAACC
5
�

�
6
�

�
�5
�

�
6
�

�
�5
�

�
6
�

�

2,21,2

2,11,1

2,21,2

2,11,1

2,21,2

2,11,1

BB
BB

AA
AA

CC
CC

M1 = (A12 – A22) � (B21 + B22) 
M = (A + A ) � (B + B )

C11 = M1 + M2 – M4 + M6
C = M + MM2 = (A11 + A22) � (B11 + B22)

M3 = (A11 – A21) � (B11 + B12)
M4 = (A11 + A12) � B22

C12 = M4 + M5
C21 = M8 + M7
C22 = M2 – M3 + M5 – M74 ( 11 12) 22

M5 = A11 � (B12 – B22)
M6 = A22 � (B21 – B11)

22 2 3 5 7

t(n) = 7t(n/2) + #(n2) �M7 = (A21 + A22) � B11 Master method :  c = log27
n2 = O(nc–3) )()( 7log2nnt #�1969 : O(n2 81) Strassen

�
( ) )()(1969 : O(n2.81)  Strassen

1987 : O(n2.376) Coppersmith–Winograd

Master Method (Master Method (#�,��#�,��))

/
0 &�# � )()(if)( 3cc nnfn 3 > 0	

�
/
1

/
2

'�#
#�#�

� )()(if))((
)()(if)log()(
3c

cc

nnfnf
nnfnnnt �

�

t( ) t( /b) + f( )

a f(n/b) � k f(n), k < 1, n � n0
1

t(n)  =  at(n/b) + f(n)

>
	
>

=
=	��?���'�� recursive 

�>%&���!�VW,	�(��
=	��?��	���(-�VW,	

�
��	��#�$"	���

�

<
)( log abn# f(n)

�
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A x B : A x B : StrassenStrassen ((19691969))
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C12 = M4 + M5
C21 = M8 + M7
C22 = M2 – M3 + M5 – M74 ( 11 12) 22

M5 = A11 � (B12 – B22)
M6 = A22 � (B21 – B11)

22 2 3 5 7

t(n) = 7t(n/2) + #(n2) �M7 = (A21 + A22) � B11 Master method :  c = log27
n2 = O(nc–3) )()( 7log2nnt #�1969 : O(n2 81) Strassen

�
( ) )()(1969 : O(n2.81)  Strassen

1987 : O(n2.376) Coppersmith–Winograd
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Merge SortMerge Sort

9 2 0 8 4 5 6 3 7 1

MergesortMergesort

0 2 4 8 9 1 3 5 6 7

Merge (��	�)

0 1 2 3 4 5 6 7 8 9

Merge SortMerge Sort

mergeSort( d[1..n], left, right ) {
if (left >= right) returnif (left >= right) return
mid = �(left + right) / 2�;
mergeSort(d, left, mid);e ge o t(d, e t, d);
mergeSort(d, mid + 1, right);
merge(d, left, mid, right);

}

? !

t(n) = 2t(n/2) + (�#
	?��	� merge)

?,! t(n) $%��#
	?��	� mergesort �!���
�"	�#� n ��#

( ) ( ) ( g )

�	���������
������
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Merge SortMerge Sort

9 2 0 8 4 5 6 3 7 1

MergesortMergesort

0 2 4 8 9 1 3 5 6 7

Merge (��	�)

0 1 2 3 4 5 6 7 8 9

Merge SortMerge Sort

mergeSort( d[1..n], left, right ) {
if (left >= right) returnif (left >= right) return
mid = �(left + right) / 2�;
mergeSort(d, left, mid);e ge o t(d, e t, d);
mergeSort(d, mid + 1, right);
merge(d, left, mid, right);

}

? !

t(n) = 2t(n/2) + (�#
	?��	� merge)

?,! t(n) $%��#
	?��	� mergesort �!���
�"	�#� n ��#

( ) ( ) ( g )
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Merge  :  #Merge  :  #cmpscmps

merge( d[1..n], left, mid, right ) {
create t[left..right] /2 # 1create t[left..right]
i = left, j = mid+1;
for (k = left; k <= right; k++) {

n/2 � #cmps � n – 1

if (i > mid)   {t[k] = d[j++]; continue}
if (j > right) {t[k] = d[i++]; continue}
t[k] = (d[i] < d[j]) ? d[i++] : d[j++]t[k] = (d[i] < d[j]) ? d[i++] : d[j++]

}
for (k = left; k <= right; k++) d[k] = t[k]o ( e t; g t; ) d[ ] t[ ]

}
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Merge Sort : Merge Sort : ��	������������	����������

mergeSort( d[1..n], left, right ) {
if (left >= right) returnif (left > right) return
mid = �(left + right) / 2�;
mergeSort(d, left, mid);
mergeSort(d, mid + 1, right);
merge(d, left, mid, right);

}}

t( ) 2t( /2) + #( )?,! t(n) $%� �#
	 t(n) = 2t(n/2) + #(n)
 master method : 

?, t(n) $� �#
	
?��	� mergesort
�!���
�"	�#� n ��# )( 2log2nn #�

+;! t(n) = #(n log n)
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Merge Sort : Merge Sort : ��	������������	����������
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mergeSort(d, left, mid);
mergeSort(d, mid + 1, right);
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}}
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Merge Sort : Merge Sort : �����%� �����%� 30 30 -- 7070

t(n) = t(0.3n) + t(0.7n) + #(n)

MergesortMerge
sort

n n
gsort

0.3n 0.7n n

M ( )

(0.3)2n (0.3)(0.7)n (0.3)(0.7)n (0.7)2n n<  n log10/7 n
Merge (��	�)

log10/7 n
. . .= O(n log n)

log10/7 n

n

Quick SortQuick Sort

PartitionPartition

p � p� p

QuickSort QuickSort

p

pivot
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Merge Sort : Merge Sort : �����%� �����%� 30 30 -- 7070

t(n) = t(0.3n) + t(0.7n) + #(n)

MergesortMerge
sort

n n
gsort

0.3n 0.7n n

M ( )

(0.3)2n (0.3)(0.7)n (0.3)(0.7)n (0.7)2n n<  n log10/7 n
Merge (��	�)

log10/7 n
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log10/7 n

n
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Quick SortQuick Sort

quickSort(d[1..n], left, right) {
if (l f i h )if (left >= right) return
j = partition(d, left, right)
quickSort(d left j - 1)quickSort(d, left, j 1)
quickSort(d, j + 1, right)

}

�����%��%�� �����%��%�� (partition)(partition)

d 5 15 18 9 11 5212 0

titi ( d[1 ] l ft i ht ) {

i ji jji

partition( d[1..n], left, right ) {
p = d[left]
i = left j = right + 1i ji jji

< p > p� p� p

i = left, j = right + 1
while (i < j) {
while (d[--j] > p) ;

pwhile (d[++i] < p) if (i == right) break
if (i < j) d[i] � d[j]

}

���'����'�� n – 1 $��*-

}
d[left] � d[j]
return j

1 ���
���!���
 � 1 + n/2 
return j

}
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Quick SortQuick Sort

quickSort(d[1..n], left, right) {
if (l f i h )if (left >= right) return
j = partition(d, left, right)
quickSort(d left j - 1)quickSort(d, left, j 1)
quickSort(d, j + 1, right)

}

�����%��%�� �����%��%�� (partition)(partition)

d 5 15 18 9 11 5212 0

titi ( d[1 ] l ft i ht ) {

i ji jji

partition( d[1..n], left, right ) {
p = d[left]
i = left j = right + 1i ji jji

< p > p� p� p

i = left, j = right + 1
while (i < j) {
while (d[--j] > p) ;

pwhile (d[++i] < p) if (i == right) break
if (i < j) d[i] � d[j]

}

���'����'�� n – 1 $��*-

}
d[left] � d[j]
return j

1 ���
���!���
 � 1 + n/2 
return j

}
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Quick Sort : Quick Sort : �
�,��&�-�
�,��&�-

?,! c(n) $%� #cmps ?��	�
k ! �

Partition

quicksort �!���
�"	�#� n ��#

n 1Partition

k ��#

n – 1

p � p� p

k �#
c(n) = c(k) + c(n–k–1) + n–1

QuickSort QuickSort c(k) + c(n – k – 1)

pivot

Quick Sort : Quick Sort : ��]���1��*���]���1��*�

,
�- partition �"	�#��!���
��-��*-��-��(	���

c(n) =  c(k) + c(n – k – 1) + (n – 1)
cmin(n) = cmin(n/2) + cmin(n – n/2– 1) + (n – 1)

= 2c (n/2) + (n 1)=  2cmin(n/2) + (n – 1)
=  #(n log n)
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Quick Sort : Quick Sort : �
�,��&�-�
�,��&�-

?,! c(n) $%� #cmps ?��	�
k ! �

Partition

quicksort �!���
�"	�#� n ��#

n 1Partition

k ��#

n – 1

p � p� p

k �#
c(n) = c(k) + c(n–k–1) + n–1

QuickSort QuickSort c(k) + c(n – k – 1)

pivot

Quick Sort : Quick Sort : ��]���1��*���]���1��*�

,
�- partition �"	�#��!���
��-��*-��-��(	���

c(n) =  c(k) + c(n – k – 1) + (n – 1)
cmin(n) = cmin(n/2) + cmin(n – n/2– 1) + (n – 1)

= 2c (n/2) + (n 1)=  2cmin(n/2) + (n – 1)
=  #(n log n)
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Quick Sort : Quick Sort : ��]�/���*���]�/���*�

,
�- partition �"	�#��!���
��-�V�-)!	�,�%��#	��M� 0

c(n) = c(k) + c(n – k – 1) + (n – 1)
c (n) = c (0) + c (n – 1) + (n – 1)cmax(n) c (0) + cmax(n 1) + (n 1)

= cmax(n – 1) + (n – 1)
= cmax(n – 2) + (n – 2) + (n – 1)
. . .
= cmax(1) + 1 + 2 + ... + (n – 2) + (n – 1)
= n(n – 1)/2
= #(n2)= #(n )

Quick Sort : Quick Sort : ��]��Z	�$���]��Z	�$�

� �
11 n�

c(n) = c(k) + c(n – k – 1) + (n – 1)

� �avg avg avg
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k
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( ) ( 1) ( 1) 2( 1)nc n n c n n� � � � �avg avg( ) ( 1) ( 1) 2( 1)nc n n c n n� � � � �
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Quick Sort : Quick Sort : ��]�/���*���]�/���*�

,
�- partition �"	�#��!���
��-�V�-)!	�,�%��#	��M� 0
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. . .
= cmax(1) + 1 + 2 + ... + (n – 2) + (n – 1)
= n(n – 1)/2
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Quick Sort : Quick Sort : ��]��Z	�$���]��Z	�$�

avg avg( ) ( 1) ( 1) 2( 1)nc n n c n n� � � � �

( ) ( 1)avg avg( ) ( 1) 2( 1)
1 ( 1)

c n c n n
n n n n

� �
� �

� �
avg

2

(1) ( 1)2
2 ( 1)

n

i

c i
i i�

�
� �

��
2 ( )i�

2

12
( 2)

n

i i�
�

��
= 2(ln n + #(1))

c (n) = 2n ln n + #(n)cavg(n)  =  2n ln n + #(n)

� 1.39n log2 n + #(n)

= #(n log n)

Quick Sort : Quick Sort : ��	������������	����������

� Quicksort
' ! #( 2)� ��B'�!	�D; : #(n2) 

� ��B'��<#�D; : #(n log n)
' '& ( l )� ��B'��
'�  : #(n log n)

� �+3��������������)�"��!(� ��3�� pivot ���!(&�( p (
� �'G��	���-�'&�"	?,! quicksort �"	-	�?��#
	 #(n log n)

partition( d[1 n] left right ) {partition( d[1..n], left, right ) {
k = random(left, right)
d[k] � d[left][ ] [ ]
p = d[left]
i = left, j = right + 1
...
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Quick Sort : Quick Sort : ��]��Z	�$���]��Z	�$�
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Quick Sort : Quick Sort : ��	������������	����������

� Quicksort
' ! #( 2)� ��B'�!	�D; : #(n2) 

� ��B'��<#�D; : #(n log n)
' '& ( l )� ��B'��
'�  : #(n log n)

� �+3��������������)�"��!(� ��3�� pivot ���!(&�( p (
� �'G��	���-�'&�"	?,! quicksort �"	-	�?��#
	 #(n log n)

partition( d[1 n] left right ) {partition( d[1..n], left, right ) {
k = random(left, right)
d[k] � d[left][ ] [ ]
p = d[left]
i = left, j = right + 1
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Insertion Sort

��	� ��	� / n log n/ n log n

Merge Sort

Quick SortQuick Sort
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Insertion Sort

��	� ��	� / n log n/ n log n

Merge Sort

Quick SortQuick Sort
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Selection : Selection : ��#�������*������� ��#�������*������� kk

� Input : D = <d1, d2, ..., dn> ��'&�/&��������
������/0� k 1 � k � n  �����/� k,   1 � k � n

� Output : ������%� D *����'&�����!(�������*�� k 
� �(������%� D *����'&�����&� d �3��%� D

  ��������� k-1 /�)

� /���&�� : D = <4, 0, 2, 6, 8, 9, 7>, k = 5

;�'3� 7  (0, 2, 4, 6 ��'&������&� 7
�����#�����&� 7 ���)���������� 7 ���)

sort sort 2�� 2�� d[k] d[k] ,4�,��#��,4�,��#��

5 1 6 2 0 8 0 1 2 5 6 8

k = 4

select( d[1..n], k ) {
mergeSort( d )
return d[k]

}

#( n log n )
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Selection : Selection : ��#�������*������� ��#�������*������� kk

� Input : D = <d1, d2, ..., dn> ��'&�/&��������
������/0� k 1 � k � n  �����/� k,   1 � k � n

� Output : ������%� D *����'&�����!(�������*�� k 
� �(������%� D *����'&�����&� d �3��%� D

  ��������� k-1 /�)

� /���&�� : D = <4, 0, 2, 6, 8, 9, 7>, k = 5

;�'3� 7  (0, 2, 4, 6 ��'&������&� 7
�����#�����&� 7 ���)���������� 7 ���)

sort sort 2�� 2�� d[k] d[k] ,4�,��#��,4�,��#��

5 1 6 2 0 8 0 1 2 5 6 8

k = 4

select( d[1..n], k ) {
mergeSort( d )
return d[k]

}

#( n log n )
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./� ./� minmin--heapheap

5 1 6 2 0 8
0

1 6

1

2

2 5

k = 4
1

2 5

6

8

2

8 5

6 5

8

6 8 6

select( d[1..n], k ) {
h b ildMi H ( d )h = buildMinHeap( d )
for (i = 1; i <= k-1; i++) {
h.removeMin()h.removeMin()

}
return h.getMin()

}

O( k l )O( n +  k log n )

./� ./� maxmax--heapheap

5 1 6 2 0 8
6

2 5

0 50 8

k = 4
2

1

5 2

1

5 2

1

0

select( d[1..n], k ) {
h = buildMaxHeap( d[1 k] )h buildMaxHeap( d[1..k] )
for (i = k+1; i <= n; i++) {
if (d[i] < h.getMax()) {
h.removeMax()
h.add( d[i] )

}}
}
return h.getMax()

O( k +  n log k )
return h.getMax()

}
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for (i = k+1; i <= n; i++) {
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}}
}
return h.getMax()

O( k +  n log k )
return h.getMax()

}
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QuickSelectQuickSelect

Partition

m – 1 ��#

p > p< p

.!	 k < m
����#�!���D;���;�� k
? !

.!	 k > m 
����#�!���;���;��

.!	 k = m
?��D;)!	� ���#����D;��;� 

k – m ?��D;�#	

QuickSelectQuickSelect

quickSelect( d[1..n], left, right, k ) {
if (left == right) return d[left];if (left == right) return d[left];
j = partition(d, left, right);
m = j – left + 1;j
if (k == m) return d[j];
if (k < m)

( 1 )return quickSelect(d, left, j-1, k);
else
return quickSelect(d j+1 right k-m);return quickSelect(d, j+1, right, k m);

}

��#�!���D;���;�� k �	� d[left] .- d[right]
1  2  3  4  5  6
1 0 2 6 9 8
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QuickSelectQuickSelect

Partition

m – 1 ��#

p > p< p

.!	 k < m
����#�!���D;���;�� k
? !

.!	 k > m 
����#�!���;���;��

.!	 k = m
?��D;)!	� ���#����D;��;� 

k – m ?��D;�#	

QuickSelectQuickSelect

quickSelect( d[1..n], left, right, k ) {
if (left == right) return d[left];if (left == right) return d[left];
j = partition(d, left, right);
m = j – left + 1;j
if (k == m) return d[j];
if (k < m)

( 1 )return quickSelect(d, left, j-1, k);
else
return quickSelect(d j+1 right k-m);return quickSelect(d, j+1, right, k m);

}
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1  2  3  4  5  6
1 0 2 6 9 8

�	���������
������

���	� ����������������
 136 / 498 � ���	�� ����



QuickSelectQuickSelect   : : �
�,��&�-�
�,��&�-

?,! t(n) $%� �#
	��- quickselect
� ! �

Partition

����!���
�"	�#� n ��#

#(n)Partition

m – 1

#(n)

p � p� p

m – 1  
��# max( t(m – 1), t(n – m) )

p

t(n) = max( t(m 1) t(n m) ) + #(n)t(n) = max( t(m – 1), t(n – m) ) + #(n)

QuickSelectQuickSelect : : ��]���1��*���]���1��*�

pivot �'&,	+;! +�(?�(��#�'&�!�-�	�
partition �
!#�"	�#��!��
��-��*-��-�V�-��(	���partition �
#�	�#�����
��-�-��-�-��	��

t(n) � max( t(m – 1) t(n – m) ) + #(n)t(n) � max( t(m 1), t(n m) ) + #(n)
tmin(n) � tmin(n/2) + #(n)

=  &(n)         (Master method)
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QuickSelectQuickSelect   : : �
�,��&�-�
�,��&�-

?,! t(n) $%� �#
	��- quickselect
� ! �

Partition

����!���
�"	�#� n ��#

#(n)Partition

m – 1

#(n)

p � p� p

m – 1  
��# max( t(m – 1), t(n – m) )

p

t(n) = max( t(m 1) t(n m) ) + #(n)t(n) = max( t(m – 1), t(n – m) ) + #(n)

QuickSelectQuickSelect : : ��]���1��*���]���1��*�

pivot �'&,	+;! +�(?�(��#�'&�!�-�	�
partition �
!#�"	�#��!��
��-��*-��-�V�-��(	���partition �
#�	�#�����
��-�-��-�-��	��

t(n) � max( t(m – 1) t(n – m) ) + #(n)t(n) � max( t(m 1), t(n m) ) + #(n)
tmin(n) � tmin(n/2) + #(n)

=  &(n)         (Master method)
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QuickSelectQuickSelect : : ��]�/���*���]�/���*�

,
�- partition, m = 1 ,�%� n
t(n) = max( t(m – 1), t(n – m) ) + #(n)

t (n) = t (n 1) + #(n)tmax(n) = tmax(n – 1) + #(n)
= tmax(n – 2) + #(n – 1) + #(n)
. . .
= t (1) + � #

n j)(= tmax(1) + 
= n(n + 1)/2 – 1

� �
#

j
j

2
)(

= #(n2)

QuickSelectQuickSelect : : ��]��Z	�$���]��Z	�$�

� ��3�� pivot !(&� 4

�

�(#-�#!	- 50% ��-�!���


� ��$���! 1/2 *����� pivot ���������� 25% - 75%

� 2�� pivot ���� ��M��	���(-�'& ";'"� 2� pivot ���
� ��#�'&���;�� 25%  �V�-�#	�' 75% ��-�"	�#��!���
��*-,�;
� ��#�'&���;�� 75% �V�-)!	��' 75% ��-�"	�#��!��
��*-,�;� �#���;� 75%  �-)	�� 75% ��-�	�#�����
�-,�;

� �1��� t(n) � t(3n/4) + #(n), c = log4/31  = 0
'( 0+3) (3 /4 1) � ( 1) � 0 � O( )n = '(n0+3), (3n/4 – 1) � (n – 1), n � 0, � O(n)

� $�������
 1 '��#� ��$���! ½ ����� ���������

/���$�������
$�������� 2 '��#�  (E = 1 + E/2)

� $�������������&�!&�*� 2 '��#� ��������&�*�� "��"� $������������!�*(� 2 '�� ��������* �
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QuickSelectQuickSelect : : ��]�/���*���]�/���*�

,
�- partition, m = 1 ,�%� n
t(n) = max( t(m – 1), t(n – m) ) + #(n)

t (n) = t (n 1) + #(n)tmax(n) = tmax(n – 1) + #(n)
= tmax(n – 2) + #(n – 1) + #(n)
. . .
= t (1) + � #

n j)(= tmax(1) + 
= n(n + 1)/2 – 1

� �
#

j
j

2
)(

= #(n2)

QuickSelectQuickSelect : : ��]��Z	�$���]��Z	�$�

� ��3�� pivot !(&� 4

�

�(#-�#!	- 50% ��-�!���


� ��$���! 1/2 *����� pivot ���������� 25% - 75%

� 2�� pivot ���� ��M��	���(-�'& ";'"� 2� pivot ���
� ��#�'&���;�� 25%  �V�-�#	�' 75% ��-�"	�#��!���
��*-,�;
� ��#�'&���;�� 75% �V�-)!	��' 75% ��-�"	�#��!��
��*-,�;� �#���;� 75%  �-)	�� 75% ��-�	�#�����
�-,�;

� �1��� t(n) � t(3n/4) + #(n), c = log4/31  = 0
'( 0+3) (3 /4 1) � ( 1) � 0 � O( )n = '(n0+3), (3n/4 – 1) � (n – 1), n � 0, � O(n)

� $�������
 1 '��#� ��$���! ½ ����� ���������

/���$�������
$�������� 2 '��#�  (E = 1 + E/2)

� $�������������&�!&�*� 2 '��#� ��������&�*�� "��"� $������������!�*(� 2 '�� ��������* �
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QuickSelectQuickSelect : : ��]�/���*� ��]�/���*� O(n)O(n)

� ����� partition *����&���� "��" ��& 4

� %"� "mm5" ���� pivot %������&�
� ������#(	����(- 30% – 70%  ��!��B'��(�D;
� t(n) = t(0.7n) + �#
	?��	�,	 "mm5" + #(n)
� ������#��',	 mm5 �'&?�!�#
	 t(0.2n)( )
� ��+;! t(n) = t(0.7n) + t(0.2n) + #(n)

= #(n)( )

Median-of-Median-of-Five

MedianMedian--ofof--MedianMedian--ofof--FiveFive

1. ��&�������*�#��������"(� 4  "(��1 5 /�

2. ������~�����������%��/&�1"(�

3. mm5 '3�����~��*������������*����������~��3. mm5 '����~��*����������*������~��
����/&�1"(�

10, 11, 3, 2, 5, 6, 19, 20, 13, 8, 7, 1, 9, 14, 15, 

4, 31, 34, 25, 28, 21, 43, 12, 16, 18, 17, 33, 90, 81, 0,4, 31, 34, 25, 28, 21, 43, 12, 16, 18, 17, 33, 90, 81, 0, 

61, 72, 37

5, 13, 9, 28, 18, 33, 61

mm5mm5

�	���������
������

���	� ����������������
 139 / 498 � ���	�� ����



QuickSelectQuickSelect : : ��]�/���*� ��]�/���*� O(n)O(n)

� ����� partition *����&���� "��" ��& 4

� %"� "mm5" ���� pivot %������&�
� ������#(	����(- 30% – 70%  ��!��B'��(�D;
� t(n) = t(0.7n) + �#
	?��	�,	 "mm5" + #(n)
� ������#��',	 mm5 �'&?�!�#
	 t(0.2n)( )
� ��+;! t(n) = t(0.7n) + t(0.2n) + #(n)

= #(n)( )

Median-of-Median-of-Five

MedianMedian--ofof--MedianMedian--ofof--FiveFive

1. ��&�������*�#��������"(� 4  "(��1 5 /�

2. ������~�����������%��/&�1"(�

3. mm5 '3�����~��*������������*����������~��3. mm5 '����~��*����������*������~��
����/&�1"(�

10, 11, 3, 2, 5, 6, 19, 20, 13, 8, 7, 1, 9, 14, 15, 

4, 31, 34, 25, 28, 21, 43, 12, 16, 18, 17, 33, 90, 81, 0,4, 31, 34, 25, 28, 21, 43, 12, 16, 18, 17, 33, 90, 81, 0, 

61, 72, 37

5, 13, 9, 28, 18, 33, 61

mm5mm5
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MedianMedian--ofof--MedianMedian--ofof--FiveFive

� ����������&������ 30% *����'&������&� mm5

�� ����������&������ 30% *����'&�����&� mm5

�'�!��
 n ��# ' � /5� (�����
 n �#

2 1 6 12 4 0

�' �n/5� �
D(�

2

3

5

1

7

9

6

8

13

12

16

18

4

25

28

0

17

33

37

61

< mm5

5

10

11

9

14

15

13

19

20

18

21

43

28

31

34

33

81

90

61

72> mm5
11 15 20 43 34 90

�' 3�n/10� – 6 ��#�' �n/10� – 2 �
D(�

��	�.������ ��	�.������ mmmm55

1. ��&�������*�#��������"(� 4  "(��1 5 /�
+ ! �* � /5�

#(n)
� +;!��-,�; �n/5� �D;

2. ������~�����������%��/&�1"(�

( )

� ,	�����	���-�!���
 5 ��#?�! #(1)
� ,	��- �n/5� �D; #(n)D
� +;!�����	��"	�#� �n/5� ��#

3 �� mm5 ��������*����������~������/&�1"�3. �� mm5 ��������*������~������/�1"(�
� ?�! quickselect ,	 median ��-�!���


�"	�#� �n/5� ��# �'&+;!?��!� 2)�	�#� �n/5� �# �+;?��� 2)
� ?,! t(n) $%��#
	�>%&� quickSelect

����!��
 n ��#

t(n/5)
��
 #

t(n/5) + #(n)

�	���������
������
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MedianMedian--ofof--MedianMedian--ofof--FiveFive

� ����������&������ 30% *����'&������&� mm5

�� ����������&������ 30% *����'&�����&� mm5

�'�!��
 n ��# ' � /5� (�����
 n �#

2 1 6 12 4 0

�' �n/5� �
D(�

2

3

5

1

7

9

6

8

13

12

16

18

4

25

28

0

17

33

37

61

< mm5

5

10

11

9

14

15

13

19

20

18

21

43

28

31

34

33

81

90

61

72> mm5
11 15 20 43 34 90

�' 3�n/10� – 6 ��#�' �n/10� – 2 �
D(�

��	�.������ ��	�.������ mmmm55

1. ��&�������*�#��������"(� 4  "(��1 5 /�
+ ! �* � /5�

#(n)
� +;!��-,�; �n/5� �D;

2. ������~�����������%��/&�1"(�

( )

� ,	�����	���-�!���
 5 ��#?�! #(1)
� ,	��- �n/5� �D; #(n)D
� +;!�����	��"	�#� �n/5� ��#

3 �� mm5 ��������*����������~������/&�1"�3. �� mm5 ��������*������~������/�1"(�
� ?�! quickselect ,	 median ��-�!���


�"	�#� �n/5� ��# �'&+;!?��!� 2)�	�#� �n/5� �# �+;?��� 2)
� ?,! t(n) $%��#
	�>%&� quickSelect

����!��
 n ��#

t(n/5)
��
 #

t(n/5) + #(n)
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QuickSelectQuickSelect

� �� mm5 :  t(n/5) + #(n)

� %"� mm5 partition :  #(n)

� quickSelect %�"�%�
&/&� (��&����� 70%)� quickSelect %�"(�%�
/� (������� 70%)
:  t(0.7n)

� � i kS l t � �"� !� �������� quickSelect ��)"�!(�

t(n) = t(0.7n) + t(0.2n) + #(n)

= #(n)= #(n)

+;!�
��(�+� .!	?�! mm7, mm9, mm3 ?+;�
���+� .	?� mm7, mm9, mm3 ?
�(	?�! mm5 ��� quicksort ?

Closest PointClosest Point

� Input : �(� n �(����1���!����/�

� �� Output : �1�1*���1�&��'�&�(�*��%������*��!(�

� � � �22� � � �22
, jijiji yyxxd ����
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QuickSelectQuickSelect

� �� mm5 :  t(n/5) + #(n)

� %"� mm5 partition :  #(n)

� quickSelect %�"�%�
&/&� (��&����� 70%)� quickSelect %�"(�%�
/� (������� 70%)
:  t(0.7n)

� � i kS l t � �"� !� �������� quickSelect ��)"�!(�

t(n) = t(0.7n) + t(0.2n) + #(n)

= #(n)= #(n)

+;!�
��(�+� .!	?�! mm7, mm9, mm3 ?+;�
���+� .	?� mm7, mm9, mm3 ?
�(	?�! mm5 ��� quicksort ?

Closest PointClosest Point

� Input : �(� n �(����1���!����/�

� �� Output : �1�1*���1�&��'�&�(�*��%������*��!(�

� � � �22� � � �22
, jijiji yyxxd ����
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	*��*�,�%	*��*�,�%

� '���)�1�1*�����'�&�(�*(�'�&

� /������ n(n-1)/2 '�&  %"���� #(n2)
closestPair( x[1..n], y[1..n] ) {
min = �
for (i = 1; i <= n; i++)
f (j i+1 j < j++)for (j = i+1; j <= n; j++)
dx = |x[i] – x[j]|
dy = |y[i] – y[j]|dy |y[i] y[j]|
d = sqrt(dx2 + dy2)
if (d < min) min = d

}
}
t ireturn min

}

Divide  &  ConquerDivide  &  Conquer

t(n)  =  2t(n/2)  + #( ? )
t(n)  =  2t(n/2)  + #( n2 ) = #( n2 )
t(n)  =  2t(n/2)  + #( n log n ) = #( n log2 n )( ) ( ) ( g ) ( g )
t(n)  =  2t(n/2)  + #( n ) = #( n log n )

recursive callrecursive call

recursive call ???
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	*��*�,�%	*��*�,�%

� '���)�1�1*�����'�&�(�*(�'�&

� /������ n(n-1)/2 '�&  %"���� #(n2)
closestPair( x[1..n], y[1..n] ) {
min = �
for (i = 1; i <= n; i++)
f (j i+1 j < j++)for (j = i+1; j <= n; j++)
dx = |x[i] – x[j]|
dy = |y[i] – y[j]|dy |y[i] y[j]|
d = sqrt(dx2 + dy2)
if (d < min) min = d

}
}
t ireturn min

}

Divide  &  ConquerDivide  &  Conquer

t(n)  =  2t(n/2)  + #( ? )
t(n)  =  2t(n/2)  + #( n2 ) = #( n2 )
t(n)  =  2t(n/2)  + #( n log n ) = #( n log2 n )( ) ( ) ( g ) ( g )
t(n)  =  2t(n/2)  + #( n ) = #( n log n )

recursive callrecursive call

recursive call ???
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Divide  &  ConquerDivide  &  Conquer
27

,	�����	-��-$�(�D;
��>	��'&���(?��.�

dR

dL

7 = min(dL, dR) 

,����]�*�,�%��$�������,����]�*�,�%��$�������
27

�D��D;���(?��.�
�' #(n2) $�(�!	��V�-dLL

t(n) = 2t(n/2) + #( n2 )
= #( n2 ) #( n )

dR

7 = min(dL, dR) 
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Divide  &  ConquerDivide  &  Conquer
27

,	�����	-��-$�(�D;
��>	��'&���(?��.�

dR

dL

7 = min(dL, dR) 

,����]�*�,�%��$�������,����]�*�,�%��$�������
27

�D��D;���(?��.�
�' #(n2) $�(�!	��V�-dLL

t(n) = 2t(n/2) + #( n2 )
= #( n2 ) #( n )

dR

7 = min(dL, dR) 
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2%�����[�#���,����]�*�,�%��$�������2%�����[�#���,����]�*�,�%��$�������

2727 27
7

> 7 • �'�D;���(?����� 27�7
��(	-�	� 8 �;

7

��	-�	� 8 �D;

• $"	�#B$�(�D;�!	��V�-?�
,�&-����?�!�#
	 #(1),�-����?��#
	 #(1)

• �!�-�
%&������ #( n ) $��*-

• �'�"	�#� #( n ) $�(
�'&�!�-$"	�#B

t(n) = 2t(n/2) + #( n )
= #( n log n ) #( n log n )

���%���� ���%���� 8 8 �*�.����� �*�.����� 227�77�7

2727

7
+�(�'$�(?;?��'*
�'���� < 77 ����� < 7

�"	�,�(-�'*�'��-�;�	�,�-����-�D;
G;���(
��D;.�����

+����($�
��V�-�
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2%�����[�#���,����]�*�,�%��$�������2%�����[�#���,����]�*�,�%��$�������

2727 27
7

> 7 • �'�D;���(?����� 27�7
��(	-�	� 8 �;

7

��	-�	� 8 �D;

• $"	�#B$�(�D;�!	��V�-?�
,�&-����?�!�#
	 #(1),�-����?��#
	 #(1)

• �!�-�
%&������ #( n ) $��*-

• �'�"	�#� #( n ) $�(
�'&�!�-$"	�#B

t(n) = 2t(n/2) + #( n )
= #( n log n ) #( n log n )

���%���� ���%���� 8 8 �*�.����� �*�.����� 227�77�7

2727

7
+�(�'$�(?;?��'*
�'���� < 77 ����� < 7

�"	�,�(-�'*�'��-�;�	�,�-����-�D;
G;���(
��D;.�����

+����($�
��V�-�
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t(n) = t(n) = 22t(n/t(n/22) + ) + ##(n)  ?(n)  ?

� ��3���������������&�������&���� ?

� ��&�����&����&��(�%����&*��-��� �(�%����&��

� /��� sort ��/�������� ��1������ /�� sort �(�/������ ��1�����

� 2�� sort *(�'��#�%�*(��1������ recursive
( ) 2 ( /2) ( l ) � ( ) ( l 2 )� t(n) = 2t(n/2) + #(n log n)  � t(n) = #(n log2 n)

� sort '��#�������0����&���0���
� �D���;����- recursive �!�-��'������	��	��'& sort +#!
� t(n) = max( #(n log n),  2t(n/2) + #(n) )( ) ( ( g ), ( / ) ( ) )
� ��%&�-�	� t(n) = 2t(n/2) + #(n) = #(n log n)
� ;�-��*� t(n) = #(n log n)( ) ( g )

min + maxmin + max

minmax( d[1..n] ) {
max = d[1] min = d[1]max = d[1], min = d[1]
for (k=2; k<=n; k++) {
if (d[k] > max) max = d[k]( [ ] ) [ ]
if (d[k] < min) min = d[k]

}
return (min,max)

} #cmps = 2(n – 1)
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t(n) = t(n) = 22t(n/t(n/22) + ) + ##(n)  ?(n)  ?

� ��3���������������&�������&���� ?

� ��&�����&����&��(�%����&*��-��� �(�%����&��

� /��� sort ��/�������� ��1������ /�� sort �(�/������ ��1�����

� 2�� sort *(�'��#�%�*(��1������ recursive
( ) 2 ( /2) ( l ) � ( ) ( l 2 )� t(n) = 2t(n/2) + #(n log n)  � t(n) = #(n log2 n)

� sort '��#�������0����&���0���
� �D���;����- recursive �!�-��'������	��	��'& sort +#!
� t(n) = max( #(n log n),  2t(n/2) + #(n) )( ) ( ( g ), ( / ) ( ) )
� ��%&�-�	� t(n) = 2t(n/2) + #(n) = #(n log n)
� ;�-��*� t(n) = #(n log n)( ) ( g )

min + maxmin + max

minmax( d[1..n] ) {
max = d[1] min = d[1]max = d[1], min = d[1]
for (k=2; k<=n; k++) {
if (d[k] > max) max = d[k]( [ ] ) [ ]
if (d[k] < min) min = d[k]

}
return (min,max)

} #cmps = 2(n – 1)
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min + max : min + max : ��%�,��$���%�,��$�

2, 5, 1, 8, 9, 0, 4, 62, 5, 1, 8, 9, 0, 4, 6

2, 5, 1, 8 9, 0, 4, 6

0 9

min + max : min + max : ��%�,��$� N��%�,��$� N

2, 5, 1, 8, 9, 0, 4, 62, 5, 1, 8, 9, 0, 4, 6

2, 5, 1, 8 9, 0, 4, 6

2, 5 1, 8 9, 0 4, 6

1 8 0 91 8 0 9

0 9
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min + max : min + max : ��%�,��$���%�,��$�

2, 5, 1, 8, 9, 0, 4, 62, 5, 1, 8, 9, 0, 4, 6

2, 5, 1, 8 9, 0, 4, 6

0 9

min + max : min + max : ��%�,��$� N��%�,��$� N

2, 5, 1, 8, 9, 0, 4, 62, 5, 1, 8, 9, 0, 4, 6

2, 5, 1, 8 9, 0, 4, 6

2, 5 1, 8 9, 0 4, 6

1 8 0 91 8 0 9

0 9
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min + max : min + max : ��%�,��$� N��%�,��$� N
minmax1( d[1..n], left, right ) {

if (right-left == 0)   // �� 1 /�
return (d[right], d[right])

if (right-left == 1) {  // �� 2 /�
if (d[left] < d[right])g

return (d[left], d[right]);
else

return (d[right], d[left]);return (d[right], d[left]);
}
mid = �(left +right)/2�
(min1 max1) = minmax1(d left mid)(min1, max1) = minmax1(d, left, mid)
(min2, max2) = minmax1(d, mid + 1, right)
return (min(min1, min2), max(max1, max2));

}}

c(n) = c(�n/2�) + c(�n/2�) + 2
(1) 0 (2) 1c(1) = 0, c(2) = 1 

min + max : min + max : ��%� ��%� (n(n--22) + ) + 22

2, 5, 1, 8, 9, 0, 4, 6

4, 62, 5, 1, 8, 9, 0

9, 02, 5, 1, 8

1, 82, 5

8
9

1
0 9

9
0

0
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min + max : min + max : ��%�,��$� N��%�,��$� N
minmax1( d[1..n], left, right ) {

if (right-left == 0)   // �� 1 /�
return (d[right], d[right])

if (right-left == 1) {  // �� 2 /�
if (d[left] < d[right])g

return (d[left], d[right]);
else

return (d[right], d[left]);return (d[right], d[left]);
}
mid = �(left +right)/2�
(min1 max1) = minmax1(d left mid)(min1, max1) = minmax1(d, left, mid)
(min2, max2) = minmax1(d, mid + 1, right)
return (min(min1, min2), max(max1, max2));

}}

c(n) = c(�n/2�) + c(�n/2�) + 2
(1) 0 (2) 1c(1) = 0, c(2) = 1 

min + max : min + max : ��%� ��%� (n(n--22) + ) + 22

2, 5, 1, 8, 9, 0, 4, 6

4, 62, 5, 1, 8, 9, 0

9, 02, 5, 1, 8

1, 82, 5

8
9

1
0 9

9
0

0
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min + max : min + max : ��%���%� (n(n--22) + ) + 22
minmax2( d[1..n], right ) {

if (right == 1)
return (d[right], d[right])

if (d[right-1] < d[right])
min1 = d[right-1], max1 = d[right];g , g

else
min1 = d[right], max1 = d[right-1];

if (right > 2) {if (right > 2) {
(min2, max2) = minmax2(d, right - 2);
min1 = min(min1, min2);
max1 = max(max1 max2);max1 = max(max1, max2);

}
return (min1, max1);

}}
c(n) = c(n – 2) + 3
c(1) = 0 c(2) = 1c(1) = 0, c(2) = 1 

�
�,��&�- �
�,��&�- : : ��%� ��%� (n(n--22)  +  )  +  22

c(n) = c(n – 2) + 3, c(1) = 0, c(2) = 1
c(n) =  �3n / 2� – 2

n c(n)
1 0

n c(n)
2 11 0

3 3
2 1
4 4

5 6
7 9

6 7
8 10

9 12
... ...

10 13
... ...
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min + max : min + max : ��%���%� (n(n--22) + ) + 22
minmax2( d[1..n], right ) {

if (right == 1)
return (d[right], d[right])

if (d[right-1] < d[right])
min1 = d[right-1], max1 = d[right];g , g

else
min1 = d[right], max1 = d[right-1];

if (right > 2) {if (right > 2) {
(min2, max2) = minmax2(d, right - 2);
min1 = min(min1, min2);
max1 = max(max1 max2);max1 = max(max1, max2);

}
return (min1, max1);

}}
c(n) = c(n – 2) + 3
c(1) = 0 c(2) = 1c(1) = 0, c(2) = 1 

�
�,��&�- �
�,��&�- : : ��%� ��%� (n(n--22)  +  )  +  22

c(n) = c(n – 2) + 3, c(1) = 0, c(2) = 1
c(n) =  �3n / 2� – 2

n c(n)
1 0

n c(n)
2 11 0

3 3
2 1
4 4

5 6
7 9

6 7
8 10

9 12
... ...

10 13
... ...
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����������������������

��%�,��$���	4��^X����%���%�,��$���	4��^X����%�

2 0 1 8 9 5 2 0 1 8 9 5
2 2

2, 0, 1, 8, 9, 5 2, 0, 1, 8, 9, 5

2 0 1 8 9 5
22

9 52 0 1 8
12

2, 0, 1 8, 9, 5 9, 52, 0, 1, 8

12 0 58 9
11

1 82 0
11

12, 0 58, 9 1, 82, 0

���'����'�� 7 $��*-���'����'�� 8 $��*- ��������� 7 $�-��������� 8 $�-

�	���������
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����������������������

��%�,��$���	4��^X����%���%�,��$���	4��^X����%�

2 0 1 8 9 5 2 0 1 8 9 5
2 2

2, 0, 1, 8, 9, 5 2, 0, 1, 8, 9, 5

2 0 1 8 9 5
22

9 52 0 1 8
12

2, 0, 1 8, 9, 5 9, 52, 0, 1, 8

12 0 58 9
11

1 82 0
11

12, 0 58, 9 1, 82, 0

���'����'�� 7 $��*-���'����'�� 8 $��*- ��������� 7 $�-��������� 8 $�-
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Celebrity Celebrity ProblemProblem

� ����*���&�%'�'3� "����&�" ������!��'�*��
��;��&���� n '��;������ n '�

� "����&�" '3�;��-M��*(� 4 '�%����������
 �/&����/���&������%'����

Elvis

����!

	*�	*�

Celebrity ( a[1..n, 1..n] ) {
for i = 1 to n {

c1 = 0
1  2  3  4

1 0 0 1 0
for k = 1 to n

c1 = c1 + a[k,i]

1 0 0 1 0

2  0 0 1  0

3 0 0 0 0c2 = 0
for k = 1 to n

2 2 + [i k]

3 0 0 0 0

4  1  1  1 0

c2 = c2 + a[i,k]
if (c1 == n-1 AND c2 == 0) return i

}}
return 0

}}
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Celebrity Celebrity ProblemProblem

� ����*���&�%'�'3� "����&�" ������!��'�*��
��;��&���� n '��;������ n '�

� "����&�" '3�;��-M��*(� 4 '�%����������
 �/&����/���&������%'����

Elvis

����!

	*�	*�

Celebrity ( a[1..n, 1..n] ) {
for i = 1 to n {

c1 = 0
1  2  3  4

1 0 0 1 0
for k = 1 to n

c1 = c1 + a[k,i]

1 0 0 1 0

2  0 0 1  0

3 0 0 0 0c2 = 0
for k = 1 to n

2 2 + [i k]

3 0 0 0 0

4  1  1  1 0

c2 = c2 + a[i,k]
if (c1 == n-1 AND c2 == 0) return i

}}
return 0

}}
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Divide & ConquerDivide & Conquer

1 2 1 2

43 4343 43

1 2 1 21 2 1 2

43 4343 43

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p q

Celebrity_DQ( a[1..n, 1..n], p, q ) {
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Divide & ConquerDivide & Conquer

1 2 1 2

43 4343 43

1 2 1 21 2 1 2

43 4343 43

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p q

Celebrity_DQ( a[1..n, 1..n], p, q ) {
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Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

k
p qm m+1

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
k

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )
k l b i h k( k 1 )k = Celebrity_Check( a, k, m+1, q )
if ( k > 0 ) return k
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Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

k
p qm m+1

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
k

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )
k l b i h k( k 1 )k = Celebrity_Check( a, k, m+1, q )
if ( k > 0 ) return k
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Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
k

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )
k l b i h k( k 1 )k = Celebrity_Check( a, k, m+1, q )
if ( k > 0 ) return k

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
s

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )
k l b i h k( k 1 )k = Celebrity_Check( a, k, m+1, q )
if ( k > 0 ) return k
s = Celebrity_DQ( a, m+1, q )
s = Celebrity_Check( a, s, p, m )
return s

}}
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Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
k

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )
k l b i h k( k 1 )k = Celebrity_Check( a, k, m+1, q )
if ( k > 0 ) return k

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
s

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )
k l b i h k( k 1 )k = Celebrity_Check( a, k, m+1, q )
if ( k > 0 ) return k
s = Celebrity_DQ( a, m+1, q )
s = Celebrity_Check( a, s, p, m )
return s

}}
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Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )
k l b i h k( k 1 )k = Celebrity_Check( a, k, m+1, q )
if ( k > 0 ) return k
s = Celebrity_DQ( a, m+1, q )
s = Celebrity_Check( a, s, p, m )
return s

}}

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p q

0 0  1  0  0  1  1  1

1 0 1  1  1  0  1  0

0  0 0 0  0  1  1  1

1  0  1 0 1  1  1  0

1  1  0  0 0 1  1  1

1  0  0  0  0 0 1  1

0  0  0  0  0  0 0 0

1  0  1  0  0  1  1 0
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Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
m = (p+q)/2
k = Celebrity_DQ( a, p, m )
k l b i h k( k 1 )k = Celebrity_Check( a, k, m+1, q )
if ( k > 0 ) return k
s = Celebrity_DQ( a, m+1, q )
s = Celebrity_Check( a, s, p, m )
return s

}}

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p q

0 0  1  0  0  1  1  1

1 0 1  1  1  0  1  0

0  0 0 0  0  1  1  1

1  0  1 0 1  1  1  0

1  1  0  0 0 1  1  1

1  0  0  0  0 0 1  1

0  0  0  0  0  0 0 0

1  0  1  0  0  1  1 0
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Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
k

0 0  1  0  0  1  1  1

1 0 1  1  1  0  1  0

0  0 0 0  0  1  1  1

1  0  1 0 1  1  1  0

1  1  0  0 0 1  1  1

1  0  0  0  0 0 1  1

0  0  0  0  0  0 0 0

1  0  1  0  0  1  1 0

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
s

0 0  1  0  0  1  1  1

1 0 1  1  1  0  1  0

0  0 0 0  0  1  1  1

1  0  1 0 1  1  1  0

1  1  0  0 0 1  1  1

1  0  0  0  0 0 1  1

0  0  0  0  0  0 0 0

1  0  1  0  0  1  1 0
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Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
k

0 0  1  0  0  1  1  1

1 0 1  1  1  0  1  0

0  0 0 0  0  1  1  1

1  0  1 0 1  1  1  0

1  1  0  0 0 1  1  1

1  0  0  0  0 0 1  1

0  0  0  0  0  0 0 0

1  0  1  0  0  1  1 0

Divide & ConquerDivide & Conquer  ((50 50 : : 5050))

p qm+1m
s

0 0  1  0  0  1  1  1

1 0 1  1  1  0  1  0

0  0 0 0  0  1  1  1

1  0  1 0 1  1  1  0

1  1  0  0 0 1  1  1

1  0  0  0  0 0 1  1

0  0  0  0  0  0 0 0

1  0  1  0  0  1  1 0
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Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

p q

Celebrity_DQ( a[1..n, 1..n], p, q ) {

Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

p qp+1

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
k = Celebrity_Check( a, p, p+1, q )
if ( k > 0 ) return k
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Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

p q

Celebrity_DQ( a[1..n, 1..n], p, q ) {

Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

p qp+1

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
k = Celebrity_Check( a, p, p+1, q )
if ( k > 0 ) return k
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Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

s

p qp+1

s

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
k = Celebrity_Check( a, p, p+1, q )
if ( k > 0 ) return k

l b i ( 1 )s = Celebrity_DQ( a, p+1, q )

}

Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

s

p qp+1

s

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
k = Celebrity_Check( a, p, p+1, q )
if ( k > 0 ) return k

l b i ( 1 )s = Celebrity_DQ( a, p+1, q )
s = Celebrity_Check( a, s, p, p )
return s

}
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Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

s

p qp+1

s

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
k = Celebrity_Check( a, p, p+1, q )
if ( k > 0 ) return k

l b i ( 1 )s = Celebrity_DQ( a, p+1, q )

}

Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

s

p qp+1

s

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
k = Celebrity_Check( a, p, p+1, q )
if ( k > 0 ) return k

l b i ( 1 )s = Celebrity_DQ( a, p+1, q )
s = Celebrity_Check( a, s, p, p )
return s

}
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Divide & ConquerDivide & Conquer  ((1 1 : n : n –– 11))

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
k = Celebrity_Check( a, p, p+1, q )
if ( k > 0 ) return k

l b i ( 1 )s = Celebrity_DQ( a, p+1, q )
s = Celebrity_Check( a, s, p, p )
return s

}

Decrease & ConquerDecrease & Conquer

t(n) =( )

t(n) =

Celebrity_DQ( a[1..n, 1..n], p, q ) {
if ( p == q ) return pif ( p == q ) return p
k = Celebrity_Check( a, p, p+1, q )
if ( k > 0 ) return k

l b i ( 1 )s = Celebrity_DQ( a, p+1, q )
s = Celebrity_Check( a, s, p, p )
return s

}

���
%����#?; ?,!��(?�#(	+�(?�( ";	#�;(�" ��( @���
���#?; ?,��?�#	+�?� ;	#�;�  �� @
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Decrease & ConquerDecrease & Conquer

Celebrity_DQ( a[1..n, 1..n], p, q ) {

if ( p == q ) return p

if (a[p q] == 1) {if (a[p,q] == 1) {
s = Celebrity_DQ( a, p+1, q )
s = Celebrity_Check( a, s, p, p )

} else {} else {
s = Celebrity_DQ( a, p, q-1 )
s = Celebrity_Check( a, s, q, q )

}

return s
}

����� probes = p(n) = p(n-1)+3 = 3(n-1)

��*���*�

� Divide + Conquer + Combine

� ��'��1�,��� Master method, recursion tree,
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�������������/� �������������/� (Fibonacci)(Fibonacci)

fn =  fn – 1 +  fn – 2fn fn 1 fn 2

f0 = 0,  f1 = 1
Top down

f( n ) {
if (n < 2) return n

t f( 1) + f( 2)

Top-down

return f(n - 1) + f(n - 2)
}

f(3)
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1 0
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f( n ) {
if (n < 2) return nif (n < 2) return n
return f(n - 1) + f(n - 2)

}

?,! t(n) ����"	�#�$��*-�'&��'�� f(n) ��+;!
t(n) = t(n – 1) + t(n – 2) + 1,   t(0) = 1, t(1) = 1 
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f(n,         ) {
if (n < 2) return n

F[0..n]
#( n )( )

return        f(n-1,  ) + f(n-2,  )
}

FFF[n] =
if (F[n] > 0) return F[n]

#( n )

}
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�#
#�����������#
#���������� : Bottom: Bottom--UpUp

0 0 0 0 0 0

0 1 2 3 4 5
F 1 2 3 510F

f( n ) {
[0 ]F = new array[0..n]

F[0] = 0; F[1] = 1
for (i = 2; i <= n; i++) {

F[i] = F[i - 1] + F[i - 2]
}
return F[n] #( n )[ ]

}

b ttb tt

( )

bottombottom--upup

	��������#������	4��,% 	��������#������	4��,% 3 3 #��#��

f0 f1 f2

0 1 11 20 1 11 2

f( n ) {
f0 = 0, f1 = 1, f2 = 1
for (i = 2; i <= n; i++) {

f2 = f0 + f1
f0 = f1
f1 = f2f1 f2

}
return f2

}}
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C(C(n,kn,k) :  n ) :  n �	4�� �	4�� kk

/
2

0 !!����
or0if1

0if)1,1(),1(
)( nkk

nkknCknC
knC

( k) {

/
1

2 ���
otherwise0

or0if1),( nkkknC

c(n, k) {
if (k == 0 OR k == n) return 1
if (k <  0 OR k >  n) return 0
return c(n-1, k) + c(n-1, k-1)

}

(4 2)c(4,2)

c(3,2) c(3,1)

Overlapping 
Subproblems

c(2,2) c(2,1) c(2,1) c(2,0)

c(1,1) c(1,0) c(1,1) c(1,0)
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C(C(n,kn,k) :  Top) :  Top--down + down + MemoiMemoizzationation

c(10,5)

�"	 503 $��*- c(n, k) {
if (k == 0 OR k == n) return 1
if (k <  0 OR k >  n) return 0

�	 503 $�-

( )
return c(n-1, k) + c(n-1, k-1)

}

c(n, k, C[1 n][1 k]) {

c(10, 5, new array[1..10][1..5])�"	 51 $��*-
c(n, k, C[1..n][1..k]) {

if (k == 0 OR k == n) return 1
if (k <  0 OR k >  n) return 0
if (C[n][k] > 0) return C[n][k]if (C[n][k] > 0) return C[n][k]
return C[n][k] = c(n-1, k, C) + c(n-1, k-1, C)

}

�������2%� �������2%� memoimemoizzationation

+�(�' memoization+�� memoization

�' memoization
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C(C(n,kn,k) :  Top) :  Top--down + down + MemoiMemoizzationation

c(10,5)
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�	 503 $�-

( )
return c(n-1, k) + c(n-1, k-1)

}

c(n, k, C[1 n][1 k]) {

c(10, 5, new array[1..10][1..5])�"	 51 $��*-
c(n, k, C[1..n][1..k]) {

if (k == 0 OR k == n) return 1
if (k <  0 OR k >  n) return 0
if (C[n][k] > 0) return C[n][k]if (C[n][k] > 0) return C[n][k]
return C[n][k] = c(n-1, k, C) + c(n-1, k-1, C)

}

�������2%� �������2%� memoimemoizzationation

+�(�' memoization+�� memoization

�' memoization

�	���������
������

���	� ����������������
 173 / 498 � ���	�� ����



C(n, k) : BottomC(n, k) : Bottom--upup

Pascal’s Triangle

Bottom = ,	$"	�����-��B'�
<� @
Up = ,	$"	�����-��B'?,W(�*�Up       = ,	$	�����-��B?,W�� 
              G;�?�!$"	�����-��B'�
<��'&��!�
!#

Pascal’s Triangle : Pascal’s Triangle : ����������������������

k
0   1   2   3   4   5   6

0   1

1   1   1

2   1   2   1

3   1   3   3   1

4   1   4   6   4   1

5 1 5 10 10 5 1

n

5 1 5 10 10 5 1

6   1   6  15  20  15   6   1

C(6,2) = 15
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C(n, k) : BottomC(n, k) : Bottom--upup

Pascal’s Triangle

Bottom = ,	$"	�����-��B'�
<� @
Up = ,	$"	�����-��B'?,W(�*�Up       = ,	$	�����-��B?,W�� 
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<��'&��!�
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C(n, k) : BottomC(n, k) : Bottom--upup

/
2

0 !!����
or0if1

0if)1,1(),1(
)( nkk

nkknCknC
knC

k
/
1

2 ���
otherwise0

or0if1),( nkkknC

0   1   2

0   1

1   1   1

2   1       12

n 3   1

4   1

5 1

3   3

4 6   

5 105 1

6   1

5 10

6  15

�!�-�	� C(6,2)

C(n, k) : BottomC(n, k) : Bottom--upup

c(n, k) {
C = new array[0..n][0..k]C e a ay[0.. ][0.. ]
for (i = 0; i <= n; i++) C[i][0] = 1
for (i = 0; i <= k; i++) C[i][i] = 1
for (i = 2; i <= n; i++)for (i = 2; i <= n; i++)

for (j = 1; j <= k && j < i; j++)
C[i][j] = C[i - 1][j] + C[i - 1][j - 1]

ret rn C[n][k]return C[n][k];
} k

0   1   2
0 10
1
2
3

2
3 3

1
1
1
1

1
1#( nk )

n 3
4
5
6

3 3
4   6
5  10
6 15

1
1
1
16 6 151
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C(n, k) : BottomC(n, k) : Bottom--upup
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for (j = 1; j <= k && j < i; j++)
C[i][j] = C[i - 1][j] + C[i - 1][j - 1]

ret rn C[n][k]return C[n][k];
} k

0   1   2
0 10
1
2
3

2
3 3

1
1
1
1

1
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3 3
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1
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TopTop--Down  vs.  BottomDown  vs.  Bottom--UpUp

� Top-Down
( �V ? ( �M �V (� ��(-�VW,	?,W(��M��VW,	�(��

� ,	$"	�����-�VW,	�(��
" " ( �M " �V ? (� �"	$"	����(�� @ �	�#���M�$"	�����-�VW,	?,W(

� �����'����� recursive
� '& �M * '� ��!�VW,	�(����(	�'�"	��M� (��(�	���!)"	 ��!�
!#��!�'�)

� 
;�	���!�VW,	�(��)*"	;!#� memoization

� Bottom-Up
� ���&�,	$"	�����-�VW,	�
<� @
� �"	$"	�����-�VW,	�
<��	,	$"	�����-�VW,	?,W(�*�
� �����'�����#-#�
� ��!�VW,	�(�� @ �D��VW,	 �VW,	
�$��*-

Dynamic ProgrammingDynamic Programming

� *�������� bottom-up ����������	
���&�� 
���'��/��*����� �+3�������%"�����	
��%�
&�M#���'�/��*�� �+�����%"���
��%�
��

� ���%"���� optimization problems
*� �	�,	��!��	-��*��D;

� �	�,	
"	;���(���(#�����'&�	#�D;
&� �	��
%����-�'&+;!��
$(	�#���-�D;

� �	���;��<��!���
?��!�+�!$!�,	?,!$!�+;!��<#�D;
� �	�,	
"	;���	�$�B������)C �>%&�?,!$�B+;!��<#�D;
� …

Richard Bellman ���$B��[	���C
��!$�;#��' Dynamic programming 
?��Z $.[. 1953
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TopTop--Down  vs.  BottomDown  vs.  Bottom--UpUp

� Top-Down
( �V ? ( �M �V (� ��(-�VW,	?,W(��M��VW,	�(��

� ,	$"	�����-�VW,	�(��
" " ( �M " �V ? (� �"	$"	����(�� @ �	�#���M�$"	�����-�VW,	?,W(

� �����'����� recursive
� '& �M * '� ��!�VW,	�(����(	�'�"	��M� (��(�	���!)"	 ��!�
!#��!�'�)

� 
;�	���!�VW,	�(��)*"	;!#� memoization

� Bottom-Up
� ���&�,	$"	�����-�VW,	�
<� @
� �"	$"	�����-�VW,	�
<��	,	$"	�����-�VW,	?,W(�*�
� �����'�����#-#�
� ��!�VW,	�(�� @ �D��VW,	 �VW,	
�$��*-

Dynamic ProgrammingDynamic Programming

� *�������� bottom-up ����������	
���&�� 
���'��/��*����� �+3�������%"�����	
��%�
&�M#���'�/��*�� �+�����%"���
��%�
��

� ���%"���� optimization problems
*� �	�,	��!��	-��*��D;

� �	�,	
"	;���(���(#�����'&�	#�D;
&� �	��
%����-�'&+;!��
$(	�#���-�D;

� �	���;��<��!���
?��!�+�!$!�,	?,!$!�+;!��<#�D;
� �	�,	
"	;���	�$�B������)C �>%&�?,!$�B+;!��<#�D;
� …

Richard Bellman ���$B��[	���C
��!$�;#��' Dynamic programming 
?��Z $.[. 1953
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Longest Common SubsequenceLongest Common Subsequence

Longest Common SubsequenceLongest Common Subsequence
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Longest Common SubsequenceLongest Common Subsequence

Longest Common SubsequenceLongest Common Subsequence
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Longest Common SubsequenceLongest Common Subsequence

� X = <H, E, L, L, O> �� subsequences
H E L L O � H E� <H, E, L, L, O> � <H, E>

� <H, E, L, L, O> � <H, E, O>
H E L L O �� <H, E, L, L, O> � <>

� …

� Y = <H, E, R, O> �� subsequences
� <H, E, R, O> � <H, E>
� <H, E, R, O> � <H, R>
� <H, E, R, O> � <H, E, O>
� …

� common subsequence(X, Y)� common subsequence(X, Y) 
� longest common subsequence(X, Y)

�
���
��

�X   =  < x1,  x2,  x3, …,  xm >
�Y   =  < y1,  y2,  y3, …,  yn >
�X < >�Xi =  < x1,  x2, …,  xi >
�Yj =  < y1,  y2, …,  yj >j y1 y2 yj

�LCS(Xi , Yj) : 
longest common subsequence ��- X Ylongest common subsequence ��- Xi , Yj

�LCS(X, Y)  =  LCS(Xm , Yn)
�L(i , j) : $#	��	#��- LCS(Xi , Yj)
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Longest Common SubsequenceLongest Common Subsequence
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���
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�Y   =  < y1,  y2,  y3, …,  yn >
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,��#��.�!%2�����,��#���%�� N,��#��.�!%2�����,��#���%�� N

LCS( )9LCS(                        )
9

=

LCS(                      ) 9+

LCS(HELLO HERO) = LCS(HELL HER) + OHE HELCS(HELLO, HERO) = LCS(HELL, HER) + O
= HE + O

HEO

HE HE

= HEO

,��#��.�!%2�����,��#���%�� N,��#��.�!%2�����,��#���%�� N

LCS( )9
LCS(COP CEO)LCS(                        )

:
LCS(COP, CEO)

= =

LCS(                       )9 LCS(COP, CE)C C

LCS( ) LCS(CO CEO)CO C OLCS(                       )
:

LCS(CO, CEO)CO C  O
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,��#��.�!%2�����,��#���%�� N,��#��.�!%2�����,��#���%�� N

LCS( )9LCS(                        )
9

=

LCS(                      ) 9+

LCS(HELLO HERO) = LCS(HELL HER) + OHE HELCS(HELLO, HERO) = LCS(HELL, HER) + O
= HE + O

HEO

HE HE

= HEO

,��#��.�!%2�����,��#���%�� N,��#��.�!%2�����,��#���%�� N

LCS( )9
LCS(COP CEO)LCS(                        )

:
LCS(COP, CEO)

= =

LCS(                       )9 LCS(COP, CE)C C
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Recurrence Recurrence ��� ��� L(L(ii, j), j)

9X

xi

HELLO9

9

Xi

Y
yj

HELLO

HERO9Yj HERO

L(i, j)  =  L(i – 1, j – 1) + 1    if xi = yj

$#	��	#��- LCS(Xi 1 Yj 1) ��#�#	�'&��(	��� 1 ��#$#	��	#��- LCS(Xi – 1 , Yj – 1) �#�#	���	�� 1 �#

Recurrence Recurrence ��� ��� L(L(ii, j), j)

9

xi

X HELL9

:
yj

Xi

Y

HELL

HER:Yj HER

L(i, j)  =  max( L(i – 1, j) , L(i , j – 1) )    if xi � yj

Xi Xi 9

:

i

Yj

i

Yj

9
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Recurrence Recurrence ��� ��� L(L(ii, j), j)
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HELLO9
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Recurrence Recurrence ��� ��� L(L(ii, j), j)

xX xi

yj

Xi

Y yjYj

� �/
2

0
���
����

� if)1()1(max
if1)1,1(

)( yxjiLjiL
yxjiL

jiL
ji

� �
/
1

2
��

��
0or0 if0

if)1,(),,1(max),(
ji

yxjiLjiLjiL ji

LCS : TopLCS : Top--downdown

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

L(x[1..m], y[1..n]) {
return L(x, y, m, n)( , y, , )

}
L(x[1..m], y[1..n], i, j) {

if (i == 0 OR j == 0) return 0if (i 0 OR j 0) return 0
if (x[i] == y[j]) {

return L(x, y, i-1, j-1) + 1
} else {} else {

return max( L(x, y, i-1, j), 
L(x, y, i, j-1)  )

}}
}
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Recurrence Recurrence ��� ��� L(L(ii, j), j)

xX xi

yj

Xi

Y yjYj
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)( yxjiLjiL
yxjiL

jiL
ji
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2
��

��
0or0 if0

if)1,(),,1(max),(
ji

yxjiLjiLjiL ji

LCS : TopLCS : Top--downdown

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

L(x[1..m], y[1..n]) {
return L(x, y, m, n)( , y, , )

}
L(x[1..m], y[1..n], i, j) {

if (i == 0 OR j == 0) return 0if (i 0 OR j 0) return 0
if (x[i] == y[j]) {

return L(x, y, i-1, j-1) + 1
} else {} else {

return max( L(x, y, i-1, j), 
L(x, y, i, j-1)  )

}}
}
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��,����� ��,����� LCS : LCS : ��	������������	����������

worst case


���B��!���
��-��B' worst case �
� best case ��M���(	-+� ?
��B' best case �'��������=	>���-�#
	��(	-+� ? 


�-����;!#� memoization ��+;!�
��(	-+� ?

LCS : best casesLCS : best cases

best casebest case

worst case ��%&���-
"	;��+�(�,�%������
�
best case ��%&���-
"	;���,�%�����,�;best case �����-
	;��,�����,�;
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TopTop--down + down + MemoiMemoizzationation

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

L(x[1..m], y[1..n], i, j, M[1..m][1..n]) {
if (i == 0 OR j == 0) return 0( j )
if (M[i][j] > 0) return M[i][j]
if (x[i] == y[j]) {

return M[i][j] = L(x, y, i-1, j-1, M) + 1return M[i][j] L(x, y, i 1, j 1, M) + 1
} else {

return M[i][j] = max( L(x, y, i-1, j, M),
L(x y i j 1 M) )L(x, y, i, j-1, M) )

}
}

LCS : LCS : memoimemoizzationation

worst caseworst case
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TopTop--down + down + MemoiMemoizzationation
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LCS : Dynamic LCS : Dynamic ProgProg..
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LCS_Length(x[1..m], y[1..n]) {
L = new array[0..m][0..n]y
for (i = 0; i <= m; i++) L[i][0] = 0
for (j = 0; j <= n; j++) L[0][j] = 0
for (i = 1; i <= m; i++)for (i 1; i < m; i++)

for (j = 1; j <= n; j++)
if (x[i] == y[j])

L[i][j] = L[i - 1][j - 1] + 1
#( nm )

L[i][j] = L[i - 1][j - 1] + 1
else

L[i][j] = max(L[i - 1][j], L[i][j - 1])
t Lreturn L;

}  
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LCS(x[1..m], y[1..n]) {

L = new array[0..m][0..n]
      

for (i = 0; i <= m; i++) L[i][0] = 0
for (j = 0; j <= n; j++) L[0][j] = 0

D = new array[1..m][1..n]

for (i = 1; i <= m; i++)
for (j = 1; j <= n; j++)

if (x[i] == y[j])( [ ] y[j])
L[i][j] = L[i - 1][j - 1] + 1

else
D[i][j] = �

else
L[i][j] = max(L[i - 1][j], L[i][j - 1]);if (L[i - 1][j] > L[i][j - 1])
L[i][j] = L[i - 1][j]
D[i][j] = 

else
L[i][j] = L[i][j - 1]

D[i][j] = 

D[i][j] � D[i][j] = �
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lcs = an empty sequence
i = n, j = m
while (i > 0 AND j > 0) {

switch( D[i][j] ) {
case : �

lcs = x[i] + lcs
i--; j--

case : �

j
i H E L L O

j--
case : 

i--
H

i
}

}
return lcs

E
R

return lcs
} O

#��������&���� 2%���0	���#���
�.�#��������&���� 2%���0	���#���
�.�

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L O

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

�	���������
������

���	� ����������������
 186 / 498 � ���	�� ����



./�0	���#���
�.������,��#��./�0	���#���
�.������,��#��
lcs = an empty sequence
i = n, j = m
while (i > 0 AND j > 0) {

switch( D[i][j] ) {
case : �

lcs = x[i] + lcs
i--; j--

case : �

j
i H E L L O

j--
case : 

i--
H

i
}

}
return lcs

E
R

return lcs
} O

#��������&���� 2%���0	���#���
�.�#��������&���� 2%���0	���#���
�.�

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L O

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

�	���������
������

���	� ����������������
 186 / 498 � ���	�� ����



����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L OO

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L O

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

�	���������
������

���	� ����������������
 187 / 498 � ���	�� ����



����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L OO

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L O

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

�	���������
������

���	� ����������������
 187 / 498 � ���	�� ����



����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L OO

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L O

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

�	���������
������

���	� ����������������
 188 / 498 � ���	�� ����



����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L OO

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L O

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

�	���������
������

���	� ����������������
 188 / 498 � ���	�� ����



����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L OO

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L O

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

�	���������
������

���	� ����������������
 189 / 498 � ���	�� ����



����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L OO

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

����� ����� LCS LCS 2�����#���� 2�����#���� LL

� �/
2

0 ����
if)()(
if1)1,1(

)(
yxjiL ji

� �
/
1

/
2

��
����

0or0 if0
if)1,(),,1(max),(

ji
yxjiLjiLjiL ji

j
i H E L L O

0 0 0 0 0 0
H 0 1 1 1 1 1H 0 1 1 1 1 1
E 0 1 2 2 2 2
R 0 1 2 2 2 2R 0 1 2 2 2 2
O 0 1 2 2 2 3

�	���������
������

���	� ����������������
 189 / 498 � ���	�� ����



LCS_SolnLCS_Soln(x, y, L)(x, y, L)
LCS_Soln(x[1..n], y[1..m], L[0..n][0..m]) {

lcs = an empty sequence
i = n, j = m
while (i > 0 AND j > 0) {

if (x[i] == y[j]) {y j
lcs = x[i] + lcs
i--; j--

} else {} else {
if (L[i][j-1] > L[i-1][j])

j--
elseelse

i--
}

}}
return lcs

}

�	�	�.,	 LCS +;!;!#���%*��'& O(n + m )
D. Hirschberg  “A linear space algorithm for computing maximal common subsequences”

�&��0
� �&��0
� : : ��,��2�	��,�����,��2�	��,���

$!�>���	=	 $�>��	=	

edit distance = 2edit distance = 1

>���	=	 >����=	, >���=	
>���	=�, >���	=	
>��	=	, =���	=	
=�[�	=	, =���	=	
#���	=	
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Minimum Edit DistanceMinimum Edit Distance

� ������� HELLO %������ HERO  �"&�
HELLO � ELLO � LLO � LO � RO � ERO � HERO� HELLO � ELLO � LLO � LO � RO � ERO � HERO

� HELLO � HELO � HERO
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minimum edit distanceminimum edit distance
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� overlapping subproblems :
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� optimal substructures (principle of optimality) :
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Optimal SubstructuresOptimal Substructures
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��!��.�!% ��!��.�!% : : ��!���%����!���%��

� LCS :  L(i, j)
�V ? ( % < * � " � X Y� �VW,	?,W(,�%��
<������$#	��	#��-
"	;�� Xi �
� Yj

� Edit distance :  D(i, j)
� Knapsack :  V( ? )

� �VW,	?,W(,�%��
<��*�����"	�#���- �
��*"	,����'&.D-���+;!W W D
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Knapsack : TopKnapsack : Top--downdown

� �
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V( v[1..n], w[1..n], W ) {
return V(v, w, n, W)

}
V( v[1..n], w[1..n], i, j ) {

if (i == 0 OR j == 0) return 0if (i 0 OR j 0) return 0
if (j < w[i]) {

return V(v, w, i-1, j)
} else {} else {

return max( V(v, w, i-1, j), 
V(v, w, i-1, j-w[i]) + v[i] )

}}
}

TopTop--down + down + MemoiMemoizzationation
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V(v[1..n], w[1..n], i, j, M[1..n][1..W]) {
if (i == 0 || j == 0) return 0
if (M[i][j] > 0) return M[i][j]
if (j < w[i]) {

return M[i][j] = V(v, w, i-1, j)return M[i][j] V(v, w, i 1, j)
} else {

return M[i][j] = max( V(v, w, i-1, j), 
V(v w i-1 j-w[i]) )V(v, w, i 1, j w[i]) )

}
}
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00//1 1 Knapsack : BottomKnapsack : Bottom--UpUp
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00//1 1 Knapsack : BottomKnapsack : Bottom--UpUp
knapsack_Value(v[1..n], w[1..n], W) {

V = new array[0..n][0..W]
for (i = 0; i <= n; i++) V[i][0] = 0
for (j = 0; j <= W; j++) V[0][j] = 0
for (i = 1; i <= n; i++)

for (j = 1; j <= W; j++)
if (j < w[i])

V[i][j] = V[i-1][j]
#( nW )

[ ][j] [ ][j]
else

V[i][j] = max(V[i-1][j]), v[i]+V[i-1][j-w[i]])
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}
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  S = an empty set
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i = 0 or j = 0 ? � true

knapsack_Solnknapsack_Soln(v, w, V)(v, w, V)

knapsack_Soln( v[1..n], w[1..n], V[0..n][0..W] ) {
S = an empty setS = an empty set
i = n; j = W
while (i > 0 AND j > 0) {

if (j [i]if (j >= w[i] AND
V[i][j] == v[i] + V[i-1][j - w[i]]) {

S.add(i);
j = j - w[i];

}
i--

}
return S;

}}
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if (j [i]if (j >= w[i] AND
V[i][j] == v[i] + V[i-1][j - w[i]]) {

S.add(i);
j = j - w[i];

}
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}
return S;
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���& n ��� : 1, 2, 3, ..., n
& � &� �/&�1�����'&� : v1, v2, v3, ..., vn

� /������*������%�����'�����'&� V
� $��%"������
�������������!(�

� (�'�,�'�W��(
�����"	�#�+�(�"	��;)� (��,��W��
�����	�#�+��	�;)

� /���&��
� �'�,�'�W : 1 3 4 10� ��,��W : 1, 3, 4, 10
� �!�-�	�����-����
$(	 6
� $"	��� : 3 3� $	��� : 3, 3
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!	� @ Knapsack

Sum of SubsetSum of Subset
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S �M " 
�-�"	��-� S ��M��)���-�"	�#�

� K ��M��"	�#�


�-�	��-
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!	� @ Knapsack

� ����&�
� �'�)��(����- S �'&�
�#���-�"	�#��'$(	��(	��� K ,�%�+�(

� /���&��
� S = {1, 3, 2, 9, 8}, K = 11  � $"	��� :  �'{ , , , , },
� S = {1, 3, 2, 9, 8}, K = 7    � $"	��� : +�(�'
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Maximum Contiguous SumMaximum Contiguous Sum

� ������%��
� A $%�
"	;����-�"	�#� < a1, a2, ..., an >

� ����
� �(#-��-�!���
�'&��;���?� A �'&�
�#��'$(	�	��D;

� /���&��� /����
� A = <31, -41, 59, 26, -53, 58, 97, -93, -23, 84>

� ��'��� ��'�
� 
D��D��(#-��-�!���
 �'��*-,�; C(n,2) �(#- ?�!�#
	 #(n2)
� ?�!�	���(-����
���	���� ?��	���-����
���	���

���(-$�&-, ,	�V�-)!	�, ,	�V�-�#	, ,	�!	��V�-
�?�!�#
	 #( l )


�-�"	��-
�?��#
	 #(n log n)

Dynamic ProgrammingDynamic Programming

� ����� recurrence ���;���
P( ) % ! '& � � ? A '& ' (� P(i) $%��
�#���-�!���
�'��;���?� A �'�'$(	�	��D;
G;�?,!��#�!	��D;���(�'&�"	�,�(- i

� S(i) $%��
�#���-�!��
�'&��;���?� A[1..i] �'&�'$(	�	��;

P(1) = a1P(i) = max( P(i – 1)+ai ,  ai )

� S(i) $��
�#���-����
��;��?� A[1..i] ��$	�	��D;
($"	����<$%� S(n))

� � � � ))()(maxmax()(max)( iPkPkPiS �� � � � � ))(,)(maxmax()(max)(
111

iPkPkPiS
ikik �����

��

S(1) = aS(i) = max( S(i 1) P(i) )

A = < 2, 1, –4 , 2 > � P(1) = 2, P(2) = 3, P(3) = –1, P(4) = 2

S(1) = a1S(i) = max( S(i – 1) , P(i) )

S(1) = 2, S(2)  = 3, S(3) = 3,   S(4)  = 3 
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Dynamic ProgrammingDynamic Programming
MCS_Value(A[1..n]) {

create S[1..n], P[1..n];
P(i) = max( P(i – 1)+ai ,  ai )
S(i) = max( S(i – 1), P(i) )

P[1] = A[1];
for (i = 2; i <= n; i++)

P[i] = max(P[i - 1] + A[i], A[i]);

S(i)  max( S(i 1),  P(i) )

S[1] = A[1];
for (i = 2; i <= n; i++)

S[i] = max(S[i - 1], P[i]);
�"	��(	-+� .!	�!�-�	�

,	�(#-��- A �'&�
�#��'[ ] ( [ ], [ ]);
return S;

} MCS_Value(A[1..n]) {
t S[1 ] P[1 ]

,	�#-��- A ��
�#��
$(	�	��D;

create S[1..n], P[1..n];
P[1] = A[1]; S[1] = A[1];
for (i = 2; i <= n; i++) {

P = A[1]; S = A[1];

P[i] = max(P[i - 1] + A[i], A[i]);
S[i] = max(S[i - 1], P[i]);

}

P = max(P + A[i], A[i]);
S = max(S, P);

}
return S;

}
return S; #( n )

#�����,����[�,�� N#�����,����[�,�� N

� Input : ���'��]�8��*�
O �# � �� � �� Output : ������!��!(����'��*�/��������'��
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#�����,����[�,�� N#�����,����[�,�� N : Top: Top--DownDown
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#�����,����[�,�� N#�����,����[�,�� N : Top: Top--DownDown

�������s
1 2 3 4 5 6 7 8

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
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� � 0)0(,1)1(min)(
1
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NiNkN
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),( (Dictkis

?,! s �������-��-�!�$#	��'&+;!���
s(i, k) �������-�(����*-��(��#�'& i .- k
N(k) ����"	�#�$"	�!���D;�'&��(-+;!�	� s(1, k)

#�����,����[�,�� N#�����,����[�,�� N : Top: Top--DownDown

� � 0)0(,1)1(min)(
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NiNkN
ki

N( dict, s[1..n], k ) {

),( (Dictkis

if (k == 0) return 0
minN = �
for (i = 1; i < k; i++) {
if ( s[i..k] ( dict ) {

minN = min( minN, 1 + N( dict, s, i-1 ) )
}}

}
return minN

}

�"	�#�$"	�!���D;�'&
��(-�	��!�$#	�

}
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minN = min( minN, 1 + N( dict, s, i-1 ) )
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#���������������,��#���������������,��
N( dict, s[1..n], k ) {

if (k == 0) return 0
WordSep( dict, s[1..n], k ) {

an empty list
minN = �

for (i = 1; i < k; i++) {
minWords = null

if ( s[i..k] ( dict ) {
m = N( dict, s, i-1 )words = WordSep( dict, s, i-1 )
if (words � null) {

if (  1 + m      < minN ) {
minN = 1 + m

words.size()
words.add( s[i..k] )

words size()

( ) {

minN = 1 + m

}

words.size()

}

minWords = words

}
}

i

}

Overlapping  Subproblems
(
�-����#��(	-)

return minN
}

minWords
( )

#�����,����[�,�� N#�����,����[�,�� N : Bottom: Bottom--UpUp

� � 0)0(,1)1(min)(
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),( (Dictkis

- - - - - - - -0 - 1 - - - - - -01

k = 2

� �  � � � � �
0

� �  � � � � �
101

i =1
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minN = �

for (i = 1; i < k; i++) {
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if (words � null) {
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}
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}
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}
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}
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N = new array[0..n]
N[0] = 0; N[1..n] = �
for( k = 2; k <= n; k++ ) {
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	 #(1)

for( i = 1; i < k; i++ ) {
if ( s[i..k] ( dict ) {

N[k] = min( N[k], N[i-1]+1 ) #( n2 )
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[ ] ( [ ], [ ] )
}

}
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k = n
while (k > 0) {while (k > 0) {
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Longest Increasing SubsequenceLongest Increasing Subsequence

� ������%��
A % " � "� A $%�
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� /���&��
� A = <31, -41, 59, 26, -53, 58, 97, -93, -23, 84>
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MatrixMatrix--Chain MultiplicationChain Multiplication

A A A AA1A2A3A4

(A (A (A A ))) #-�
<��"	,�;
"	;���	�$�B(A1(A2(A3A4)))
(A1((A2A3)A4))
(( )( ))

�


"	;���	�$�B�(	-���?�!
( �((A1A2)(A3A4))

(((A1A2)A3)A4)
�#
	$�B�(	-���

�-,	#��'�	�?�(#-�
<�1 2 3 4

((A1(A2A3))A4)
�-,	#��	�?�#-�
�
�'&?�!�#
	�	�$�B��<#�D;

Matrix MultiplicationMatrix Multiplication

C   =    A   � B
[ ] [ ] [ ]

�!�-$�B;!#� *
�*

mult(A[1..p][1..q], B[1..q][1..r]) {

[p � r]       [p � q]     [q � r] �"	�#� pqr $��-

mult(A[1..p][1..q], B[1..q][1..r]) {
create C[1..p][1..r]
for (i = 1; i <= p; i++) {

for (j = 1; j <= r; j++) {for (j = 1; j <= r; j++) {
C[i][j] = 0
for (k = 1; k <= q; k++) {

C[i][j] + A[i][k] * B[k][j]C[i][j] += A[i][k] * B[k][j];
}

}

�
q

}
return C;

}
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	��������,�]#%����� ./���	�#%�����	��������,�]#%����� ./���	�#%�����

� A1 A2 A3
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<���B'�' n ��#

(A1 ... Ak)(Ak+1 ... An)

C(k) C( k)

C(n) = C(k) C(n – k)

C(k) C(n – k)
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� /�����������%!&���0���� A1 A2 ... An

�� A1 ������ p0 x p1

� A2 ������ p1 x p22 1 2
...

� An ������ pn-1 x pn� An ����� pn-1 x pn

� Ai ... Aj ������ pi-1 x pj

� �����&��������%!&���0�*����!�� ����������%!����*�!(�
� ������������'�)��� * ������%!&���0�*����!(�

�� m(i, j) =����� * ����!(��+3����;�'�) Ai ... Aj
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50 + 70 + 10x1x2 = 140   

140

3 0 50 70

4 0 100

100 + 100 + 10x5x2 = 300   

200 + 0 + 10x10x2 = 400   

5 0

��������#
#����,��#����������#
#����,��#��

� �/
2
0 !���
�

�
���

jipppjkmkim
jim jkijki

if),1(),(min
)( 11
/1
2

�
� ��

ji
jim jki

if0
),( 1

for( i = 1; i <= n; i++) M[i][i]=0
for( d = 1; d < n; d++ ) {

for ( i = 1; i <= n-d; i++ ) {

1,1

2 2

1,2

2 3

1,3

2 4

1,4

2 5

1,5

for ( i 1; i < n d; i++ ) {
j = i + d;
for ( k = i; k < j; k++ ) {

M[i][j] =

2,2

3,3

2,3

3,4

2,4

3,5

2,5

M[i][j] = ...
}

}
}

d = 1
i, j

d = 2
i, j

d = 3
i, j

d = 4
i, j

4,4

5 5

4,5

} 1, 2
2, 3
3, 4

1, 3
2, 4
3, 5

1, 4
2, 5

1, 5
5,5

,
4, 5

,
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���
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if),1(),(min
)( 11
/1
2

�
� ��

ji
jim jki

if0
),( 1

A1 A2 A3 A4 A5
10 × 5 × 1 × 5 × 10 × 2

j
i 1 2 3 4 5
1 0 50 100 200 0 + 80 + 10x5x2 1801401 0 50 100 200

2 0 25 100 80

3 0 50 70

0 + 80 + 10x5x2 = 180   

50 + 70 + 10x1x2 = 140   

140

3 0 50 70

4 0 100

100 + 100 + 10x5x2 = 300   

200 + 0 + 10x10x2 = 400   

5 0

��������#
#����,��#����������#
#����,��#��

� �/
2
0 !���
�

�
���

jipppjkmkim
jim jkijki

if),1(),(min
)( 11
/1
2

�
� ��

ji
jim jki

if0
),( 1

for( i = 1; i <= n; i++) M[i][i]=0
for( d = 1; d < n; d++ ) {

for ( i = 1; i <= n-d; i++ ) {

1,1

2 2

1,2

2 3

1,3

2 4

1,4

2 5

1,5

for ( i 1; i < n d; i++ ) {
j = i + d;
for ( k = i; k < j; k++ ) {

M[i][j] =

2,2

3,3

2,3

3,4

2,4

3,5

2,5

M[i][j] = ...
}

}
}

d = 1
i, j

d = 2
i, j

d = 3
i, j

d = 4
i, j

4,4

5 5

4,5

} 1, 2
2, 3
3, 4

1, 3
2, 4
3, 5

1, 4
2, 5

1, 5
5,5

,
4, 5

,
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MCM : BottomMCM : Bottom--upup
� �

/1

/
2
0

�

!���
�

�
���

ji

jipppjkmkim
jim jkijki

if0

if),1(),(min
),( 11

mcm_Value( p[0..n] ) {
M new array[1 n][1 n]

/1 � jiif0

M = new array[1..n][1..n]
for( i = 1; i <= n; i++ ) M[i][i] = 0
for( d = 1; d < n; d++ ) {

for ( i = 1; i <= n-d; i++ ) {
j = i + d;
M[i][j] = �
for ( k = i; k < j; k++ ) {

M[i][j] = min( M[i][j], 
M[i][k] + M[k+1][j] + p[i-1]*p[k]*p[j]);[ ][ ] [ ][j] p[ ] p[ ] p[j]);

}
}

} #( n3 )}
return M;

}

( )

����*���%� ����*���%� k k ��$2��,%������*���$2��,%������*�
j

i 1 2 3 4 5
1 0 50 100 200 140

2 0 25 100 80

1

2

1

2 2

22

3 0 50 70

4 0 100

3

4

4

5 0

(Ai ... Ak)(Ak+1 ... Aj)

� �
/1

/
2
0 !���
�

�
���

ji

jipppjkmkim
jim jkijki

if0

if),1(),(min
),( 11
/1 � jiif0

�	���������
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MCM : BottomMCM : Bottom--upup
� �

/1

/
2
0

�

!���
�

�
���

ji

jipppjkmkim
jim jkijki

if0

if),1(),(min
),( 11

mcm_Value( p[0..n] ) {
M new array[1 n][1 n]

/1 � jiif0

M = new array[1..n][1..n]
for( i = 1; i <= n; i++ ) M[i][i] = 0
for( d = 1; d < n; d++ ) {

for ( i = 1; i <= n-d; i++ ) {
j = i + d;
M[i][j] = �
for ( k = i; k < j; k++ ) {

M[i][j] = min( M[i][j], 
M[i][k] + M[k+1][j] + p[i-1]*p[k]*p[j]);[ ][ ] [ ][j] p[ ] p[ ] p[j]);

}
}

} #( n3 )}
return M;

}

( )

����*���%� ����*���%� k k ��$2��,%������*���$2��,%������*�
j

i 1 2 3 4 5
1 0 50 100 200 140

2 0 25 100 80

1

2

1

2 2

22

3 0 50 70

4 0 100

3

4

4

5 0

(Ai ... Ak)(Ak+1 ... Aj)

� �
/1

/
2
0 !���
�

�
���

ji

jipppjkmkim
jim jkijki

if0

if),1(),(min
),( 11
/1 � jiif0

�	���������
������

���	� ����������������
 230 / 498 � ���	�� ����



���.�%���	1���$,�]��1��*����.�%���	1���$,�]��1��*�
j

i 1 2 3 4 5
1 0 50 100 200 140

2 0 25 100 80

1

2

1

2 2

22

3 0 50 70

4 0 100

3

4

4

5 0

[1,5] � 2 ( A1 A2 )( A3 A4 A5 )
((A )(A ))( A A A )[1 2] � 1 ((A1)(A2))( A3 A4 A5 )[1,2] � 1
((A1)(A2))(( A3 A4 )(A5))[3,5] � 4
((A1)(A2))(((A3)(A4))(A5))[3,4] � 3

����*���%� ����*���%� matrix chainmatrix chain
mcm_Value( p[0..n] ) {

M = new Array[1..n][1..n]
mcm_Order

for( d = 1; d < n; d++ ) {
for ( i = 1; i <= n-d; i++ ) {

K = new Array[1..n][1..n]

j = i + d;
M[i][j] = �
for ( k = i; k < j; k++ ) {for ( k i; k < j; k++ ) {

t = M[i][k] + M[k+1][j] + p[i-1]*p[k]*p[j];
if (t < M[i][j]) {

M[i][j] = t;M[i][j] = t;

}
}

K[i][j] = k;

}
}

}
(Ai ... Ak)(Ak+1 ... Aj)

return M;
}
return K;

�	���������
������

���	� ����������������
 231 / 498 � ���	�� ����



���.�%���	1���$,�]��1��*����.�%���	1���$,�]��1��*�
j

i 1 2 3 4 5
1 0 50 100 200 140

2 0 25 100 80

1

2

1

2 2

22

3 0 50 70

4 0 100

3

4

4

5 0

[1,5] � 2 ( A1 A2 )( A3 A4 A5 )
((A )(A ))( A A A )[1 2] � 1 ((A1)(A2))( A3 A4 A5 )[1,2] � 1
((A1)(A2))(( A3 A4 )(A5))[3,5] � 4
((A1)(A2))(((A3)(A4))(A5))[3,4] � 3

����*���%� ����*���%� matrix chainmatrix chain
mcm_Value( p[0..n] ) {

M = new Array[1..n][1..n]
mcm_Order

for( d = 1; d < n; d++ ) {
for ( i = 1; i <= n-d; i++ ) {

K = new Array[1..n][1..n]

j = i + d;
M[i][j] = �
for ( k = i; k < j; k++ ) {for ( k i; k < j; k++ ) {

t = M[i][k] + M[k+1][j] + p[i-1]*p[k]*p[j];
if (t < M[i][j]) {

M[i][j] = t;M[i][j] = t;

}
}

K[i][j] = k;

}
}

}
(Ai ... Ak)(Ak+1 ... Aj)

return M;
}
return K;
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MCM : MCM : ,�]�	�,�]�	�

mcm_Mult( A[1..n], p[0..n] ) {
K = mcm Order( p ); #( n3 )_ ( p );
return mcm_Mult( A, K, 1, n );

} #( ? )
mcm_Mult( A[1..n], K[1..n][1..n], i, j ) {

if (i == j) return A[i];
X = mcm_Mult( A, K, i, K[i][j] );
Y = mcm_Mult( A, K, K[i][j]+1, j );
return mult(X, Y);

}

(A A )(A A )(Ai ... Ak)(Ak+1 ... Aj)

X           Y�

Binary Search TreeBinary Search Tree

� /������!���� binary search tree �+3����0� 
keywords *������ primitive data types ������keywords *��� primitive data types ������
� boolean, byte, char, double, float, int, long, short

double

l

int

b l

floatboolean short

long

char

byte boolean

short

long

charfloatboolean short

int

char

double

s o tchar

byte

float�!�+,�?,!����	�$!��!���
+;!;'�#(	��� ?

�	���������
������
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mcm_Mult( A[1..n], p[0..n] ) {
K = mcm Order( p ); #( n3 )_ ( p );
return mcm_Mult( A, K, 1, n );

} #( ? )
mcm_Mult( A[1..n], K[1..n][1..n], i, j ) {

if (i == j) return A[i];
X = mcm_Mult( A, K, i, K[i][j] );
Y = mcm_Mult( A, K, K[i][j]+1, j );
return mult(X, Y);

}

(A A )(A A )(Ai ... Ak)(Ak+1 ... Aj)

X           Y�

Binary Search TreeBinary Search Tree

� /������!���� binary search tree �+3����0� 
keywords *������ primitive data types ������keywords *��� primitive data types ������
� boolean, byte, char, double, float, int, long, short

double

l

int

b l

floatboolean short

long

char

byte boolean

short

long

charfloatboolean short

int

char

double

s o tchar

byte

float�!�+,�?,!����	�$!��!���
+;!;'�#(	��� ?
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Binary Search TreeBinary Search Tree

� �/�#� � �� �!���� : 2��+����)�'��2�����'��
� i i i d ��% �%� ������ primitive data types *�%"�%� source 

codes ��� java.util.* (jdk1.6.0_14) +�&�
*� int ��	�¥ 2,274 $��*- 58.76%

� boolean " 661   " 17.08%
� long " 450   " 11.63%
� char " 217   " 5.61%
� byte " 78   " 2.02%
� double " 66   " 1.71%
� float " 64   " 1.65%
� short " 60   " 1.55%

Binary Search TreeBinary Search Tree
int boolean long char byte double float short

58.8% 17.1% 11.6% 5.6% 2.0% 1.7% 1.7% 1.6%

double int

58.8% . % .6% 5.6% .0% . % . % .6%

1�0.017 1�0.588

longbyte boolean long
2�0.02 2�0.116 2�0 1162�0 171

floatboolean shortchar shortchar
3 0 171 3 0 056 3 0 017 3�0 016

2�0.1162�0.171

3 0 056 3 0 016

int doublebyte

3�0.171 3�0.056 3�0.017 3�0.016 3�0.056 3�0.016

�
n

int doublebyte
4�0.588 4�0.0174�0.023.42�

�k
kk dp

1

( �M ? ! " '& k float
5�0.017

1.61pk = $#	��(	����M�?��	�$!�$"	�' k
dk = �"	�#����'&�(	�?��	�$!�$"	�'& k

�	���������
������
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Binary Search TreeBinary Search Tree

� �/�#� � �� �!���� : 2��+����)�'��2�����'��
� i i i d ��% �%� ������ primitive data types *�%"�%� source 

codes ��� java.util.* (jdk1.6.0_14) +�&�
*� int ��	�¥ 2,274 $��*- 58.76%

� boolean " 661   " 17.08%
� long " 450   " 11.63%
� char " 217   " 5.61%
� byte " 78   " 2.02%
� double " 66   " 1.71%
� float " 64   " 1.65%
� short " 60   " 1.55%

Binary Search TreeBinary Search Tree
int boolean long char byte double float short

58.8% 17.1% 11.6% 5.6% 2.0% 1.7% 1.7% 1.6%

double int

58.8% . % .6% 5.6% .0% . % . % .6%

1�0.017 1�0.588

longbyte boolean long
2�0.02 2�0.116 2�0 1162�0 171

floatboolean shortchar shortchar
3 0 171 3 0 056 3 0 017 3�0 016

2�0.1162�0.171

3 0 056 3 0 016

int doublebyte

3�0.171 3�0.056 3�0.017 3�0.016 3�0.056 3�0.016

�
n

int doublebyte
4�0.588 4�0.0174�0.023.42�

�k
kk dp

1

( �M ? ! " '& k float
5�0.017

1.61pk = $#	��(	����M�?��	�$!�$"	�' k
dk = �"	�#����'&�(	�?��	�$!�$"	�'& k
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Optimal Binary Search TreeOptimal Binary Search Tree

� input
" ' &? ? ! ( "� �)���-$"	 �
�$#	�.'?��	�?�!-	���-��(
�$"	

� output
& �

n

� binary search tree �'&�'  �!���D;�
�k

kk dp
1


�-�"	��-
$
!	� @ MCM$
	� @ MCM

�	���������
������
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Optimal Binary Search TreeOptimal Binary Search Tree

� input
" ' &? ? ! ( "� �)���-$"	 �
�$#	�.'?��	�?�!-	���-��(
�$"	

� output
& �

n

� binary search tree �'&�'  �!���D;�
�k

kk dp
1


�-�"	��-
$
!	� @ MCM$
	� @ MCM
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��	���
�����	&����	���
�����	&���	�������	&���	�������	&��

������������

� ��'�� ��1$'���&������������*M�
� �	� ���8)1����	
��
� optimal substructure
� greedy choice

� /���&���	
��*�����'��/��

� �'&;'�D;
� �'&;'�>'�->�

�	���������
������

���	� ����������������
 235 / 498 � ���	�� ����



��	���
�����	&����	���
�����	&���	�������	&���	�������	&��

������������

� ��'�� ��1$'���&������������*M�
� �	� ���8)1����	
��
� optimal substructure
� greedy choice

� /���&���	
��*�����'��/��

� �'&;'�D;
� �'&;'�>'�->�
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2����2���� 2����2���� ??

Greedy Choice

+��	-�'&�.+�(��;+��	-��.+��;

�����
������
�

� �������
���& n ��� : 1, 2, 3, ..., n
& � &� �/&�1�����'&� : v1, v2, v3, ..., vn

� /������*������%�����'�����'&� V
� $��%"������
�������������!(�

� (�'�,�'�W��(
�����"	�#�+�(�"	��;)� (��,��W��
�����	�#�+��	�;)

� /���&�� : !�(������*�
� �'�,�'�W : 1 2 5 10 �	� (��+�(?�!�,�'�W�
-)� ��,��W : 1, 2, 5, 10  �	� (��+�?��,��W�
-)
� �!�-�	�����-����
$(	 38 �	�
� $"	��� : 10 �	� 3 �,�'�W� $	��� : 10 �	� 3 �,��W,

   5 �	� 1 �,�'�W,
2 �	� 1 �,�'�W

Greedy Choice

���;!#��,�'�W�'&�'2 �	� 1 �,��W,
1 �	� 1 �,�'�W

���;#��,��W��
$(	�	��D;�(��

�	���������
������
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2����2���� 2����2���� ??

Greedy Choice

+��	-�'&�.+�(��;+��	-��.+��;

�����
������
�

� �������
���& n ��� : 1, 2, 3, ..., n
& � &� �/&�1�����'&� : v1, v2, v3, ..., vn

� /������*������%�����'�����'&� V
� $��%"������
�������������!(�

� (�'�,�'�W��(
�����"	�#�+�(�"	��;)� (��,��W��
�����	�#�+��	�;)

� /���&�� : !�(������*�
� �'�,�'�W : 1 2 5 10 �	� (��+�(?�!�,�'�W�
-)� ��,��W : 1, 2, 5, 10  �	� (��+�?��,��W�
-)
� �!�-�	�����-����
$(	 38 �	�
� $"	��� : 10 �	� 3 �,�'�W� $	��� : 10 �	� 3 �,��W,

   5 �	� 1 �,�'�W,
2 �	� 1 �,�'�W

Greedy Choice

���;!#��,�'�W�'&�'2 �	� 1 �,��W,
1 �	� 1 �,�'�W

���;#��,��W��
$(	�	��D;�(��
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�����
� �����
� : greedy : greedy ���./�2%2�����./�2%2��

� !��/�&��������
 4 ��*
' ' 1 2 4 5 10� �'�,�'�W : 1, 2, 4, 5, 10 �	�

� �!�-�	�����-����
$(	 38 �	�
! ' '& ' ( (� ���;!#��,�'�W�'�'$(	�	��D;�(��

  10 �	� 3 �,�'�W,
'   5 �	� 1 �,�'�W,

2 �	� 1 �,�'�W,
+�(+;!�"	�#�

�,�'�W�!���D;
1 �	� 1 �,�'�W

� ������?�!�"	�#��,�'�W�!���D;
  10 �	� 3 �,�'�W,
    4 �	� 2 �,�'�W,

��	���
�����	&����	���
�����	&��

� ����1��� optimization problems
('���� dynamic programming)('��� dynamic programming)

� ������������/��!��%���3���+3��!����'��/��
� �� +����)�*����3��*����*��!(� ) �	��(���

(locally optimal choice,  greedy choice)
� �+3��!����'��/����0� ��%�
& ��!����),
� ���&��1���'��/��!���),*����*��!� � /���+�!��,� ����1��'�/��!����)*�*!(�  �  /��+!���

(globally optimal solution)

�	���������
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�����
� �����
� : greedy : greedy ���./�2%2�����./�2%2��

� !��/�&��������
 4 ��*
' ' 1 2 4 5 10� �'�,�'�W : 1, 2, 4, 5, 10 �	�

� �!�-�	�����-����
$(	 38 �	�
! ' '& ' ( (� ���;!#��,�'�W�'�'$(	�	��D;�(��

  10 �	� 3 �,�'�W,
'   5 �	� 1 �,�'�W,

2 �	� 1 �,�'�W,
+�(+;!�"	�#�

�,�'�W�!���D;
1 �	� 1 �,�'�W

� ������?�!�"	�#��,�'�W�!���D;
  10 �	� 3 �,�'�W,
    4 �	� 2 �,�'�W,

��	���
�����	&����	���
�����	&��

� ����1��� optimization problems
('���� dynamic programming)('��� dynamic programming)

� ������������/��!��%���3���+3��!����'��/��
� �� +����)�*����3��*����*��!(� ) �	��(���
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Greedy Activity Selection Greedy Activity Selection 
GreedyActivitySelect( A[1..n] ) {

sort A by finish times
O( l )S = {1}

j = 1;
for( i = 2; i <= n; i++) {

O( n log n )

#( )
( ) {

if ( A[i].s >= A[j].f ) {
S = S * { i }
j = i

#( n )
j i

}
}
return Sreturn S

}

Greedy Choice Greedy Choice 2�� 2�� optimal soln.optimal soln.
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i1Greedy . . .
i2 iki1

j1 j2Optimal . . . jmGreedy Choice
�
%��-	��'&�'

f !f � fi1 j1
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Greedy ChoiceGreedy Choice
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, v = 146v1=66  v2=20  v3=30  v4=60  v5=40

w1=30  w2=10  w3=20  w4=50  w5=40 , w = 30+50+20

�
%����-��	

, v = 156v1=66  v2=20  v3=30  v4=60  v5=40

w1=30  w2=10  w3=20  w4=50  w5=40 , w = 10+20+30+40

�
%����-$D!� (��
$(	�(��*"	,���)

, v = 164v1=66  v2=20  v3=30  v4=60  v5=40

w1=30  w2=10  w3=20  w4=50  w5=40 , w = 30+10+20+40
v/w : 2.2   2.0   1.5   1.2   1.0

Greedy Choice Greedy Choice 2�� 2�� Optimal Soln.Optimal Soln.

v1/w1 � v2/w2 � ... � vn/wn

1
2

1
2

3 4 3 4

.!	�
%����*� 1 +�(��<���*�  (x1 < 1) �
��'�	��
%���%*� k �%&� (xk > 0)

��* k 7 7 i ( 1 )•  
;��� k 
- 7 7 = min( xk , 1 – x1 )
• �>�&���*� 1 �*� 7

+ ! ( * 01 �7��



��
 kvv

•  ��+;!��
$(	�#��	��� 

• �	��
%����*��'&�' v1/w1 ?,!�	��D; �-.���!�-

0
1

�7��
	

��
�

�
kww

1 1

�	���������
������

���	� ����������������
 247 / 498 � ���	�� ����



Greedy ChoiceGreedy Choice

W = 100�
%����-�>-

, v = 146v1=66  v2=20  v3=30  v4=60  v5=40

w1=30  w2=10  w3=20  w4=50  w5=40 , w = 30+50+20

�
%����-��	

, v = 156v1=66  v2=20  v3=30  v4=60  v5=40

w1=30  w2=10  w3=20  w4=50  w5=40 , w = 10+20+30+40

�
%����-$D!� (��
$(	�(��*"	,���)

, v = 164v1=66  v2=20  v3=30  v4=60  v5=40

w1=30  w2=10  w3=20  w4=50  w5=40 , w = 30+10+20+40
v/w : 2.2   2.0   1.5   1.2   1.0

Greedy Choice Greedy Choice 2�� 2�� Optimal Soln.Optimal Soln.

v1/w1 � v2/w2 � ... � vn/wn

1
2

1
2

3 4 3 4

.!	�
%����*� 1 +�(��<���*�  (x1 < 1) �
��'�	��
%���%*� k �%&� (xk > 0)

��* k 7 7 i ( 1 )•  
;��� k 
- 7 7 = min( xk , 1 – x1 )
• �>�&���*� 1 �*� 7

+ ! ( * 01 �7��



��
 kvv

•  ��+;!��
$(	�#��	��� 

• �	��
%����*��'&�' v1/w1 ?,!�	��D; �-.���!�-

0
1

�7��
	

��
�

�
kww

1 1

�	���������
������

���	� ����������������
 247 / 498 � ���	�� ����



Greedy KnapsackGreedy Knapsack
GreedyKnapsack( A[1..n], W ) {

sort A by v/w �	�+��!�� O( n log n )
sumW = 0
for( i = 1; i <= n AND sumW < W; i++ ) {

if ( sumW + A[i].w <= W )( [ ] )
A[i].x = 1

else
A[i].x = (W – sumW)/A[i].w

A[i].x = min(A[i].w, W – sumW)/A[i].w

A[i].x (W sumW)/A[i].w
sumW += A[i].x * A[i].w

}
return A

O( n )
return A

}

, v = 164v1=66  v2=20  v3=30  v4=60  v5=40
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Greedy Greedy ./����./���� 00//1 1 Knapsack Knapsack 2%2��2%2��

, v = 120Fractional v =30 v =50 v =60

W = 25

v/w : 6 0 5 0 4 0

, v = 120Fractional 
Knapsack

v1=30 v2=50 v3=60

w1=5   w2=10  w3=15 , w = 5 +10+10
v/w : 6.0 5.0 4.0

, v = 80v1=30  v2=50  v3=600/1 1 2 3

w1=5   w2=10  w3=15 , w = 15

0/1
Knapsack

, v = 90v1=30  v2=50  v3=60

w1=5   w2=10  w3=15 , w = 201 2 3

, v = 110v1=30  v2=50  v3=60

w1=5   w2=10  w3=15 , w = 25

00//1 1 Knapsack  Knapsack  �� SchedulingScheduling

� Scheduling
&

ti
� ��; n -	��'?�!�#
	 t1, t2, ..., tn

� ?,!���,!�- m ,!�-

i
2

3m = 2
� �!�-�	��#
	�
����--	��!	��D; �!���D; 4

5
2 4 5 3 6 7

3 � �	 0/1 k k

6

7

13

2 4 5 3 6 7

13 14

� ���3������	
�� 0/1 knapsack
� �'&�'��- n ��*�

13

14

� �'�*"	,��� t1, t2, ..., tn
� �'��
$(	��(	���,�;

W = 54 / 2

= 27�
� .D-��¢����*"	,���+�(���� (t1 + t2 + ...+ tn) / 2 {2, 3, 4, 5, 6, 7}
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� ������/0� :  two's complement
23 � 0000000000010111� 23 � 0000000000010111

� -23 � 1111111111101001

�� ���'�� : ���! Unicode
� A � 0000000001000001
�   � � 0000111000000001
� � 0101010000110011

� ���!'����'�*��
� ���!'����������� ��!'���������

� �!���
$#	�.'&��-  ?�!�,����*�
� �!��
$#	�.'&�&"	 ?�!�,���	#� ����
$#	�.�	 ?��,��	#

���� ���� HuffmanHuffman

-�-�-��-�������M�-�-�-��-��
-�-�-��-�������M�-�-�-��-��-�-�-�-������-�-�-�-�

�����M���������������M�������¦���¦�
� �    �   M � � � � �  0 � 1  �
24 16 15 11 8 4 4 4 4 4 2 2 2
0000 0001 0010 1010 0011 0100 0101 0110 0111 1000 1001 1011 1100

11 010 000 001 0110 01110 01111 1000 1001 10100 10101 10110 10111

4 � (24 + 16 + 15 + 11 + 8 + 4 + 4 + 4 + 4 + 4 + 2 + 2 + 2)  =  400 ���

2 � 24 + 
3 � (16 + 15 + 11) +
4 � (8 + 4 + 4) + 
5 � (4 + 4 + 4 + 2 + 2 + 2)

=  328 ���variable-length code

prefix-free code 5 (4  4  4  2  2  2) p

+�(�'�,��?;��M��(#��"	,�!	��-�,���%&�
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��������� ��������� HuffmanHuffman

100
0 1

4258

0 1

1832

0 1 0 1

1016

0 0 11

468826

0 0 11

�:24-:16  �:15   :11 �:8 �:4 �:4 �:4 �:4  <:4 �:2 �:2  §:2

0 0 0 0 0 11111

000 001 010 0110 01110 01111 1000 1001 10100 1010110110 10111 11

Huffman TreeHuffman Tree
HuffmanTree( C[1..n] )

minHeap = new min heap O( n log n )
for (i = 1; i <= n; i++) {

minHeap.add( new Node(C[i].code, C[i].freq) )
}

( g )

}
for ( i = 1; i < n; i++ ) {

node = new Node( )
node.left = minHeap.removeMin()node.left minHeap.removeMin()
node.right = minHeap.removeMin()
node.freq = node.left.freq + node.right.freq
minHeap add( node )minHeap.add( node )

}
return minHeap.removeMin()

}

O( n log n )
}
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BreadthBreadth--First SearchFirst Search

A1 bfs(G=(V,E), s) {
for each v ( V

B FC2 3 4

for each v ( V
color[v] � WHITE;

Q � an empty queue;
Q ( )

A

D E G 75 6
Q.enqueue(s);
color[s] � GRAY
while ( Q � ; ) {

�

A

I K8 9
u � Q.dequeue();
color[u] � BLACK;
for each v ( adj(u)

A

if (color[v]==WHITE){
Q.enqueue(v);
color[v] � GRAY[ ]

}
}

}
#( |V|+ |E| )

}
.!	?�! adjacency list

BFS Tree : Path FindingBFS Tree : Path Finding
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4
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1

2

3 4

4

5

5 6

0

1
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3 4

5

5

6

2 3 4
5

d[u] $%��"	�#���!���%&���	��D;���&��!�.- u
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BFS : Path FindingBFS : Path Finding

bfs(G=(V,E), s, t) {
for each v ( Vfor each v ( V
color[v] � WHITE;

Q � an empty queue;
Q enqueue(s);

d[v] � �; p[v] � null;

Q.enqueue(s);
color[s] � GRAY
while ( Q � ; ) {

�

d[s] � 0;

u � Q.dequeue();
color[v] � BLACK;
for each v ( adj(u)

if ( color[v] == WHITE ){
color[v] � GRAY
Q.enqueue(v);
d[v] � d[u] + 1; p[v] � u;

d[v] == �

Q q ( )
}

}
}}

BFS : Shortest PathBFS : Shortest Path
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BFS : Shortest PathBFS : Shortest Path

*

./� ./� BFS BFS �� �� Shortest PathShortest Path
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Word LadderWord Ladder

��� � �V� � �
� � �
- � ,
-
�!�-�	��	���
'&���'&��*��; : ?�! BFS


�-©��

��-�	��	���
������D; : ?� BFS

�V-


-©�

�����

�-

�
�
,��

���
�V�

�	�,	�

��

�
-�	�
,	- ,
-,	- ,
-

DepthDepth--First SearchFirst Search

A1
dfs(G=(V,E), s) {
color[] � WHITE

�
A

B FC2 6 7

S � an empty stack 
color[s]�GRAY
S.push(s);

A

D E G 83 5
while ( S � ; ) {

u � S.top()
choose v ( adj(u) AND

I K4 9

j( )
color[v] is WHITE

if ( v does not exist ) {
u � S pop()u � S.pop()
color[u]�BLACK

} else {
color[v]�GRAY

A

color[v]�GRAY               
S.push(v)

}
}}

}
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DepthDepth--First SearchFirst Search

dfs(G=(V,E), u) {
color[u] � GRAYcolor[u] � GRAY
for each v ( adj(u)

if (color[v] == WHITE) 
dfs(G, v)

color[u] � BLACK
}

a dfs(G, a)

b dc
dfs(G, b) dfs(G, c) dfs(G, d)

DepthDepth--First SearchFirst Search

dfs(G=(V,E), u) {
color[u] � GRAYcolor[u] � GRAY
for each v ( adj(u)

if (color[v] == WHITE) 
dfs(G, v)

color[u] � BLACK
}

a dfs(G, a)

b dcdfs(G, b) dfs(G,c)
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DepthDepth--First SearchFirst Search
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DepthDepth--First SearchFirst Search

dfs(G=(V,E), u) {
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DFS(G, u) : DFS(G, u) : 2%�����[�#���0%���*��2%�����[�#���0%���*��

dfs(G=(V,E), u) {
color[u] � GRAYcolor[u] � GRAY
for each v ( adj(u)

if (color[v] == WHITE) 
dfs(G, v)

color[u] � BLACK
}

A Fdfs( G, A )

B GC

D E K

I

DFS( G ) : DFS( G ) : 0%���*��0%���*��
dfs(G=(V,E), u) {
color[u] � GRAY

dfs( G=(V,E) ) {
for each v ( V

for each v ( adj(u)
if (color[v] == WHITE) 

dfs(G, v)

color[v] � WHITE  
for each v ( V

if (color[v] == WHITE)         ( , )
color[u] � BLACK

}

( [ ] )
dfs(G, v)

}

A Fdfs( G )

B GC

D E K

I
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dfs(G=(V,E), u) {
color[u] � GRAYcolor[u] � GRAY
for each v ( adj(u)

if (color[v] == WHITE) 
dfs(G, v)

color[u] � BLACK
}

A Fdfs( G, A )

B GC

D E K

I

DFS( G ) : DFS( G ) : 0%���*��0%���*��
dfs(G=(V,E), u) {
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dfs( G=(V,E) ) {
for each v ( V

for each v ( adj(u)
if (color[v] == WHITE) 

dfs(G, v)

color[v] � WHITE  
for each v ( V

if (color[v] == WHITE)         ( , )
color[u] � BLACK

}

( [ ] )
dfs(G, v)

}

A Fdfs( G )

B GC

D E K

I
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DFS  TreesDFS  Trees
dfs(G=(V,E), u)
color[u] � GRAY;  

dfs( G=(V,E) )
for each v ( V

for each v ( adj(u)
if (color[v] == WHITE) 

color[v] � WHITE 

for each v ( V
p[v] � null

p[v] � u
dfs(G, v)

color[u] � BLACK
}

if (color[v] == WHITE)         
dfs(G, v)

}

p

}}

A F

+;! DFS tree ��-�!�B GC

D E K

I

Topological SortTopological Sort

A F

,	 topological sort 
+;!��>	����

Directed Acyclic
B GC

y
Graph (DAG) D E

I

K


"	;����-���'&+�(�'��!���%&���'*�	���,
�-�	��-���(��,�!	

I

F G K A C B D I EF G K A C B D I E

�	���������
������

���	� ����������������
 273 / 498 � ���	�� ����



DFS  TreesDFS  Trees
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for each v ( V
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for each v ( V
p[v] � null
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DAG : Directed  Acyclic  GraphDAG : Directed  Acyclic  Graph

����	 $%����'&��-�#�����	 $�����-�#�
�(	�
��,
	�+�($��

;�-��*�.!	>�����	 
&��;-#(	 >����'&��M�

���>��D�D�

' l + (?�( DAG�' cycle +�(?�( DAG

isDAGisDAG : DFS: DFS
dfs( G=(V,E) ) {
for each v ( V)

�

isDAG( G=(V,E) ) {

color[v] � WHITE 
for each v ( V)

if (color[v] == WHITE)         
dfs(G, v)

}

if ( !isDAG(G, v) ) return false
return true

}
dfs(G=(V,E), u) {
color[u] � GRAY 
for each v ( adj(u)

isDAG( G=(V,E), u ) {

for each v ( adj(u)

if (color[v] == WHITE)
dfs( G v )

if (color[v] == GRAY) return false

if ( !isDAG(G v) ) return falsedfs( G, v )
color[u] � BLACK

}

if ( !isDAG(G, v) ) return false

return true
}
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�
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ApplicationsApplications

Spreadsheet
" � " ? C ( %& ! ' � '& �
"	;���	�$"	�#B����?��)

C�(	- @ ��%��!���
�'�	���
'����
-

21 =A1*2A1 B1

49

15

=A2*2

=A3*2

=B1*2

=B2*2

=B2 + C2

=B3 + C3

A2

A3

B2

B3

C2

C3

D2

D3

=SUM(B1:B3) =SUM(C2:C3) =B4 + C4 D4B4 C4

DFS : DFS : ��	�������	�����--��	������	����
dfs(G=(V,E), u) {
color[u] � GRAY

dfs( G=(V,E) ) {
for each v ( V

for each v ( adj(u)
if (color[v] == WHITE) 

color[v] � WHITE 

for each v ( V
time � 0

d[u] � ++time;

( [ ] )
dfs(G, v)

color[u] � BLACK
if (color[v] == WHITE)         

dfs(G, v)
} f[u] � ++time;

}

A F
1

13

} f[u] � ++time;
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for each v ( adj(u)
if (color[v] == WHITE) 

color[v] � WHITE 

for each v ( V
time � 0

d[u] � ++time;

( [ ] )
dfs(G, v)

color[u] � BLACK
if (color[v] == WHITE)         
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Topological SortTopological Sort  : DFS: DFS

A F
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13
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18 17 16 11 9 8 7 612

�"	 DFS

"	;�����	�)!	�+��#	
	;����	�)	�+��#	
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Topological Sort : DFSTopological Sort : DFS

A F
1

13
/12

/18
• topological sort $%�
"	;����-��
  ��'�-�	� f �	��	�+��!��

B GC
2

10 14
/9

/11 /17 • ?�! stack �"	 ���'&+�,	
�� @ ���<��
!#

• ��%&� finish  �< push 
- stack
D E

I

K

4

153
5/6

/7

/8 /16
p

• DFS ���<� : topological sort $%�
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color[u] � GRAY
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for each v ( V(G)

I4/7
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Undirected Graph : ConnectivityUndirected Graph : Connectivity

��	O�(�.-����' 
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2 components

DFS ( G )DFS ( G ) 

�"	�#� components ��(	����"	�#� DFS trees
� ? ( DFS t < % � ? t ' ���?���(
� DFS tree �<$%���?� component �;'�#���

Directed Graph : ConnectivityDirected Graph : Connectivity

digraph �'&��
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Directed Graph : ConnectivityDirected Graph : Connectivity
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Graph Graph AlgorithmsAlgorithms

� Minimum Spanning Trees
K k l' l ith� Kruskal's algorithm

� Prim's algorithm

� Single-Source Shortest Paths
� Dijkstra's algorithm
� Bellman-Ford 's algorithm

� All-Pair Shortest Paths
� Floyd-Warshall's algorithm
� Johnson's algorithmg
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Minimum Spanning TreesMinimum Spanning Trees

� Input
O G (V E)� ��	O G = (V,E)
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Prim's AlgorithmPrim's Algorithm

Prim's Algorithm : MinPrim's Algorithm : Min--HeapHeap
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#����%��#����%�� : Prim: Prim

2

5

32

4
22

3
71

22

3 1

Prim's AlgorithmPrim's Algorithm
Prim( G=(V,E) ) {

for each vertex v in V {
d[v] = �;  p[v] = null [ ] ; p[ ]
inMST[v] = false

}
select an arbitrary vertex v and let's d[v] = 0select an arbitrary vertex v and let s d[v] 0
H = a min heap of all vertices ordered by d[]
while( H � ; ) {

u = H removeMin()u = H.removeMin()
inMST[u] = true
for each v ( adj(u) {

if( !i MST[ ] AND ( ) d[ ] ) {

?�! binary heap

if( !inMST[v] AND w(u,v) < d[v] ) {
d[v] = w(u,v);  H.decreaseKey(v)
p[v] = u

}
}

}
dense graph � e = #(v2)

return p;
}

O(e log v) O(v2 log v)
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Prim( G=(V,E) ) {

for each vertex v in V {
d[v] = �;  p[v] = null 

G[1..n][1..n] ) {
for ( v = 1; v <= n; v++ ) {

[ ] ; p[ ]
inMST[v] = false

}
select an arbitrary vertex v and let's d[v] = 0select an arbitrary vertex v and let s d[v] 0
H = a min heap of all vertices ordered by d[]
while( H � ; ) {

u = H removeMin()
for ( i = 1; i <= n; i++) { 
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for each v ( adj(u) {
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G[ ][ ]

#(n); d[u] = �
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d[v] = w(u,v);  H.decreaseKey(v)
p[v] = u

G[u][v]
G[u][v];

}
}

}
?�! adjacency matrix

return p;
}

#(v2)#(n2)

Kruskal'sKruskal's AlgorithmAlgorithm
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Kruskal is "greedy" �
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G[u][v]
G[u][v];

}
}

}
?�! adjacency matrix

return p;
}
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Disjoint Sets : Disjoint Sets : findSetfindSet
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11  2 2   2   7   6 7 6   6   10  2P

findSet( e ) {
if ( P[e] == e )

t

findSet( e ) {
while( P[e] � e ) {

P[ ] return e
else

return findSet(P[e])

e = P[e]
}
return e

}}
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1 2 3 4 5 6 7 8 9 10 111   2   3   4   5   6   7   8   9   10  11

11  2 2   2   7   6 7 6   6   10  2P
2               1   1           0H

unionSet( s, t ) {
if ( H[s] > H[t] ) {

P[t] = s;
} else { O(1)} else {

P[s] = t;
if (H[s] == H[t]) H[t]++;

}

( )

�!���'*���M�
���-}
}
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unionSetunionSet .��#��2�����*� N.��#��2�����*� N

1 = C(4, 0)

4

6

= C(4, 1)

= C(4, 2)

4

1

= C(4, 3)

= C(4, 4)1

unionSet ���!��
 n ��#��(?�,�&-�)� n
16   = 24

( , )

unionSet ������
 n �#���?�,�-�)�

��+;!�!�+�!��-�D; ��- log2 n
n

n

k
knC 2),(

0
��

�

��D� :unionSet � O(1)

f d (l )findSet � O(log n)

Kruskal's AlgorithmKruskal's Algorithm
Krusal( G=(V,E) ) {

D = a new group of disjoint sets
for each v in V

D.createNewSet(v)
H = a min heap of all edges ordered by weightsp g y g
T = an empty list
while ( T.size() < |V|-1 ) {

(u,v) = H removeMin()(u,v)  H.removeMin()
if ( D.findSet(u) � D.findSet(v) ) {

T.add( (u,v) )
D unionSet( D findSet(u) D findSet(v) )D.unionSet( D.findSet(u), D.findSet(v) )

}
}

t T

O(e log e)
return T

} 

O(e log v)

simple graphs : e = O(v2)

O(e log v)
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DijkstraDijkstra Algorithm : Algorithm : #����%��#����%��

3 2
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10 1210
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4

6 3
00

s

��	���
����� ��	���
����� DijkstraDijkstra
Dijkstra( G=(V,E), s) {
for each v ( V { O(e log v)

d[v] = �; p[v] = null;
}
d[s] = 0[ ]
H = a min heap of all vertices ordered by d[] 
while (H � ;) {

u = H removeMin()u  H.removeMin()
for each v ( Adj(u) {

if ( d[u]+w(u,v) < d[v] ) {
d[v] = d[u] + w(u v); H decreaseKey(v)

G�� ���� (u,v) �'�
d[v] = d[u] + w(u,v); H.decreaseKey(v)
p[v] = u        

}
}

relax (u,v)
}

}
return d

6�:�%8�G;��#�������H�8��'7������
�������7��6�:�%����G�����:�������'7������

}
�������6��%���G;����������������
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DijkstraDijkstra ,	��� ,	��� PrimPrim
Prim( G=(V,E) ) {

for each v in V {
d[v] = �;  p[v] = null 

Dijkstra( G=(V,E), s ) {

[ ] ; p[ ]
inMST[v] = false

}
select an arbitrary vertex v and let's d[v] = 0select an arbitrary vertex v and let s d[v] 0
H = a min heap of all vertices ordered by d[]
while( H � ; ) {

u = H removeMin()u = H.removeMin()
inMST[u] = true
for each v ( adj(u) {

if( !i MST[ ] AND ( ) d[ ] ) {
d[u]+

if( !inMST[v] AND w(u,v) < d[v] ) {
d[v] = w(u,v);  H.decreaseKey(v)
p[v] = u d[u]+

}
}

}
return p;

}

���� ���� negativenegative--weight edgesweight edges

s

10 9

19 6 96

+2

–17 –2
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H = a min heap of all vertices ordered by d[]
while( H � ; ) {

u = H removeMin()u = H.removeMin()
inMST[u] = true
for each v ( adj(u) {

if( !i MST[ ] AND ( ) d[ ] ) {
d[u]+

if( !inMST[v] AND w(u,v) < d[v] ) {
d[v] = w(u,v);  H.decreaseKey(v)
p[v] = u d[u]+

}
}

}
return p;

}

���� ���� negativenegative--weight edgesweight edges

s
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19 6 96

+2

–17 –2
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Dijkstra's algorithm 
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	��,
���	��,
���
Dijkstra( G=(V,E), s) {
for each v ( V {

d[v] = �; p[v] = null;

ModifiedDijkstra( G=(V,E), s ) {

��
�������'*��-�����!���%&��[ ] ; p[ ] ;
}
d[s] = 0
H = a min heap of all vertices ordered by d[]H = an empty min heap;

$#	��	#
�+;!,�%�+�( ?

H  a min heap of all vertices ordered by d[]

while (H � ;) {
u = H removeMin()

H = an empty min heap; 
H.add(s)

u = H.removeMin()
for each v ( Adj(u) {

if ( d[u]+w(u,v) < d[v] ) {
d[ ] d[ ] ( ) H d K ( )

�'�!���'���+� ?

d[v] = d[u] + w(u,v); H.decreaseKey(v)
p[v] = u  
H.add(v)

& &}
}

}

( )
�>�&����
	���!���%&��
�'&�$��- ?,!��� heap

return d
}

ModifiedDijkstraModifiedDijkstra
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���
Dijkstra( G=(V,E), s) {
for each v ( V {

d[v] = �; p[v] = null;

ModifiedDijkstra( G=(V,E), s ) {

��
�������'*��-�����!���%&��[ ] ; p[ ] ;
}
d[s] = 0
H = a min heap of all vertices ordered by d[]H = an empty min heap;

$#	��	#
�+;!,�%�+�( ?

H  a min heap of all vertices ordered by d[]

while (H � ;) {
u = H removeMin()

H = an empty min heap; 
H.add(s)

u = H.removeMin()
for each v ( Adj(u) {

if ( d[u]+w(u,v) < d[v] ) {
d[ ] d[ ] ( ) H d K ( )

�'�!���'���+� ?

d[v] = d[u] + w(u,v); H.decreaseKey(v)
p[v] = u  
H.add(v)

& &}
}

}

( )
�>�&����
	���!���%&��
�'&�$��- ?,!��� heap

return d
}

ModifiedDijkstraModifiedDijkstra
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NegativeNegative--Weight Weight CyclesCycles

s 2 2 4

1– 2 � = 2 + 1 – 2 = 1

s 2 2 4
negative-weight 

cycle

1– 4 � = 2 + 1 – 4 = –1

,	#�.'��*��D;+�(+;! D
�>�	������*�
-��%&�� @ ��%&�,�D�?�#-

��	���
����� ��	���
����� BellmanBellman--FordFord

� %"������� negative-weight edge
� �1����%��*��� 2���� negative weight cycle� �1���%�*��� 2�� negative-weight cycle
� %"� dynamic programming

#� �2�!�#�!(���� s �� t
� �!�-+�(�(	���)*"	
� �'��!���%&��?�#�.'��(	-�	� |V| – 1 ��!� 

� %�� d(i, v) �*�'��������2�!�#�!���� s �� v� %� d(i, v) �*�'�������2!�!(���� s �� v
*�����!���"3�����&����� i �!��

d(i 1 )
s ?�!��(	-�	� i – 1 ��!�

d(i, v) = min 
d(i – 1, v)

min   { d(i – 1, u) + w(u, v) }
dj( )

u v

{ ( , ) ( , ) }
u(Adj(v)

d(?, s ) = 0, d(0, v) = � �!�-�	� d( |V|– 1, v )
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NegativeNegative--Weight Weight CyclesCycles

s 2 2 4

1– 2 � = 2 + 1 – 2 = 1

s 2 2 4
negative-weight 

cycle

1– 4 � = 2 + 1 – 4 = –1

,	#�.'��*��D;+�(+;! D
�>�	������*�
-��%&�� @ ��%&�,�D�?�#-

��	���
����� ��	���
����� BellmanBellman--FordFord

� %"������� negative-weight edge
� �1����%��*��� 2���� negative weight cycle� �1���%�*��� 2�� negative-weight cycle
� %"� dynamic programming

#� �2�!�#�!(���� s �� t
� �!�-+�(�(	���)*"	
� �'��!���%&��?�#�.'��(	-�	� |V| – 1 ��!� 

� %�� d(i, v) �*�'��������2�!�#�!���� s �� v� %� d(i, v) �*�'�������2!�!(���� s �� v
*�����!���"3�����&����� i �!��

d(i 1 )
s ?�!��(	-�	� i – 1 ��!�

d(i, v) = min 
d(i – 1, v)

min   { d(i – 1, u) + w(u, v) }
dj( )

u v

{ ( , ) ( , ) }
u(Adj(v)

d(?, s ) = 0, d(0, v) = � �!�-�	� d( |V|– 1, v )
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��	���
����� ��	���
����� BellmanBellman--FordFord

di(v)   = min 
di – 1(v)

min { d (u) + w(u v) }
BellmanFord(G=(V,E), s) {
f h V {

min   { di – 1(u) + w(u, v) }
u(Adj(v)

for each v ( V {
d[v] = �; p[v] = null;

}
#(|V|)d[s] = 0

for (i=1; i<|V|; i++) {
for each v ( V for each edge (u v) in E

#(|V|)

#(|E|)

for each u ( Adj(v) 
if ( d[u]+w(u,v) < d[v] ) {

d[v] = d[u] + w(u,v)

for each edge (u,v) in E

d[ ] d[u] (u, )
p[v] = u;

}
} #(ve)}
return d

}

#(ve)

BellmanBellman--Ford : Ford : #����%��#����%��

d

–8 2

11

0 5

33 a

ce

8

–3

–1

–3 a

b4

6 3
0

bf

0 s

b d fs, a, b, c, d, e, f
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����� ��	���
����� BellmanBellman--FordFord

di(v)   = min 
di – 1(v)

min { d (u) + w(u v) }
BellmanFord(G=(V,E), s) {
f h V {

min   { di – 1(u) + w(u, v) }
u(Adj(v)

for each v ( V {
d[v] = �; p[v] = null;

}
#(|V|)d[s] = 0

for (i=1; i<|V|; i++) {
for each v ( V for each edge (u v) in E

#(|V|)

#(|E|)

for each u ( Adj(v) 
if ( d[u]+w(u,v) < d[v] ) {

d[v] = d[u] + w(u,v)

for each edge (u,v) in E

d[ ] d[u] (u, )
p[v] = u;

}
} #(ve)}
return d

}

#(ve)

BellmanBellman--Ford : Ford : #����%��#����%��

d

–8 2

11

0 5

33 a

ce

8
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� � negativenegative--weight cycleweight cycle  ??

� relax �!��/M�*(��!����������� |V|-1 ��� 
� /��!���!���"3���*��!��������

BellmanFord( G=(V E) s ) {

� /��!���!��"��*(��!������
� 2��������!��/M� � �� negative-weight cycle

BellmanFord( G=(V,E), s ) {
for each v ( V {

d[v] = �; p[v] = null;
}}
d[s] = 0
for (i=1; i<|V|; i++)
for each edge (u,v) ( E

if ( d[u]+w(u,v) < d[v] ) {
d[v] = d[u] + w(u,v); p[v] = u;

}
for each edge (u,v) ( E

if ( d[u]+w(u,v) < d[v] ) return null( [ ] ( , ) [ ] )
return d;

}

�
����"��*�����*�,�%�.������
����"��*�����*�,�%�.�����

���_ G (V, E) �!���"3������#������ ��*�R*��
! % & �M + !4 2 ��!���%���	#��M�
�+;!

��(�!�-+�(�'#-�'&$#	��	#�#���M�
�

4 2

2
4

7
1 3

-4-2
1 shortest path tree *����G�����

������8� 2 G'�8���7� I 

1  2  3  4P
2

1  2  3  4D   1  2  3  4W

� I

1  - 3  4  1

2 2 - 4 1

1  0  2  6  2

2 -2 0 4 0

D
1  0  - 7  2

2 -2 0 - 1

W
2  2  4  1  

3  2  3  - 1

4 2 3 4

2 2  0  4  0 

3 -6 -4  0 -4

4 2 0 4 0

2 2  0  1 

3  - -4  0  2

4 4 0 4  2  3  4  -4 -2  0  4  04  - - 4  0
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� � negativenegative--weight cycleweight cycle  ??

� relax �!��/M�*(��!����������� |V|-1 ��� 
� /��!���!���"3���*��!��������

BellmanFord( G=(V E) s ) {

� /��!���!��"��*(��!������
� 2��������!��/M� � �� negative-weight cycle

BellmanFord( G=(V,E), s ) {
for each v ( V {

d[v] = �; p[v] = null;
}}
d[s] = 0
for (i=1; i<|V|; i++)
for each edge (u,v) ( E

if ( d[u]+w(u,v) < d[v] ) {
d[v] = d[u] + w(u,v); p[v] = u;

}
for each edge (u,v) ( E

if ( d[u]+w(u,v) < d[v] ) return null( [ ] ( , ) [ ] )
return d;

}

�
����"��*�����*�,�%�.������
����"��*�����*�,�%�.�����

���_ G (V, E) �!���"3������#������ ��*�R*��
! % & �M + !4 2 ��!���%���	#��M�
�+;!

��(�!�-+�(�'#-�'&$#	��	#�#���M�
�

4 2

2
4

7
1 3

-4-2
1 shortest path tree *����G�����

������8� 2 G'�8���7� I 

1  2  3  4P
2

1  2  3  4D   1  2  3  4W

� I

1  - 3  4  1

2 2 - 4 1

1  0  2  6  2

2 -2 0 4 0

D
1  0  - 7  2

2 -2 0 - 1

W
2  2  4  1  

3  2  3  - 1

4 2 3 4
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3 -6 -4  0 -4

4 2 0 4 0
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������
����"��*�����*�,�%�������
����"��*�����*�,�%�

� �� single-source shortest paths ���*(���
' Dijk t �* ( ! %& ! �M )� ��'�� Dijkstra v $��- ($#	��	#��!���%��,!	���M�
�)
�binary heap + adj. list : O(v . e log v )

li dj i O( 2) O( 3)�linear array + adj. matrix : O(v . v 2) =  O(v 3)
� ��'�� Bellman-Ford  v $��*- (��!���%&���	#��M�
�+;!)

2 & �M�O(v 2e ) )-��M�  O(v 4) �"	,��� dense graph

� %"����������+��/
�  ��-+���-�	 :  #(v 4)
� repeated squaring :  #(v 3 log v )
� Floyd-Warshall :  #(v 3)

�
��,���������
����"��*��
��,���������
����"��*�

� Single-source
? ! d (j) � '��* � +� j� ?, dm (j) ���$#	��	#��-#.���D;�	� s +� j
�'&�'��!���%&����(	-�	� m ��!�

All i� All-pair
� ?,! dm (i, j) ���$#	��	#��-#�.'��*��D;�	� i +� j

'& ' %&�'�'��!���%����(	-�	� m ��!�
� ����
'&����M� dm (i, j) ��M� di, j (m)

�	���������
������
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� �� single-source shortest paths ���*(���
' Dijk t �* ( ! %& ! �M )� ��'�� Dijkstra v $��- ($#	��	#��!���%��,!	���M�
�)
�binary heap + adj. list : O(v . e log v )

li dj i O( 2) O( 3)�linear array + adj. matrix : O(v . v 2) =  O(v 3)
� ��'�� Bellman-Ford  v $��*- (��!���%&���	#��M�
�+;!)

2 & �M�O(v 2e ) )-��M�  O(v 4) �"	,��� dense graph

� %"����������+��/
�  ��-+���-�	 :  #(v 4)
� repeated squaring :  #(v 3 log v )
� Floyd-Warshall :  #(v 3)

�
��,���������
����"��*��
��,���������
����"��*�

� Single-source
? ! d (j) � '��* � +� j� ?, dm (j) ���$#	��	#��-#.���D;�	� s +� j
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All i� All-pair
� ?,! dm (i, j) ���$#	��	#��-#�.'��*��D;�	� i +� j
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,��#��.�!%2�����,��#���%��,��#��.�!%2�����,��#���%��

� %�� di,j(m) �*�'��������2�!�#�!(���� i �� j
*��%"��!���"3�����&���� m �!��*%"�!��"������� m �!�

1

3

2 w1,j

i j. . .

v

di,j(m)  =  min { di,k(m–1) + wk,j }
1 � k � v

di,i(0)  =  0,  di,j(0)  =  �, di,j(1)  = wi,j , wi,i = 0

���,����],���������
����"��*����,����],���������
����"��*�

� �2�!�#�!(��&����&;&����-#��
� G � � � � �# � &% � % � �� 2�� G �� v ��, �2�!��!(������'�&%� 4 /���%"��!��

�"3�����&���� v – 1 �!��
4 2 $#	��	#��-#�.'��*��;

1

4 2

2
4

7

$#	��	#��-#.���D;
�	� i +� j �'&?�!��!�
��%&��+�(���� m ��!�1

2

3
-4-2

1
����+���� m ���

� %�� D(m) '3���/���-,*����0� dij(m)
� D(1) = W (W $%� adjacency matrix ��- G)

2

� D(1) = W  (W $� adjacency matrix ��- G)

� �����*�� D(1) '���)�� D(2), D(3), ..., D(v – 1)
di,j(m)  =  min { di,k(m–1) + wk,j }di,j(m)  =  min { di,k(m–1) + wk,j }

1 � k � v1 � k � v
di,j(m)  =  min { di,k(m–1) + wk,j }

1 � k � v
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������
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,��#��.�!%2�����,��#���%��,��#��.�!%2�����,��#���%��

� %�� di,j(m) �*�'��������2�!�#�!(���� i �� j
*��%"��!���"3�����&���� m �!��*%"�!��"������� m �!�

1

3

2 w1,j

i j. . .

v

di,j(m)  =  min { di,k(m–1) + wk,j }
1 � k � v

di,i(0)  =  0,  di,j(0)  =  �, di,j(1)  = wi,j , wi,i = 0

���,����],���������
����"��*����,����],���������
����"��*�

� �2�!�#�!(��&����&;&����-#��
� G � � � � �# � &% � % � �� 2�� G �� v ��, �2�!��!(������'�&%� 4 /���%"��!��

�"3�����&���� v – 1 �!��
4 2 $#	��	#��-#�.'��*��;

1

4 2

2
4

7

$#	��	#��-#.���D;
�	� i +� j �'&?�!��!�
��%&��+�(���� m ��!�1

2

3
-4-2

1
����+���� m ���

� %�� D(m) '3���/���-,*����0� dij(m)
� D(1) = W (W $%� adjacency matrix ��- G)

2

� D(1) = W  (W $� adjacency matrix ��- G)

� �����*�� D(1) '���)�� D(2), D(3), ..., D(v – 1)
di,j(m)  =  min { di,k(m–1) + wk,j }di,j(m)  =  min { di,k(m–1) + wk,j }

1 � k � v1 � k � v
di,j(m)  =  min { di,k(m–1) + wk,j }

1 � k � v
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���/�����/��
APSP_Slow( W[1..v][1..v] ) {

D[1] = W #(v4)
for(m = 2; m < v; m++)

D[m] = ExtendShortestPath( D[m-1], W );
return D[v-1];

D(2) D(3) D( 1)

ExtendShortestPath( d[1..v][1..v], W[1..v][1..v] ) {

} ,	 D(2), D(3), ..., D(v – 1)

ExtendShortestPath( d[1..v][1..v], W[1..v][1..v] ) {
for (i = 1; i <= v; i++) {

for (j = 1; j <= v; j++) {
dm[i][j] = �;dm[i][j] = �;
for (k = 1 to v) {

dm[i][j] = min( dm[i][j], d[i][k] + W[k][j]);
}}

}
} di j(m) = min { di k(m–1) + wk j }di j(m) = min { di k(m–1) + wk j }di j(m) = min { di k(m–1) + wk j }
return dm;

}

di,j(m)    min { di,k(m 1) wk,j }di,j(m)    min { di,k(m 1) wk,j }
1 � k � v1 � k � v

di,j(m)    min { di,k(m 1) wk,j }
1 � k � v

������*�.����1���"�������*�.����1���"�
� ���"�� : D(m) ����� D(m-1) ��� D(1)

?�!+ ( � 1 �!

i j
k

?�+���� m – 1 ���

D(m – 1) D(1)
� �����0 : D(m) ����� D(m/2) ��� D(m/2)

D(m 1) D(1)

i j
k

?�!+�(���� m/2 ��!�

D(m/2) D(m/2)

?�!+�(���� m/2 ��!�

� ����� D(1) �� D(2), D(4), D(8), ... (��0�&�)

j
kD(m/2) D(m/2)

� ���_��&�����, D(v-1)=D(v)=D(v+1)=...
� /������ D(v-1) �0�� D(2k)   2k � v-1( ) ( )
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���/�����/��
APSP_Slow( W[1..v][1..v] ) {
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for(m = 2; m < v; m++)

D[m] = ExtendShortestPath( D[m-1], W );
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D(2) D(3) D( 1)

ExtendShortestPath( d[1..v][1..v], W[1..v][1..v] ) {

} ,	 D(2), D(3), ..., D(v – 1)
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������	�����8"��������	�����8"��
APSP_RepeatedSquare( W[1..v][1..v] ) {

D[1] = W;
#(v3 log v)

D[1]  W; 
m = 1;
while (m < v-1) {

D[2*m] = ExtendShortestPath( D[m] D[m]);D[2*m] = ExtendShortestPath( D[m], D[m]);
m = 2*m;

}
t D[ ]

2c � v-1
return D[m];

} c � log2(v-1)
c = � log2(v-1) �

?�!+�(���� m ��!� ?�!+�(���� m ��!�

g2( )

i
kD(m) jD(m)

i j
?�!+�(���� 2m ��!�

i j
D(2m)

��	���
����� ��	���
����� FloydFloyd--WarshallWarshall

� ���������'���������� recurrence
% � d (k) � � � #� %�� di,j(k) �*�'��������2�!��!(�
����� i �� j *��!����2%"��(�%� {1,2,3,...,k}
�������1�&��*��
�di j(0) $%� wi j (+�(�'����,#(	-�	-)i,j( ) i,j ( )

� �!�-�	� di,j(v) , v = �"	�#��� (�	�	�.?�!+;!�D���)

i j
. . .1 2 k – 1

ki j

di j(k) = min( di j(k – 1) di k(k – 1) + dk j (k – 1) )di.j(k) min( di,j(k 1), di,k(k 1) + dk,j (k 1) )
di,j(0)  =  wi,j
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��	���
����� ��	���
����� FloydFloyd--WarshallWarshall

FloydWarshall( W[1..v][1..v] ) {
D = W

5��5��8� {1,2,...,k} 
�8K�8��%��:��
��D  W

for (k = 1; k <= v; k++) {
for (i = 1; i <= v; i++) {

for (j = 1; j <= v; j++) {

�8�8��%����
��

for (j = 1; j <= v; j++) {
D[i][j] = min( D[i][j], 

D[i][k] + D[k][j] );
}}

}
}
return D;

}
#(v3)

di. j(k) =  min( di,j(k – 1), di,k(k – 1) + dk,j (k – 1) )
di j(0) = wi jdi, j(0)    wi, j

������
����"��*�����*�,�%�������
����"��*�����*�,�%�

� %"����������+��/
+� #( 4)�  ��-+���-�	 : #(v 4)

� repeated squaring :  #(v 3 log v )
Fl d W h ll ( 3)� Floyd-Warshall :  #(v 3)

� ������M*M���� Johnson
� O(v . e log v ) ;'�"	,��� sparse graph
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������
����"��*�����*�,�%�������
����"��*�����*�,�%�
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��	���
����� ��	���
����� JohnsonJohnson

� %"� Dijkstra �� single-source shortest path 
���*������*(���
� linear array : O(v . v 2) =  O(v 3)
� binary heap : O(v e log v )� binary heap : O(v . e log v )

� �/& Dijkstra ��&��� negative-weight edges
#� �����#�

� ��
'&�� G ?,!��M���	O?,�( K �'&+�(�'��!���%&����;
�
G * *(G;�#�.'����D;��- G �!�-�,�%��#�.'����D;��- K)

� �
!#?�! Dijkstra �"	�#� v $��*-�>%&�,	#�.'��*��D;��-�D�$�(��

�������,����������/4$��������,����������/4$�

1 –3 1 4 0 4

* + h(i) h(j)

 ?,!�D���!��	#�'� +34 7
w*i,j = wi,j + h(i) – h(j)

1 + 9 7 = 3h( )

1 –3 1 3 1 4

1   +   9   – 7   =  3h( )

9 7 3 03 1
4

3 1 4
13

7 5 2 41 –3 1
4

3 0 –1
7
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,�����.�%����
��,�����.�%����
��

ai b j ai b j

* * *wi,a wa,b wb,j w*i,a w*a,b w*b,j

w*i a = wi a + h(i) – h(a)w i,a wi,a h(i) h(a)

w*a,b = wa,b + h(a) – h(b)

w*b,j = wb,j + h(b) – h(j)

* * *w*i,a+ w*a,b+ w*b,j = wi,a+ wb,j+ wa,b +
h(i) – h(a) + h(a) – h(b) + h(b) – h(j)

*(i b j) (i b j) h(i) h(j)

= wi,a+ wb,j+ wa,b + h(i) – h(j)
w*(i� a � b � j) = w(i� a � b � j) + h(i) – h(j)

hh((ii)) �,%���%�2��12�� �
����"��*�2%��	�$���,%���%�2��12�� �
����"��*�2%��	�$��

� +����)��� i ��� j
� '? � ( '*

ai b j
� #�.'?; @ ��-��$�(�' 

.-��!�(	����(	-���
��(�'���
	��,�%�����

c
������
	��,�����

� $#	��	#?,�(��-#�.'?; @ ��-��$�(�'* �>�&���M�����	B��(	���

*(i � b � j) (i � b � j) + h(i) h(j)w*(i� a � b � j) = w(i� a � b � j) + h(i) – h(j)
w*(i� c � j)          = w(i� c � j)         + h(i) – h(j)

� �����#��2�!�#�!(� (��������'����) ��&�������
� '��������%����_�0��&�������� '��������%����_��������

w*(d� e � f � d) = w(d� e � f � d) + h(d) – h(d)
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ai b j ai b j
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w*i a = wi a + h(i) – h(a)w i,a wi,a h(i) h(a)
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hh((ii)) �,%���%�2��12�� �
����"��*�2%��	�$���,%���%�2��12�� �
����"��*�2%��	�$��

� +����)��� i ��� j
� '? � ( '*

ai b j
� #�.'?; @ ��-��$�(�' 

.-��!�(	����(	-���
��(�'���
	��,�%�����

c
������
	��,�����
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� �����#��2�!�#�!(� (��������'����) ��&�������
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�
'��� �
'��� hh((ii)) ��$���.��2%������/4$�#
�	���$���.��2%������/4$�#
�	�

� �/���� s ��1�!���"3����� 0 ��� s 2M�*(���
� � �# M � (% � B ll F d)� ���2�!��!(���� s 2M�*(��� (%"� Bellman-Ford)

� %�� h(i) = '��������2�!�#�!(���� s �� i( )
� ���!���"3��� (i, j) �1���&� h(i) + wi,j � h(j)
� �����#� w* w + h(i) h(j) � 0� ���� w*i,j = wi,j + h(i) – h(j) � 0

0 0 0 0
s s

1 –3 1
0 0 0 0

0 0 –3 –2 i
j4

1 0 0

j

6
1 0 0

��	���
����� ��	���
����� JohnsonJohnson
Johnson( G ) {
create K : K.V = G.V * {s}

: K.E = G.E * {(s,i) | i ( G.V)}
: K.w = G.w, K.w(s,i) = 0, i ( K.V)

h = BellmanFord(K, s) #(ve)
if (h == null) return "Negative Cycle"
else {
for each edge (i,j) ( G.E

( )

o eac edge ( ,j) .
G.w(i,j) += h[i] – h[j]

for each vertex i ( G.V {
d = Dijkstra(G i) O(e log v)d = Dijkstra(G, i)
for each vertex j ( G.V

D[i][j] = d[j] – (h[i] – h[j])
}

O(e log v)

}
return D

}
G�� Dijkstra 5�� binary heap �%
#�5��
Johnson 5������ O(ve log v ) !'7�����:�

}
( g )

FloydWarshall ���7�5����	 sparse graph

�	���������
������

���	� ����������������
 314 / 498 � ���	�� ����



�
'��� �
'��� hh((ii)) ��$���.��2%������/4$�#
�	���$���.��2%������/4$�#
�	�

� �/���� s ��1�!���"3����� 0 ��� s 2M�*(���
� � �# M � (% � B ll F d)� ���2�!��!(���� s 2M�*(��� (%"� Bellman-Ford)

� %�� h(i) = '��������2�!�#�!(���� s �� i( )
� ���!���"3��� (i, j) �1���&� h(i) + wi,j � h(j)
� �����#� w* w + h(i) h(j) � 0� ���� w*i,j = wi,j + h(i) – h(j) � 0

0 0 0 0
s s

1 –3 1
0 0 0 0

0 0 –3 –2 i
j4

1 0 0

j

6
1 0 0

��	���
����� ��	���
����� JohnsonJohnson
Johnson( G ) {
create K : K.V = G.V * {s}

: K.E = G.E * {(s,i) | i ( G.V)}
: K.w = G.w, K.w(s,i) = 0, i ( K.V)

h = BellmanFord(K, s) #(ve)
if (h == null) return "Negative Cycle"
else {
for each edge (i,j) ( G.E

( )

o eac edge ( ,j) .
G.w(i,j) += h[i] – h[j]

for each vertex i ( G.V {
d = Dijkstra(G i) O(e log v)d = Dijkstra(G, i)
for each vertex j ( G.V

D[i][j] = d[j] – (h[i] – h[j])
}

O(e log v)

}
return D

}
G�� Dijkstra 5�� binary heap �%
#�5��
Johnson 5������ O(ve log v ) !'7�����:�

}
( g )

FloydWarshall ���7�5����	 sparse graph

�	���������
������

���	� ����������������
 314 / 498 � ���	�� ����



	��,
���	��,
���

� 2�� G ��� c *����'����������%� c ���� 0
&� ��	���	�#(	 $#	��	#?,�(��-��!���%&�� w* ��(
���!�?� c 

,
�-�	�����$#	��	# ����M���(	?;

� ������3���& 2�� G ���� strongly connected graph
� ��	+�(�"	��M��!�-�>�&��� s �	� Johnson� ��	+��	�����-�>��� s �	� Johnson 

� ��(?�!��?;�<+;!?� G ��M������&�
�>%&�?�! Bellman-Ford ,	 h(i) �<+;!�>�?� Bellman Ford ,	 h(i) �+;
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	��������#���
�.�	��������#���
�.�

� '��/�������������������������/��!��%�
� Sorting : �
��$(?;�(�� ?� Sorting : �
�$�?;��� ?
� Activity Selection : �"	�������?;�(�� ?
� MST : �
%����!���%&��?;�	��M���- MST ?
� Knapsack : ,�����-��*�?;?�(.D-��¢ ?

� Greedy :y
� #��'�
%����� greedy �'&?�!�"	+���($"	����'&;'�D; (�����B'����'*+�(�	�)

� Dynamic Programmingy g g
� ,	$"	����(���D���� �>%&�?�!��;���?���!	-$"	�����-�VW,	?,W(
� ��<#��%&��"	�#��VW,	�(����*-,�;�'+�(�	�

� �/&���	
��������
� +�(��!#��'�
%����� greedy �'&;'�D; 

�(���*(�������
�/&�1�(�������� 4

� �"	�#��VW,	�(���'�	�

Sum of Subset Sum of Subset ((��$�,����������$�,��������))

� input : k ��1 D = {d1, d2, d3, ..., dn}
k ��1 d �������������  k ��1 di ����������

� output : true 2�� D  ���-/�&��*��;����*&���� k
2����&�� '3� false

D = { 1, 4, 1, 9, 7 },  k = 11 true

D = { 1, 4, 1, 9, 7 },  k = 19 false
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Sum of SubsetSum of Subset  ((������������))

� input : k ��1 D = {d1, d2, d3, ..., dn}
k ��1 d �������������k ��1 di ����������

� output : �� S ? D *��;������ S ��'&����� k

D = { 1 4 1 9 7 } k = 11D = { 1, 4, 1, 9, 7 },  k = 11

S = { 1, 1, 9 },  {4, 7}

���������0	�Z	����������0	�Z	�

� Sum of subset
t t S D '& S ' ( �M k� output : ,	 S ? D �'�
�#���- S �'$(	��M� k

� '��/�������-/
� ?�! bit vector (�	���C 1 ����)  X = <x1, x2, x3, ..., xn>
� xm = 1 � dm ( Sm m

� xm = 0 � dm @ S

� /���&��� /����
� input : D = {2, 10, 3, 5, 7}, k = 14
� output : X = <1 0 0 1 1>� output : X = <1,  0, 0, 1, 1>

� ���������������'��/��%������������&��
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	*��*��8#�%��	*��*��8#�%��

� input : D = {2, 10, 3, 5, 7},  k = 14

#� �������-/�&����� D *�#������/��!��

� '��2M� binary counter <0,0,0,0,0>� '�2� binary counter

� "�� : /����������-/�&�� 2n �-/

, , , ,
<0,0,0,0,1>
<0,0,0,1,0>
<0,0,0,1,1>
<0,0,1,0,0>
<0,0,1,0,1>
<0,0,1,1,0>

0 0

bcounter( n ) {
x = new array[1..n] with all 0's
for (i = 1; i <= 2n; i++) inc( x ) <0,0,1,1,1>

<0,1,0,0,0>
.

for (i = 1; i <= 2n; i++) inc( x )
}
inc( x[1..n] ) {

f (i i 1 [i] 1 i ) .
.

<1,1,1,0,1>
<1 1 1 1 0>

for (i=n; i>=1 AND x[i]==1; i--) 
x[i] = 0

if (i >= 1) x[i] = 1
<0,0,1,1,1>

<1,1,1,1,0>
<1,1,1,1,1>} <0,1,0,0,0>

Sum of SubsetSum of Subset

bcounter ( n ) {
x = new array[1 n] with all 0's

subsetSum( d[1..n], k ) {
x = new array[1..n] with all 0 s
for (i = 1; i <= 2n; i++) {
if (sum(d, x) == k) print( x )
inc( x )

}
}

sum(d,x) =   x[j]d[j]�
n

p

}
inc( x[1..n] ) {
for (i=n; i>=1 AND x[i]==1; i--)

�
�j 1

for (i=n; i>=1 AND x[i]==1; i ) 
x[i] = 0

if (i >= 1) x[i] = 1
}

�	���������
������

���	� ����������������
 319 / 498 � ���	�� ����



	*��*��8#�%��	*��*��8#�%��
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� "�� : /����������-/�&�� 2n �-/

, , , ,
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<0,0,1,0,1>
<0,0,1,1,0>

0 0

bcounter( n ) {
x = new array[1..n] with all 0's
for (i = 1; i <= 2n; i++) inc( x ) <0,0,1,1,1>

<0,1,0,0,0>
.

for (i = 1; i <= 2n; i++) inc( x )
}
inc( x[1..n] ) {

f (i i 1 [i] 1 i ) .
.

<1,1,1,0,1>
<1 1 1 1 0>

for (i=n; i>=1 AND x[i]==1; i--) 
x[i] = 0

if (i >= 1) x[i] = 1
<0,0,1,1,1>

<1,1,1,1,0>
<1,1,1,1,1>} <0,1,0,0,0>

Sum of SubsetSum of Subset

bcounter ( n ) {
x = new array[1 n] with all 0's

subsetSum( d[1..n], k ) {
x = new array[1..n] with all 0 s
for (i = 1; i <= 2n; i++) {
if (sum(d, x) == k) print( x )
inc( x )

}
}

sum(d,x) =   x[j]d[j]�
n

p

}
inc( x[1..n] ) {
for (i=n; i>=1 AND x[i]==1; i--)

�
�j 1

for (i=n; i>=1 AND x[i]==1; i ) 
x[i] = 0

if (i >= 1) x[i] = 1
}
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Binary  Counter : RecursiveBinary  Counter : Recursive

bcounter( n ) {
x = new array[1 n] with all 0'sx = new array[1..n] with all 0 s
count( x, 0 )

}
���� x[1..m] �
!#

�-�����'&�,
%�
count( x[1..n], m ) {
if ( m == n ) print( x )
l { � !else {
x[m+1] = 0; count( x, m+1 )
x[m+1] = 1; count( x m+1 )

����$���
!#

x[m+1] = 1; count( x, m+1 )
}

}
0 1 0 ?

0 1 ?
2

m = 3

0 1 0 ?

0 1 1 ?m = 2 0 1 1 ?

��"�#������#
 ��"�#������#
 x[x[11..n]..n]

m = 4 0 1 0 0 0
m = 5

0 1 0 0 1
0 1 0 ?
m = 3

0 1 0 0 ?

2
0 1 0 1 ?

0 1 0 1 0
0 1 0 ?

m = 2

0 1 ?
0 1 0 1 1

0 1 1 0 0
0 1 1 0 ?

0 1 1 0 0

0 1 1 0 1
0 1 1 ?

0 1 1 1 ?
0 1 1 1 0

0 1 1 1 ?
0 1 1 1 1
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Binary  Counter : RecursiveBinary  Counter : Recursive

bcounter( n ) {
x = new array[1 n] with all 0'sx = new array[1..n] with all 0 s
count( x, 0 )

}
���� x[1..m] �
!#

�-�����'&�,
%�
count( x[1..n], m ) {
if ( m == n ) print( x )
l { � !else {
x[m+1] = 0; count( x, m+1 )
x[m+1] = 1; count( x m+1 )

����$���
!#

x[m+1] = 1; count( x, m+1 )
}

}
0 1 0 ?

0 1 ?
2

m = 3

0 1 0 ?

0 1 1 ?m = 2 0 1 1 ?

��"�#������#
 ��"�#������#
 x[x[11..n]..n]

m = 4 0 1 0 0 0
m = 5

0 1 0 0 1
0 1 0 ?
m = 3

0 1 0 0 ?

2
0 1 0 1 ?

0 1 0 1 0
0 1 0 ?

m = 2

0 1 ?
0 1 0 1 1

0 1 1 0 0
0 1 1 0 ?

0 1 1 0 0

0 1 1 0 1
0 1 1 ?

0 1 1 1 ?
0 1 1 1 0

0 1 1 1 ?
0 1 1 1 1
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Sum of SubsetSum of Subset  : : 	*��*��8#�%��	*��*��8#�%�� (#(#11))

bcounter( n ) {
x = new array[1 n] with all 0's

subsetSum( d[1..n], k ) {
x = new array[1..n] with all 0 s
count( x, 0 )

}
subsetSum( d, k, x, 0 )

count( x[1..n], k ) {
if (m == n) {

i t( )

subsetSum( d[1..n], k, x[1..n], m ) {

if ( (d ) k) i ( )print( x )
} else {
x[m+1] = 0; count( x m+1 )subsetSum( d k x m+1 )

if (sum(d, x) == k) print( x )

x[m+1] = 0; count( x, m+1 )
x[m+1] = 1; count( x, m+1 )

}

subsetSum( d, k, x, m+1 )
subsetSum( d, k, x, m+1 )

}
#( n2n )

D = {D = {66, , 22, , 44}, k = }, k = 66

[-,-,-]

[0 ] [1 ]

d1 +�(�
%�� �
%��

[0,-,-] [1,-,-]

d2 +�(�
%�� +�(�
%���
%�� �
%��

[0,0,-] [0,1,-] [1,0,-] [1,1,-]

�
%�� �
%�� �
%�� �
%��+�(�
%��+�(�
%��+�(�
%��+�(�
%��d

[0,0,0] [0,0,1] [0,1,0] [0,1,1] [1,0,0] [1,0,1] [1,1,0] [1,1,1]

�
�� �
�� �
�� �
��+��
��+��
��+��
��+��
��d3

{} {4} {2} {2,4} {6} {6,4} {6,2} {6,2,4}
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Sum of SubsetSum of Subset  : : 	*��*��8#�%��	*��*��8#�%�� (#(#11))

bcounter( n ) {
x = new array[1 n] with all 0's

subsetSum( d[1..n], k ) {
x = new array[1..n] with all 0 s
count( x, 0 )

}
subsetSum( d, k, x, 0 )

count( x[1..n], k ) {
if (m == n) {

i t( )

subsetSum( d[1..n], k, x[1..n], m ) {

if ( (d ) k) i ( )print( x )
} else {
x[m+1] = 0; count( x m+1 )subsetSum( d k x m+1 )

if (sum(d, x) == k) print( x )

x[m+1] = 0; count( x, m+1 )
x[m+1] = 1; count( x, m+1 )

}

subsetSum( d, k, x, m+1 )
subsetSum( d, k, x, m+1 )

}
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[-,-,-]
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d1 +�(�
%�� �
%��

[0,-,-] [1,-,-]

d2 +�(�
%�� +�(�
%���
%�� �
%��

[0,0,-] [0,1,-] [1,0,-] [1,1,-]

�
%�� �
%�� �
%�� �
%��+�(�
%��+�(�
%��+�(�
%��+�(�
%��d

[0,0,0] [0,0,1] [0,1,0] [0,1,1] [1,0,0] [1,0,1] [1,1,0] [1,1,1]

�
�� �
�� �
�� �
��+��
��+��
��+��
��+��
��d3

{} {4} {2} {2,4} {6} {6,4} {6,2} {6,2,4}
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���#������,��#����������#������,��#�������
 subsetSum( d[1..n], k, x[1..n], m ) {

if ( ) {
found = false
if (m == n) {
if (sum(d, x) == k) {
print( x ); found = trueprint( x );

}
} else {

found  true

x[m+1] = 0; 
subsetSum( d, k, x, m+1 )found = subsetSum( d, k, x, m+1 )
if (! f d ) {
x[m+1] = 1; 
subsetSum( d, k, x, m+1 )
x[m+1] = 1; 

subsetSum( d, k, x, m+1 )found =

if (! found ) {

subsetSum( d, k, x, m+1 )

}

subsetSum( d, k, x, m+1 )found 
}

}
return found

���#������,��#����������#������,��#�������

[-,-,-]
true

[0,-,-]
true

true

false

[0,1,-][0,0,-] D = {6,2,4}, k = 6

false false false true

[0,1,1][0,1,0][0,0,1][0,0,0]

,{}=0 ,{4}=4,{2}=2 ,{2,4}=6
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���#������,��#����������#������,��#�������
 subsetSum( d[1..n], k, x[1..n], m ) {

if ( ) {
found = false
if (m == n) {
if (sum(d, x) == k) {
print( x ); found = trueprint( x );

}
} else {

found  true

x[m+1] = 0; 
subsetSum( d, k, x, m+1 )found = subsetSum( d, k, x, m+1 )
if (! f d ) {
x[m+1] = 1; 
subsetSum( d, k, x, m+1 )
x[m+1] = 1; 

subsetSum( d, k, x, m+1 )found =

if (! found ) {

subsetSum( d, k, x, m+1 )

}

subsetSum( d, k, x, m+1 )found 
}

}
return found

���#������,��#����������#������,��#�������

[-,-,-]
true

[0,-,-]
true

true

false

[0,1,-][0,0,-] D = {6,2,4}, k = 6

false false false true

[0,1,1][0,1,0][0,0,1][0,0,0]
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��
5�
����& ��
5�
����& (State Space)(State Space)

[-,-,-]
States

partial solution 
t t

[1 ][0 ]

States states
Initial 
states [1,-,-][0,-,-] states

[0,0,-] [0,1,-] [1,0,-] [1,1,-]

[0,0,0] [0,0,1] [0,1,0] [0,1,1] [1,0,0] [1,0,1] [1,1,0] [1,1,1]

solution states answer states
D = {6,2,4}, k = 6
" %

{2,4}   {6}

solution states answer states $"	���$%� {2,4}, {6}

��
5�
����&�2���	�������
5�
����&�2���	�����
subsetSum( d[1..n], k, x[1..n], m ) {

if (m == n) {
[-,-]

if (sum(d, x) == k) print( x )
} else {

x[m+1] = 0; subsetSum( d, k, x, m+1 )
[1,-][0,-]

[ , ]

x[m+1] = 1; subsetSum( d, k, x, m+1 )
}

}
[1,1][1,0][0,1][0,0]

}

subsetSum( d[1..n], k, x[1..n], m ) {
if (m == n) {

if (sum(d, x) == k) print( x )
} else {

[0 ][1 ]

[-,-]

} {
x[m+1] = 1; subsetSum( d, k, x, m+1 )
x[m+1] = 0; subsetSum( d, k, x, m+1 )

} [0 0][0 1][1 0][1 1]

[0,-][1,-]

}
}

[0,0][0,1][1,0][1,1]
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5�
����& ��
5�
����& (State Space)(State Space)
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" %

{2,4}   {6}

solution states answer states $"	���$%� {2,4}, {6}

��
5�
����&�2���	�������
5�
����&�2���	�����
subsetSum( d[1..n], k, x[1..n], m ) {

if (m == n) {
[-,-]

if (sum(d, x) == k) print( x )
} else {

x[m+1] = 0; subsetSum( d, k, x, m+1 )
[1,-][0,-]

[ , ]

x[m+1] = 1; subsetSum( d, k, x, m+1 )
}

}
[1,1][1,0][0,1][0,0]

}

subsetSum( d[1..n], k, x[1..n], m ) {
if (m == n) {

if (sum(d, x) == k) print( x )
} else {

[0 ][1 ]

[-,-]

} {
x[m+1] = 1; subsetSum( d, k, x, m+1 )
x[m+1] = 0; subsetSum( d, k, x, m+1 )

} [0 0][0 1][1 0][1 1]

[0,-][1,-]

}
}

[0,0][0,1][1,0][1,1]
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��
5�
����&�2���	�������
5�
����&�2���	�����
subsetSum( d[1..n], k, x[1..n], m ) {

if (m == n) {
if (sum(d, x) == k) print( x )

} else {
x[m+1] = random( {0,1} )  // 0 or 1
subsetSum( d, k, x, m+1 )
x[m+1] = 1 – x[m+1]
subsetSum( d, k, x, m+1 )subsetSum( d, k, x, m+1 )

}
} [-,-,-]

[0,-,-] [1,-,-]

0 1

1 0 0 1

[0,0,1][0,0,0][0,1,1][0,1,0]

[0,0,-][0,1,-]

[1,1,1][1,1,0][1,0,0][1,0,1]

[1,1,-][1,0,-]

[ , , ][ , , ][ , , ][ , , ] [ , , ][ , , ][ , , ][ , , ]

��
5�
����&�2���	�������
5�
����&�2���	�����

subsetSum( d[1..n], k, x[1..n], m ) {
if (m == n) {
if (sum(d, x) == k) print( x )

} else {
x[m+1] = 0; subsetSum( d, k, x, m+1 )[ ] ; ( , , , )
x[m+1] = 1; subsetSum( d, k, x, m+1 )

}
} 0 1m = 2}

subsetSum( d[1..n], k, x[1..n], m ) {
if (m == n) {

if (sum(d, x) == k) print( x )
} else {} {

x[n-m] = 0; subsetSum( d, k, x, m+1 )
x[n-m] = 1; subsetSum( d, k, x, m+1 )

}}
} 1 0m = 2
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subsetSum( d[1..n], k, x[1..n], m ) {
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}
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1 0 0 1
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if (m == n) {
if (sum(d, x) == k) print( x )

} else {
x[m+1] = 0; subsetSum( d, k, x, m+1 )[ ] ; ( , , , )
x[m+1] = 1; subsetSum( d, k, x, m+1 )

}
} 0 1m = 2}

subsetSum( d[1..n], k, x[1..n], m ) {
if (m == n) {

if (sum(d, x) == k) print( x )
} else {} {

x[n-m] = 0; subsetSum( d, k, x, m+1 )
x[n-m] = 1; subsetSum( d, k, x, m+1 )

}}
} 1 0m = 2

�	���������
������

���	� ����������������
 324 / 498 � ���	�� ����



��
5�
����&�2���	�������
5�
����&�2���	�����

[-,-,-]#1
+�(�
%�� �
%��d1

[1 1 ][1 0 ][0 1 ][0 0 ]

[0,-,-] [1,-,-]

d1

d2

[1 1 1][1 1 0][1 0 1][1 0 0][0 1 1][0 1 0][0 0 1][0 0 0]

[1,1,-][1,0,-][0,1,-][0,0,-]

d3

#2

[1,1,1][1,1,0][1,0,1][1,0,0][0,1,1][0,1,0][0,0,1][0,0,0]

��'����
������[]
#2 �����
�����

��-�D��)��(��
����'*��(	-+� ?[1]

�
%�� 1
[2]

�
%�� 2
[3]

�
%�� 3

[2,3]

�
%�� 3
[1,3]

�
%�� 3
[1,2]

�
%�� 2

�
%�� 3
[3,1]

�
%�� 1

{ d2, d3 }[1,2,3]

�
�� 3

�������*��8#�%���������*��8#�%�� (#(#22))
[]

�
%�� 1 �
%�� 2 �
%�� 3 2 5 8 ?
[1] [2] [3]

[1 2] [1 3] [2 3]

�
%�� 3�
%�� 3�
%�� 2 ��'�-�	��!��+��	�
� ? ( ! ' (

2 5 8 ?

9
+1

enumSubset( n ) {
x = a new array[1..n]

[1,2] [1,3] [2,3]

[1,2,3]

�
%�� 3
��#?,�(�!�-�'$(	
�	��#(	��#
(	�D;

9
10
110x  a new array[1..n]

x[0] = 0;
enumSubset( x, 0 )

}

[1,2,3]
...

0

}
enumSubset( x[1..n], m ) {

print( x, m )
if ( [ ] ) tif (x[m] == n) return
for (i = x[m]+1; i <= n; i++) {

x[m+1] = i; enumSubset( x, m+1 )
}

}

�	���������
������

���	� ����������������
 325 / 498 � ���	�� ����



��
5�
����&�2���	�������
5�
����&�2���	�����

[-,-,-]#1
+�(�
%�� �
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d1
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[1 1 1][1 1 0][1 0 1][1 0 0][0 1 1][0 1 0][0 0 1][0 0 0]

[1,1,-][1,0,-][0,1,-][0,0,-]

d3

#2

[1,1,1][1,1,0][1,0,1][1,0,0][0,1,1][0,1,0][0,0,1][0,0,0]

��'����
������[]
#2 �����
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��-�D��)��(��
����'*��(	-+� ?[1]

�
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[2]

�
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[3]

�
%�� 3

[2,3]

�
%�� 3
[1,3]

�
%�� 3
[1,2]

�
%�� 2

�
%�� 3
[3,1]

�
%�� 1

{ d2, d3 }[1,2,3]

�
�� 3

�������*��8#�%���������*��8#�%�� (#(#22))
[]

�
%�� 1 �
%�� 2 �
%�� 3 2 5 8 ?
[1] [2] [3]

[1 2] [1 3] [2 3]

�
%�� 3�
%�� 3�
%�� 2 ��'�-�	��!��+��	�
� ? ( ! ' (

2 5 8 ?

9
+1

enumSubset( n ) {
x = a new array[1..n]

[1,2] [1,3] [2,3]

[1,2,3]

�
%�� 3
��#?,�(�!�-�'$(	
�	��#(	��#
(	�D;

9
10
110x  a new array[1..n]

x[0] = 0;
enumSubset( x, 0 )

}

[1,2,3]
...

0

}
enumSubset( x[1..n], m ) {

print( x, m )
if ( [ ] ) tif (x[m] == n) return
for (i = x[m]+1; i <= n; i++) {

x[m+1] = i; enumSubset( x, m+1 )
}

}
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Sum of SubsetSum of Subset  : : 	*��*��8#�%��	*��*��8#�%�� (#(#22))

enumSubset( n ) {
x = a new array[0..n]

subsetSum( d[1..n], k ) {
x  a new array[0..n]
x[0] = 0
enumSubset( x, 0 )subsetSum( d, k, x, 0 )

}
enumSubset( x[0..n], m ) {

i t( )
subsetSum( d[1..n], k, x[0..n], m ) {
if ( (d ) k) i t( )print( x )
for (i = x[m]+1; i <= n; i++) {
x[m+1] = i;

if (sum(d, x, m) == k) print( x )

x[m+1]  i; 
enumSubset( x, m+1 )

}
subsetSum( d, k, x, m+1 )

}
sum(d,x,m) =   d[x[j]]�

m x = [1,2,5,-...]
d[1] + d[2] + d[5]

�j 1

00//1 1 KnapsackKnapsack

1� ��� n "�#���������� : 1, 2, 3, ..., n
#

2.5Kg.
$400

2
� �/&�1"�#����� : w1, w2, w3, ..., wn

� �/&�1"�#�����'&� : v1 v2 v3 v
1.4Kg.
$50

3
� �/�1"�����'� : v1, v2, v3, ..., vn

� 2(������M��%��(������������&���� W
� 0 7K

2.8Kg.
$350

4� �	
�� : ����3�����%!&2(� �+3��%��
� .D-+�(�	;

0.7Kg.
$150

D
� +;!��
$(	�#��	��D; 4Kg.

��'�� state space ��-
�VW,	�'* (�'��- 4 ��*�)

��'�� pseudo code �'&,	
$"	�����-�VW,	�'*�W,	� (���- 4 ��) $	�����-�W,	�

�	���������
������
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 326 / 498 � ���	�� ����



Sum of SubsetSum of Subset  : : 	*��*��8#�%��	*��*��8#�%�� (#(#22))

enumSubset( n ) {
x = a new array[0..n]

subsetSum( d[1..n], k ) {
x  a new array[0..n]
x[0] = 0
enumSubset( x, 0 )subsetSum( d, k, x, 0 )

}
enumSubset( x[0..n], m ) {

i t( )
subsetSum( d[1..n], k, x[0..n], m ) {
if ( (d ) k) i t( )print( x )
for (i = x[m]+1; i <= n; i++) {
x[m+1] = i;

if (sum(d, x, m) == k) print( x )

x[m+1]  i; 
enumSubset( x, m+1 )

}
subsetSum( d, k, x, m+1 )

}
sum(d,x,m) =   d[x[j]]�

m x = [1,2,5,-...]
d[1] + d[2] + d[5]

�j 1

00//1 1 KnapsackKnapsack

1� ��� n "�#���������� : 1, 2, 3, ..., n
#

2.5Kg.
$400

2
� �/&�1"�#����� : w1, w2, w3, ..., wn

� �/&�1"�#�����'&� : v1 v2 v3 v
1.4Kg.
$50

3
� �/�1"�����'� : v1, v2, v3, ..., vn

� 2(������M��%��(������������&���� W
� 0 7K

2.8Kg.
$350

4� �	
�� : ����3�����%!&2(� �+3��%��
� .D-+�(�	;

0.7Kg.
$150

D
� +;!��
$(	�#��	��D; 4Kg.

��'�� state space ��-
�VW,	�'* (�'��- 4 ��*�)

��'�� pseudo code �'&,	
$"	�����-�VW,	�'*�W,	� (���- 4 ��) $	�����-�W,	�
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K K -- ColoringColoring

� Input : ���_ G = (V, E),  ������/0� k

�� Output : �����%��!������/&�� 4 %� G *��
� ?�!+�(���� k �' ��'�� state space ��-�VW,	

� ���
	���-��!���%&���;'�#���
,!	��'�'�;'�#���

p W
�'* (��	O�' 4 ��, k=3)

��'�� pseudo code �'&,	
[-,-,-]

��#1 321

���� pseudo code �,	
$"	�����-�VW,	�'*

[1,-,-] [2,-,-] [3,-,-]

��#2 1 2 3 1 2 3 1 2 3

[1,1,-] [1,2,-] [1,3,-] [2,1,-] [2,2,-] [2,3,-] [3,1,-] [3,2,-] [3,3,-]

��#2 1 2 3 2 2 3

...     ...     ...     ...     ...     ...     ...     ...     ...

Sudoku  Sudoku  �� KK--ColoringColoring

1 2 3 41 2 3 4

3 4

2 4

4 34 3
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K K -- ColoringColoring

� Input : ���_ G = (V, E),  ������/0� k

�� Output : �����%��!������/&�� 4 %� G *��
� ?�!+�(���� k �' ��'�� state space ��-�VW,	

� ���
	���-��!���%&���;'�#���
,!	��'�'�;'�#���

p W
�'* (��	O�' 4 ��, k=3)

��'�� pseudo code �'&,	
[-,-,-]

��#1 321

���� pseudo code �,	
$"	�����-�VW,	�'*

[1,-,-] [2,-,-] [3,-,-]

��#2 1 2 3 1 2 3 1 2 3

[1,1,-] [1,2,-] [1,3,-] [2,1,-] [2,2,-] [2,3,-] [3,1,-] [3,2,-] [3,3,-]

��#2 1 2 3 2 2 3

...     ...     ...     ...     ...     ...     ...     ...     ...

Sudoku  Sudoku  �� KK--ColoringColoring

1 2 3 41 2 3 4

3 4

2 4

4 34 3
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nn--QueenQueen

� �	
�� : ��'�� n /���/���� n � n
+ ( ' � ? < � ? ? �&� +�(�'��#?;�,<���#?;�
�?���#;�- ��#��� �
���#���-

��'�� state space ��-
4-queen
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nn--QueenQueen

� �	
�� : ��'�� n /���/���� n � n
+ ( ' � ? < � ? ? �&� +�(�'��#?;�,<���#?;�
�?���#;�- ��#��� �
���#���-

��'�� state space ��-
4-queen
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DFS  DFS  ������ BFS  BFS  

� '������� DFS ��1 BFS ������'����%����_

� #� �/&%�*����# ���'��%����]���!2��1
� +�(�'?$��(-��	O�	?,!$!�
� ���.	��.����!	-�*���,#(	-�	�$!�
� ��!���%&����,#(	-�� $%��	��
����?,�(�	����;��

� 2���������������-#��
� stack frame �'&��<�>	�	������C�(	- @ ��-�	���'��)*"	� stack frame ����>	�	������	- @ ��-�	�����)	

����.	����-�	�$!�

� 2������������*��-#��� 2����������*�-�
� �!�-��!	-�'&��<��!���
 +#!����.	����-�	�$!�
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DFS  DFS  ������ BFS  BFS  

� '������� DFS ��1 BFS ������'����%����_

� #� �/&%�*����# ���'��%����]���!2��1
� +�(�'?$��(-��	O�	?,!$!�
� ���.	��.����!	-�*���,#(	-�	�$!�
� ��!���%&����,#(	-�� $%��	��
����?,�(�	����;��

� 2���������������-#��
� stack frame �'&��<�>	�	������C�(	- @ ��-�	���'��)*"	� stack frame ����>	�	������	- @ ��-�	�����)	

����.	����-�	�$!�

� 2������������*��-#��� 2����������*�-�
� �!�-��!	-�'&��<��!���
 +#!����.	����-�	�$!�

�	���������
������
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DepthDepth--First Search : RecursiveFirst Search : Recursive

subsetSum( d[1..n], k ) {
x = new array[1..n] with all 0'sy[ ]
subsetSum( d, k, x, 0 )

}
subsetSum( d[1 n] k x[1 n] m ) {subsetSum( d[1..n], k, x[1..n], m ) {

if (m == n) {
if (sum(d, x) == k) print( x )

} else {

>	�	������C$%�
�.	����-�	�$!�} else {

x[m+1] = 0; subsetSum( d, k, x, m+1 )
x[m+1] = 1; subsetSum( d, k, x, m+1 )

}}
}

DepthDepth--First Search : IterativeFirst Search : Iterative

subsetSum( d[1..n], k )
S � an empty stack; 
S.push( a zero-length array ) 
while ( S � ; ) {

x[1..m] � S.pop()[ .. ] S.pop()
if ( m == n ) {

if (sum(d, x) == k) {
print(x); breakprint(x);

}
} else {

x0 = copyOf(x m+1); x0[m+1] = 0

break

x0 = copyOf(x, m+1); x0[m+1] = 0
x1 = copyOf(x, m+1); x1[m+1] = 1
S.push(x1);

0 ��!	-�	���C��	; m+1 �'S.push(x0);
}

}
! '& < ?

��	-�	�����	; m+1 �
�!���
�,�%�������- x

} ����.	��;!#� array �'��<�?� stack
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DepthDepth--First Search : RecursiveFirst Search : Recursive

subsetSum( d[1..n], k ) {
x = new array[1..n] with all 0'sy[ ]
subsetSum( d, k, x, 0 )

}
subsetSum( d[1 n] k x[1 n] m ) {subsetSum( d[1..n], k, x[1..n], m ) {

if (m == n) {
if (sum(d, x) == k) print( x )

} else {

>	�	������C$%�
�.	����-�	�$!�} else {

x[m+1] = 0; subsetSum( d, k, x, m+1 )
x[m+1] = 1; subsetSum( d, k, x, m+1 )

}}
}

DepthDepth--First Search : IterativeFirst Search : Iterative

subsetSum( d[1..n], k )
S � an empty stack; 
S.push( a zero-length array ) 
while ( S � ; ) {

x[1..m] � S.pop()[ .. ] S.pop()
if ( m == n ) {

if (sum(d, x) == k) {
print(x); breakprint(x);

}
} else {

x0 = copyOf(x m+1); x0[m+1] = 0

break

x0 = copyOf(x, m+1); x0[m+1] = 0
x1 = copyOf(x, m+1); x1[m+1] = 1
S.push(x1);

0 ��!	-�	���C��	; m+1 �'S.push(x0);
}

}
! '& < ?

��	-�	�����	; m+1 �
�!���
�,�%�������- x

} ����.	��;!#� array �'��<�?� stack
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BreadthBreadth--First SearchFirst Search

subsetSum( d[1..n], k )
Q � an empty queue; 
Q.enqueue( a zero-length array ) 
while ( Q � ; ) {

x[1..m] � Q.dequeue()[ .. ] Q.dequeue()
if ( m == n ) {

if (sum(d, x) == k) {
print(x); breakprint(x);

}
} else {

x0 = copyOf(x m+1); x0[m+1] = 0

break

x0 = copyOf(x, m+1); x0[m+1] = 0
x1 = copyOf(x, m+1); x1[m+1] = 1
Q.enqueue(x0);

1Q.enqueue(x1);
}

}
! '& < ?} ����.	��;!#� array �'��<�?� queue

��
�]��%��,����� ��
�]��%��,����� DFS DFS -- BFSBFS

�� 1 ���/� b ���� /�����!�� h
� depth-first search� depth first search 

� ?�! stack ��%*��'&  O(bh)

b dth fi t h� breadth-first search 
� ?�! queue ��%*��'& O(bh)
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BreadthBreadth--First SearchFirst Search

subsetSum( d[1..n], k )
Q � an empty queue; 
Q.enqueue( a zero-length array ) 
while ( Q � ; ) {

x[1..m] � Q.dequeue()[ .. ] Q.dequeue()
if ( m == n ) {

if (sum(d, x) == k) {
print(x); breakprint(x);

}
} else {

x0 = copyOf(x m+1); x0[m+1] = 0

break

x0 = copyOf(x, m+1); x0[m+1] = 0
x1 = copyOf(x, m+1); x1[m+1] = 1
Q.enqueue(x0);

1Q.enqueue(x1);
}

}
! '& < ?} ����.	��;!#� array �'��<�?� queue

��
�]��%��,����� ��
�]��%��,����� DFS DFS -- BFSBFS

�� 1 ���/� b ���� /�����!�� h
� depth-first search� depth first search 

� ?�! stack ��%*��'&  O(bh)

b dth fi t h� breadth-first search 
� ?�! queue ��%*��'& O(bh)
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1515--pupuz z zzle : Breadthle : Breadth--First  SearchFirst  Search
solve( board ) {
Q = an empty queueQ p y q
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while ( Q � ; ) {
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if ( b.canMoveBlank( d ) ) {
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}
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}

if (b1 @ set) {
set.add( b1 )
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i t " l ti "print "no solution";
}
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b1 = b.moveBlank( d );
if (b1 @ set) {
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}
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� %��������/0� v

� #� �������� 1 �1/��� x3 ��1��3� /2 (�	��R8*�#�) 
��&���� �M���'&��*&���� v

� �"&�
� v = 10 = 1x3x3x3x3/2/2/2� v = 10 = 1x3x3x3x3/2/2/2
� v = 31 = 1x3x3x3x3x3/2/2/2/2/2x3x3/2

� �� ���(�*(�������/��������
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/2 �3
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39  = 1 � 3 � 3 � 3 / 2 � 3

BFS : ��*��D;
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m3d2( target ) {
set = an empty set
Q = an empty queue
state = new State(1);
Q.enqueue( state ); set.add( state )Q.enqueue( state ); set.add( state )
while ( Q � ; ) {

state = Q.dequeue();
if (state value == target) return state;if (state.value == target) return state;
d2 = new State(state.value/2, state);
if (d2 @ set) {Q.enqueue( d2 ); set.add( d2 )}
3 St t ( t t l *3 t t )m3 = new State(state.value*3, state);

if (m3 @ set) {Q.enqueue( m3 ); set.add( m3 )}    
}

;return ;
}

BFS  :  BFS  :  41 41 = ?= ?

�	�$!�?���#�#!	-+;!�!�+�! 12628 �� ��- 23�

41 = 1x3x3x3/2x3x3/2/2x3x3
/2/2 3 3/2/2/2 3 3/2/2/2/2/2/2x3x3/2/2/2x3x3/2/2/2/2
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3 /2
��������� 39

x3 /2

1
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1381

40243 40243

���8���7� I ��:�������

,�]�������� ,�]�������� : : ,��#����	��,��#����	��

m3d2( target ) {
set = an empty set

/2S = an empty stack
state = new State(1);
S.push( state ); set.add( state )

/2 x3

S.push( state ); set.add( state )
while ( S � ; ) {

node = S.pop();
if (state value == target ) return state;if (state.value == target ) return state;
m3 = new State(state.value*3, state);
if (m3 @ set) {S.push( m3 ); set.add( m3 )}    
d2 St t ( t t l /2 t t )d2 = new State(state.value/2, state);
if (d2 @ set) {S.push( d2 ); set.add( d2 )}

}
;return ;

}
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DFS  :  DFS  :  41 41 = ?= ?

DFS : +;!�!�+�! 82 ��  ��- 51

41 = 1x3x3/2/2x3x3x3x3/2/2
/2/2/2x3/2x3x3/2x3/2/2/2/2x3/2x3x3/2x3/2
/2/2x3/2/2x3x3/2x3x3
x3x3/2/2/2/2/2x3/2/2/ / / / / / /
/2/2x3/2x3/2x3/2x3/2/2

BFS : +;!�!�+�! 12628 �� ��- 23

41 1 3 3 3/2 3 3/2/2 3 341 = 1x3x3x3/2x3x3/2/2x3x3
      /2/2x3x3/2/2/2x3x3/2

/2/2/2     /2/2/2

,�]�������� ,�]�������� : : ,��#����	��,��#����	��

m3d2( target ) {
return       m3d2(target, 1, new empty set)"1" + ( g , , p y )

}
m3d2( target, v, set ) {

if (v == target) return ""if (v == target) return
d2 = v / 2;
if (d2 @ set) {

set add(d2); m3d2(target d2 set)resultset.add(d2); m3d2(target, d2, set)

}
3 * 3

result =
if (result � ;) return "/2" + result

m3 = v * 3;
if (m3 @ set) {

set.add(m3); m3d2(target, m3, set);result =

}
return ;

if (result � ;) return "�3" + result

} 
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DFS  vs.  BFSDFS  vs.  BFS

� depth-first search %"� stack
! ! + ! ' + ( " � + ( "� .!	�!�+�!�'��	;+�(�"	��;, �	�,	+�(>�$"	���

� �!�+�!��- h, ��?�!��%*��'&?� stack �$( O(b�h)

� breadth-first search %"� queue
� ������#(	>� answer state �'&?�
!�	��D;D
� �!�+�!��- h, ��?�!��%*��'&?� queue ��M� O(bh)

� state space tree ������%�
& "����� 4� state space tree �����%�
,  "���� 4

� �������/����� ???

. . .
. . .

,�]��������,�]��������

1
��������� 27

/2 �3

1

0 3

9

4 274 27

27���=����.	����M�
����'*+;!+,� ?

54 9 x2 /3

����+;+,� ?

�!�-$!�;!#�
3108 18#��'?;?

216 36 6 1
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���������� ���������� (backtracking)(backtracking)

� '��*(���%����]���!2��1  � "��

�� +����)�!2��1*���*�;��������!&� 
(partial solution state) 2����&��� ��&'��/&�

� ��&��� � ����%�&���&+�!2��1'��/����& 4 

[-,-,-]

[1 ]

{8, ?, ?}
, � 8 > 6 ��M��"	�#��#�

[1,-,-]

[1,0,-][1,1,-]
d = {8,2,4},
k = 6

[1,0,0][1,0,1][1,1,0][1,1,1]
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Sum of Subset : BacktrackingSum of Subset : Backtracking

[-,-,-]
d = {8,2,4},
k = 6pruning k = 6

[1,-,-] [0,-,-]� � 8 � � 0

Backtracking
[0,1,-] � � 2

[0,1,1] � = 6

{2,4}

�

DFS + BacktrackingDFS + Backtracking

 subsetSum( d[1..n], k, x[1..n], m ) {
sum = sum(d x m) msum = sum(d, x, m)
if (sum > k) return
if (m == n) {

sum(d,x,m) =   x[j]d[j]�
�

m

j 1( ) {
if ( sum(d, x) == k ) print( x )

} else {
sum == k

x[m+1] = 1; subsetSum( d, k, x, m+1 )
x[m+1] = 0; subsetSum( d, k, x, m+1 )

}}
}
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 subsetSum( d[1..n], k, x[1..n], m ) {
sum = sum(d x m) msum = sum(d, x, m)
if (sum > k) return
if (m == n) {

sum(d,x,m) =   x[j]d[j]�
�

m

j 1( ) {
if ( sum(d, x) == k ) print( x )

} else {
sum == k

x[m+1] = 1; subsetSum( d, k, x, m+1 )
x[m+1] = 0; subsetSum( d, k, x, m+1 )

}}
}

�	���������
������

���	� ����������������
 341 / 498 � ���	�� ����



DFS + BacktrackingDFS + Backtracking

 subsetSum( d[1..n], k, x[1..n], m ) {
sum = sum(d x m) msum = sum(d, x, m)
if (sum > k) return
if (m == n) {

sum(d,x,m) =   x[j]d[j]�
�

m

j 1( ) {
if ( sum == k ) print( x )

} else {

x[m+1] = 1; subsetSum( d, k, x, m+1 )
x[m+1] = 0; subsetSum( d k x m+1 )

if ( sum+d[m+1] <= k )
x[m+1] = 1; subsetSum( d, k, x, m+1 )

x[m+1] = 0; subsetSum( d, k, x, m+1 )
}

}}

BFS + BacktrackingBFS + Backtracking
subsetSum( d[1..n], k )
Q � an empty queue; 
Q.enqueue( a zero-length array ) 
while ( Q � ; ) {

x[1..m] � Q.dequeue()
sum = sum(d, x, m)

if ( m == n ) {
if (sum <= k) {

if ( m == n ) {( ) {
if ( sum(d, x) == k ) print(x)

} else {
x0 = copyOf(x m+1); x0[m+1] = 0

( ) {
if ( sum(d, x) == k ) print(x)

} else {
x0 = copyOf(x m+1); x0[m+1] = 0

sum == k

x0 = copyOf(x, m+1); x0[m+1] = 0
x1 = copyOf(x, m+1); x1[m+1] = 1
Q.enqueue(x0);
Q enqueue(x1);

x0 = copyOf(x, m+1); x0[m+1] = 0
x1 = copyOf(x, m+1); x1[m+1] = 1
Q.enqueue(x0);
Q enqueue(x1)Q.enqueue(x1);

}

}

Q.enqueue(x1);
}

}
}

}
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DFS + BacktrackingDFS + Backtracking

 subsetSum( d[1..n], k, x[1..n], m ) {
sum = sum(d x m) msum = sum(d, x, m)
if (sum > k) return
if (m == n) {

sum(d,x,m) =   x[j]d[j]�
�

m

j 1( ) {
if ( sum == k ) print( x )

} else {

x[m+1] = 1; subsetSum( d, k, x, m+1 )
x[m+1] = 0; subsetSum( d k x m+1 )

if ( sum+d[m+1] <= k )
x[m+1] = 1; subsetSum( d, k, x, m+1 )

x[m+1] = 0; subsetSum( d, k, x, m+1 )
}

}}

BFS + BacktrackingBFS + Backtracking
subsetSum( d[1..n], k )
Q � an empty queue; 
Q.enqueue( a zero-length array ) 
while ( Q � ; ) {

x[1..m] � Q.dequeue()
sum = sum(d, x, m)

if ( m == n ) {
if (sum <= k) {

if ( m == n ) {( ) {
if ( sum(d, x) == k ) print(x)

} else {
x0 = copyOf(x m+1); x0[m+1] = 0

( ) {
if ( sum(d, x) == k ) print(x)

} else {
x0 = copyOf(x m+1); x0[m+1] = 0

sum == k

x0 = copyOf(x, m+1); x0[m+1] = 0
x1 = copyOf(x, m+1); x1[m+1] = 1
Q.enqueue(x0);
Q enqueue(x1);

x0 = copyOf(x, m+1); x0[m+1] = 0
x1 = copyOf(x, m+1); x1[m+1] = 1
Q.enqueue(x0);
Q enqueue(x1)Q.enqueue(x1);

}

}

Q.enqueue(x1);
}

}
}

}

�	���������
������

���	� ����������������
 342 / 498 � ���	�� ����



Sum of Subset : BacktrackingSum of Subset : Backtracking

n �����
'��/��

DFS
(�������*��'��)

DFS + Backtracking
(�������*��'��)

'�/��
$"	������ $"	�����*-,�; $"	������ $"	�����*-,�;

10 6 1,402 2,047 133 384
11 20 621 4 095 97 1 93411 20 621 4,095 97 1,934
12 37 708 8,191 78 3,660
13 36 1,922 16,383 144 4,100
14 81 3 967 32 767 26 8 19814 81 3,967 32,767 26 8,198
15 204 1,797 65,535 60 27,351
16 128 4,085 131,071 41 20,015
17 616 7 684 262 143 76 70 79517 616 7,684 262,143 76 70,795
18 1,052 16,354 524,287 74 121,853
19 2,515 6,649 1,048,575 120 360,480
20 7 133 6 152 2 097 151 21 949 84720 7,133 6,152 2,097,151 21 949,847
21 6,837 30,472 4,194,303 97 789,842
22 8,979 442,309 8,388,607 139 915,099
23 50 129 14 090 16 777 215 73 7 145 91623 50,129 14,090 16,777,215 73 7,145,916
24 92,457 24,456 33,554,431 25 12,847,798
25 54,493 1,015,288 67,108,863 234 6,159,965

	��,
��� 	��,
��� : Sum of Subset: Sum of Subset  

1. /���������&���� 2���-/��0�����������
d { 3 4 2 5 1} k 7 [ ]� d = {-3, 4, -2, 5, 1}, k = 7

2. ������� : �����&��/&�

[-,-,-,-,-]

[0,-,-,-,-]2. ������ : �������/�

2�� kjdjx
m

j
+�

1
][][ [0,0,-,-,-] [0,1,-,-,-]

 ���%��& : �����������������  
�1������&����%�����M#�

j�1

[0,1,0,-,-] [0,1,1,-,-]

 �1���������%����
� d = {8, 6, 5, 2, 1}, k = 11 [0,1,1,0,-]

[0,1,1,0,0]
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Sum of Subset : BacktrackingSum of Subset : Backtracking

n �����
'��/��

DFS
(�������*��'��)

DFS + Backtracking
(�������*��'��)

'�/��
$"	������ $"	�����*-,�; $"	������ $"	�����*-,�;

10 6 1,402 2,047 133 384
11 20 621 4 095 97 1 93411 20 621 4,095 97 1,934
12 37 708 8,191 78 3,660
13 36 1,922 16,383 144 4,100
14 81 3 967 32 767 26 8 19814 81 3,967 32,767 26 8,198
15 204 1,797 65,535 60 27,351
16 128 4,085 131,071 41 20,015
17 616 7 684 262 143 76 70 79517 616 7,684 262,143 76 70,795
18 1,052 16,354 524,287 74 121,853
19 2,515 6,649 1,048,575 120 360,480
20 7 133 6 152 2 097 151 21 949 84720 7,133 6,152 2,097,151 21 949,847
21 6,837 30,472 4,194,303 97 789,842
22 8,979 442,309 8,388,607 139 915,099
23 50 129 14 090 16 777 215 73 7 145 91623 50,129 14,090 16,777,215 73 7,145,916
24 92,457 24,456 33,554,431 25 12,847,798
25 54,493 1,015,288 67,108,863 234 6,159,965

	��,
��� 	��,
��� : Sum of Subset: Sum of Subset  

1. /���������&���� 2���-/��0�����������
d { 3 4 2 5 1} k 7 [ ]� d = {-3, 4, -2, 5, 1}, k = 7

2. ������� : �����&��/&�

[-,-,-,-,-]

[0,-,-,-,-]2. ������ : �������/�

2�� kjdjx
m

j
+�

1
][][ [0,0,-,-,-] [0,1,-,-,-]

 ���%��& : �����������������  
�1������&����%�����M#�

j�1

[0,1,0,-,-] [0,1,1,-,-]

 �1���������%����
� d = {8, 6, 5, 2, 1}, k = 11 [0,1,1,0,-]

[0,1,1,0,0]
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nn--Queen ProblemQueen Problem

./������- ./������- 1 1 
#
���������,���
#
���������,���

col 1 2 3 4
�.#�'& 1 #	-$�
���C�'& 2
col 1 2 3 4 ...

1
2

Q
Q

2
42

3
4 Q

Q4
9
34

5
.

Q
Q3

1

.
col[r] ���,�	��
�$�
���C�'&#	-$#'���-�.#�'& r

[2 4 9 3 1 ][2, 4, 9, 3, 1, ... ]
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nn--Queen ProblemQueen Problem

./������- ./������- 1 1 
#
���������,���
#
���������,���

col 1 2 3 4
�.#�'& 1 #	-$�
���C�'& 2
col 1 2 3 4 ...

1
2

Q
Q

2
42

3
4 Q

Q4
9
34

5
.

Q
Q3

1

.
col[r] ���,�	��
�$�
���C�'&#	-$#'���-�.#�'& r

[2 4 9 3 1 ][2, 4, 9, 3, 1, ... ]
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nn--Queen : DFSQueen : DFS
queen(col[1..n], m) {
if (m == n) {

[1, 1, 1, 1]
[1, 1, 1, 2]
[1 1 1 3]( ) {

if (isValid(col)) print(col)
} else {

[1, 1, 1, 3]
[1, 1, 1, 4]
[1, 1, 2, 1]
[1 1 2 2]for (i = 1; i <= n; i++) {

col[m+1] = i; queen(col, m+1);
}

[1, 1, 2, 2]
[1, 1, 2, 3]
[1, 1, 2, 4]

}
}

}
.  .  .1 2 3 4

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
}

[4, 4, 3, 1]
[4, 4, 3, 2]
[4, 4, 3, 3]

1  2  3  4 1  2  3  4 1  2  3  4 1  2  3  4

[4, 4, 3, 3]
[4, 4, 3, 4]
[4, 4, 4, 1]
[4 4 4 2]

[2,4,1,3]
[4, 4, 4, 2]
[4, 4, 4, 3]
[4, 4, 4, 4]

[3,1,4,2]

������,�����$0
���������,�����$0
���

[2,?,-,3][1,4,1,3] [1,4,2,3]

2
?

2
41

1
4

1
4

1

1
4

1
4

2 -
3 3

1
3

1
3

2
3

2
3

$�
���C�;'�#��� ��#���-�;'�#���
[1, 1, 1, 1]

+�(���;

2 2

[2,4,1,3]
[ , , , ]
[1, 1, 1, 2]
[1, 1, 1, 3]

. . .

�'��#�
�)*"	���
,�%�+�( ? 2

4
1
3

4
1

3

. . .
[4, 4, 4, 1]
[4, 4, 4, 2]
[4 4 4 3]3 3 [4, 4, 4, 3]
[4, 4, 4, 4]
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nn--Queen : DFSQueen : DFS
queen(col[1..n], m) {
if (m == n) {

[1, 1, 1, 1]
[1, 1, 1, 2]
[1 1 1 3]( ) {

if (isValid(col)) print(col)
} else {

[1, 1, 1, 3]
[1, 1, 1, 4]
[1, 1, 2, 1]
[1 1 2 2]for (i = 1; i <= n; i++) {

col[m+1] = i; queen(col, m+1);
}

[1, 1, 2, 2]
[1, 1, 2, 3]
[1, 1, 2, 4]

}
}

}
.  .  .1 2 3 4

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
}

[4, 4, 3, 1]
[4, 4, 3, 2]
[4, 4, 3, 3]

1  2  3  4 1  2  3  4 1  2  3  4 1  2  3  4

[4, 4, 3, 3]
[4, 4, 3, 4]
[4, 4, 4, 1]
[4 4 4 2]

[2,4,1,3]
[4, 4, 4, 2]
[4, 4, 4, 3]
[4, 4, 4, 4]

[3,1,4,2]

������,�����$0
���������,�����$0
���

[2,?,-,3][1,4,1,3] [1,4,2,3]

2
?

2
41

1
4

1
4

1

1
4

1
4

2 -
3 3

1
3

1
3

2
3

2
3

$�
���C�;'�#��� ��#���-�;'�#���
[1, 1, 1, 1]

+�(���;

2 2

[2,4,1,3]
[ , , , ]
[1, 1, 1, 2]
[1, 1, 1, 3]

. . .

�'��#�
�)*"	���
,�%�+�( ? 2

4
1
3

4
1

3

. . .
[4, 4, 4, 1]
[4, 4, 4, 2]
[4 4 4 3]3 3 [4, 4, 4, 3]
[4, 4, 4, 4]
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���#����������������#�������������

|1 – 2| � |2 – 4|
|1 3| |2 9|

col 1 2 3 4 ...
1 Q2 |1 – 3| � |2 – 9|

|1 – 4| � |2 – 3|
|1 5| |2 1|

1
2
3

Q
Q

2
4
9 |1 – 5| � |2 – 1|

...
|2 3| |4 9|

3
4
5 Q

Q
9
3
1

|2 – 3| � |4 – 9|
|2 – 4| � |4 – 3|
|2 5| |4 1|

5
.
.

Q

col[r] 
���,�	��
�$�
���C |2 – 5| = |4 – 1|

...

���,�	��
�$�
��
�'&#	-$#'���-�.#�'& r

$#'���-�.# r1 ��� r2 ��+�(�,<������#���- .!	

A r – r A � A col[r ] – col[r ] AA r1 – r2 A � A col[r1] – col[r2] A

���#������ ���#������ nn--Queen Queen ��$���#�����$���#���
isValid(col[1..n]) {

for (r1 = 2; r1 <= n; r1++) {
for (r2 = 1; r2 < r1; r2++) {

if ( col[r1] == col[r2] ||
|col[r1]  - col[r2]| == r1 – r2 )

return false
return true;

}}

.���!�-�
!#
r2

r1

�

$#'���-�.# r1 ��� r2 ��+�(�,<������#���- .!	

A r – r A � A col[r ] – col[r ] AA r1 – r2 A � A col[r1] – col[r2] A
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���#����������������#�������������

|1 – 2| � |2 – 4|
|1 3| |2 9|

col 1 2 3 4 ...
1 Q2 |1 – 3| � |2 – 9|

|1 – 4| � |2 – 3|
|1 5| |2 1|

1
2
3

Q
Q

2
4
9 |1 – 5| � |2 – 1|

...
|2 3| |4 9|

3
4
5 Q

Q
9
3
1

|2 – 3| � |4 – 9|
|2 – 4| � |4 – 3|
|2 5| |4 1|

5
.
.

Q

col[r] 
���,�	��
�$�
���C |2 – 5| = |4 – 1|

...

���,�	��
�$�
��
�'&#	-$#'���-�.#�'& r

$#'���-�.# r1 ��� r2 ��+�(�,<������#���- .!	

A r – r A � A col[r ] – col[r ] AA r1 – r2 A � A col[r1] – col[r2] A

���#������ ���#������ nn--Queen Queen ��$���#�����$���#���
isValid(col[1..n]) {

for (r1 = 2; r1 <= n; r1++) {
for (r2 = 1; r2 < r1; r2++) {

if ( col[r1] == col[r2] ||
|col[r1]  - col[r2]| == r1 – r2 )

return false
return true;

}}

.���!�-�
!#
r2

r1

�

$#'���-�.# r1 ��� r2 ��+�(�,<������#���- .!	

A r – r A � A col[r ] – col[r ] AA r1 – r2 A � A col[r1] – col[r2] A
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nn--Queen : DFS + BacktrackingQueen : DFS + Backtracking

queen(col[1..n], m) {
if (m == n) {

r2

if (isValid(col)) print(col)
} else {

for (i = 1; i <= n; i++) {

r1

for (i  1; i <  n; i++) {
col[m+1] = i
queen(col, m+1)if (isValid(col, m+1))

queen(col m+1)
}

}
}

queen(col, m+1)

isValid(col[1..n]) {
for (r1 2 r1 < n r1++) {1 k

isValid(col[1..n], k) {
} for (r1 = 2; r1 <= n; r1++) {

for (r2 = 1; r2 < r1; r2++) {
if ( col[r1] == col[r2] ||

r1 = k

|col[r1]  - col[r2]| == r1 – r2 )
return false

return true;
}

nn--Queen : DFS + BacktrackingQueen : DFS + Backtracking
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nn--Queen : DFS + BacktrackingQueen : DFS + Backtracking

queen(col[1..n], m) {
if (m == n) {

r2

if (isValid(col)) print(col)
} else {

for (i = 1; i <= n; i++) {

r1

for (i  1; i <  n; i++) {
col[m+1] = i
queen(col, m+1)if (isValid(col, m+1))

queen(col m+1)
}

}
}

queen(col, m+1)

isValid(col[1..n]) {
for (r1 2 r1 < n r1++) {1 k

isValid(col[1..n], k) {
} for (r1 = 2; r1 <= n; r1++) {

for (r2 = 1; r2 < r1; r2++) {
if ( col[r1] == col[r2] ||

r1 = k

|col[r1]  - col[r2]| == r1 – r2 )
return false

return true;
}

nn--Queen : DFS + BacktrackingQueen : DFS + Backtracking
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nn--QueenQueen

n �����
'��/��

��������
�����-#����+�'�/�� '��/�����

4 2 9
5 10 65 10 6
6 4 32
7 40 10
8 92 1148 92 114
9 352 42
10 724 103
11 2,680 5311 2,680 53
12 14,200 262
13 73,712 112
14 365,596 1,90014 365,596 1,900
15 2,279,184 1,360
16 14,772,512 10,053
17 95,815,104 5,375, , ,

00//1 1 KnapsackKnapsack

1� ��� n "�#���������� : 1, 2, 3, ..., n
#

2.5Kg.
$400

2
� �/&�1"�#����� : w1, w2, w3, ..., wn

� �/&�1"�#�����'&� : v1 v2 v3 v
1.4Kg.
$50

3
� �/�1"�����'� : v1, v2, v3, ..., vn

� 2(������M��%��(������������&���� W
� 0 7K

2.8Kg.
$350

4� �	
�� : ����3�����%!&2(� �+3��%��
� .D-+�(�	;

0.7Kg.
$150

D
� +;!��
$(	�#��	��D; 4Kg.
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nn--QueenQueen

n �����
'��/��

��������
�����-#����+�'�/�� '��/�����

4 2 9
5 10 65 10 6
6 4 32
7 40 10
8 92 1148 92 114
9 352 42
10 724 103
11 2,680 5311 2,680 53
12 14,200 262
13 73,712 112
14 365,596 1,90014 365,596 1,900
15 2,279,184 1,360
16 14,772,512 10,053
17 95,815,104 5,375, , ,

00//1 1 KnapsackKnapsack

1� ��� n "�#���������� : 1, 2, 3, ..., n
#

2.5Kg.
$400

2
� �/&�1"�#����� : w1, w2, w3, ..., wn

� �/&�1"�#�����'&� : v1 v2 v3 v
1.4Kg.
$50

3
� �/�1"�����'� : v1, v2, v3, ..., vn

� 2(������M��%��(������������&���� W
� 0 7K

2.8Kg.
$350

4� �	
�� : ����3�����%!&2(� �+3��%��
� .D-+�(�	;

0.7Kg.
$150

D
� +;!��
$(	�#��	��D; 4Kg.
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00//1 1 KnapsackKnapsack

2.5Kg.
$4001� ��� n "�#���������� : 1, 2, 3, ..., n

# 1.4Kg.
$502

� �/&�1"�#����� : w1, w2, w3, ..., wn

� �/&�1"�#�����'&� : v1 v2 v3 v

0 7K

2.8Kg.
$3503

� �/�1"�����'� : v1, v2, v3, ..., vn

� 2(������M��%��(������������&���� W
0.7Kg.
$1504� �� <x1, x2, x3, ..., xn>, xk = 0 ��3� 1

�
n

i i
4Kg.

n

�
�k

kkvx
1

maximize

tosubject
1

��
�k
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00//1 1 Knapsack : Knapsack : 	*��*��8#�%��	*��*��8#�%��
knapsack( w[1..n], v[1..n], W ) {

x = new array[1..n] with all 0's
vmax = -�; xmax = x
knapsack( w, v, W, x, 0 )
return xmaxmax

}
knapsack(w[1..n], v[1..n], W, x[1..n], m ) {

if (m == n) {
if (sum(w,x) <= W AND sum(v,x) > vmax) {

vmax = sum(v, x); xmax = x
}

} else {} {
x[m+1] = 1; knapsack( w, v, W, x, m+1 )
x[m+1] = 0; knapsack( w, v, W, x, m+1 )

} n n}
} sum(w,x) =   w[j]x[j]sum(w,x) =   w[j]x[j]�

�

n

j 1
sum(v,x) =   v[j]x[j]sum(v,x) =   v[j]x[j]�

�

n

j 1

00//1 1 Knapsack : BacktrackingKnapsack : Backtracking
knapsack( w[1..n], v[1..n], W ) {

x = new array[1..n] with all 0's
vmax = -�; xmax = x
knapsack( w, v, W, x, 0 )
return xmax

sum(w,x,m) =   w[j]x[j]sum(w,x,m) =   w[j]x[j]�
m

j 1max
}
knapsack(w[1..n], v[1..n], W, x[1..n], m ) {

if (sum(w x m) > W) return

�j 1

�>�&��-%&��+���+�if (sum(w, x, m) > W) return
if (m == n) {

if (sum(w,x) <= W AND sum(v,x) > vmax) {

�>��-��+���+�
+;!�'��!	- ?

vmax = sum(v, x); xmax = x
}

} else {} {
x[m+1] = 1; knapsack( w, v, W, x, m+1 )
x[m+1] = 0; knapsack( w, v, W, x, m+1 )

}}
}
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00//1 1 Knapsack : BacktrackingKnapsack : Backtracking
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LeastLeast--Cost Cost SearchSearch
� �����������3�� state �+3��;��/ state %��&���

DFS ��1 BFS ��������&�����1�����DFS ��1 BFS �����������1����

� �/&�����/(;� !!! 

� blind/uninformed search

� Least-cost search� Least cost search
� ��(
� state �'�!��D� (cost function) 

?��	�$!��>%&�?,!+;!$"	���?��	�$��>�?,+;$	���
� �
%�� state �'&�'�!��D��&"	�D;�	$!��(�

(?�! priority queue ��<� states) 4( p y q )
� ?�!�!��D��&"	�D;��M���#��;���?�

($
!	� greedy ��(+��
!#
10 8 9 10

15 11 109 +�(;' �
��?�+;!)
15 1111 109
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1515--PuPuzzzzle le : Least: Least--Cost SearchCost Search
2

1 2 3 4
�#���������*
�7
�:����#�6��:� ������ cost function 

�7 : � : ��5 6 7 8
9 10 12

13 14 11 15

�;����6��� 
��:��%����:���

1 2 3 41 2 3 4 1 2 3 4 1 2 3 4
3 1 3 3

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15

1 2 3 4
5 6 8
9 10

13 14
7
11

12
15

1 2 3 4
5 6 7 8
9 10 12
13 14 11 15

1 2 3 4
5 6 7 8
9 10 12

13 14 11 1513 14 1513 14 11 15 13 14 11 15 13 14 11 15

02
1 2 3 4
5 6 7 8
9 10 11 12

1 2 3 4
5 6 7 8
9 10 11 12 answer state

13 14 15 13 14 15

1515--pupuzzzzle : LCle : LC--SearchSearch
solve( board ) {

set = an empty set
Q = an empty queue
Q.enqueue( board ); set.add( board )
while (  Q � ; ) {

PQ = an empty priority queue
PQ.add( board );

PQ
b = Q.dequeue();
if ( b.isAnswer() ) return b;
for each d ( {UP, DOWN, LEFT, RIGHT} {

PQ.removeMin()

{ , , , } {
if ( b.canMoveBlank( d ) ) {

b1 = b.moveBlank( d );
if (b1 @ set) {if (b1 @ set) {

Q.enqueue( b1 ); set.add( b1 )
}

} priority queue ����#���	

PQ.add( b1);

}
}

}
i t " l ti "

priority queue �����	
�������� cost function

print "no solution";
}
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1515--pupuzzzzle : LCle : LC--SearchSearch
solve( board ) {

set = an empty set
Q = an empty queue
Q.enqueue( board ); set.add( board )
while (  Q � ; ) {

PQ = an empty priority queue
PQ.add( board );

PQ
b = Q.dequeue();
if ( b.isAnswer() ) return b;
for each d ( {UP, DOWN, LEFT, RIGHT} {

PQ.removeMin()

{ , , , } {
if ( b.canMoveBlank( d ) ) {

b1 = b.moveBlank( d );
if (b1 @ set) {if (b1 @ set) {

Q.enqueue( b1 ); set.add( b1 )
}

} priority queue ����#���	

PQ.add( b1);
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}

}
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print "no solution";
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BreadthBreadth--First   vs.  LeastFirst   vs.  Least--CostCost
1 3 6
5 2 8
10 11 7

4
1210 11 7

9 13 14
12
15

38517 nodes38517 nodes
(BFS) 31 nodes

(LC-Search)1 2 3 4 1 2 3 4
7 78 16

( )

63 nodes

1 2 3 4
5 6 7 8
13 9 10 11

1 2 3 4
5 6 7 8
14 12 10 13 63 nodes

(LC-Search)14 15 12
14 12 10 13
15 11 9

LeastLeast--Cost  &  MaxCost  &  Max--ProfitProfit

4 9

10 8 9 10

15 1111 109

7 9 8 3
5 74 6811 9
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4 8

...

min heap max heap

Best-First Search
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Branch & BoundBranch & Bound

� ����1��� optimization problems

� Maximization :
� ��(
����' upper bound ��-$(	�'&�!�-�	� maximize
� Knapsack : [1, 0, 1, -, -, -, -] ?,!��
$(	�#�+;!+�(���� 235

� Minimization :� Minimization :
� ��(
����' lower bound ��-$(	�'&�!�-�	� minimize
� TSP : [1 4 3 - - -] ?,!�����	-�#���(	-�!�� 213� TSP : [1, 4, 3, -, -, -] ?,�����	-�#���	-��� 213

� ���%"� bound ����/������/����*��%����'�����
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LeastLeast--Cost Search Cost Search + Bound+ Bound
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00//1 1 KnapsackKnapsack

1� ��� n "�#���������� : 1, 2, 3, ..., n
#

2.5Kg.
$400

2
� �/&�1"�#����� : w1, w2, w3, ..., wn

� �/&�1"�#�����'&� : v1 v2 v3 v
1.4Kg.
$50

3
� �/�1"�����'� : v1, v2, v3, ..., vn

� 2(������M��%��(������������&���� W
0 7K

2.8Kg.
$350

4� �� <x1, x2, x3, ..., xn>, xk = 0 ��3� 1 0.7Kg.
$150

�
n

i i
4Kg.

n

�
�k

kkvx
1

maximize

tosubject
1

��
�k

kk Wwx
< x1, x2, x3, x4>maximization

}1,0{(kx < 1,  0,  0,  1 >maximization 
problems

Fractional KnapsackFractional Knapsack
� 2����(
�/%�� "��3��" ������!&�%!&2(����

� 0 � xk � 1 +;!�
$(	��M���;�(#��	�����	B�'&��%��� 0 � xk � 1,  +;��
$	����;�#��	����	B�����

� !����2��'��/���������0 (Greedy algo.)
+ ( � �& '& ' ( ( *" �� +
(,��������	���-�'�'��
$(	�(��"	,����	��D;
?�(.D-+���%&�� @ ��.-��*��'&.!	?�( .D-���	;
�<��%����-?�(.-?,!>�;'�'&.-����*"	,���+;!�������-?�.D-?,>�;�.D-���	,��+;

� 2����� 1, 2, ..., n �������� 1 2

1 2

nvv v
w w w
� � ��

x1=1.0 x2=1.0 x3=1.0 x4=0.8
� %"���� O(n)

1 2 nw w w

v1=66, v2=20, v3=30, v4=60, v5=40

w1=30, w2=10, w3=20, w4=50, w5=40 W = 100

, v = 164

v/w : 2.2   2.0   1.5   1.2   1.0

�	���������
������

���	� ����������������
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Upper Bound Upper Bound ��� ��� 00//1 1 KnapsackKnapsack

v1=66, v2=20, v3=30, v4=60, v5=40
W 100

w1=30, w2=10, w3=20, w4=50, w5=40
W = 100

��
$(	�#���-
$"	�����- 

��
$(	�#���-
$"	�����- � Fractional Knapsack0/1 Knapsack �

<1 1 1 0 8 0><1, 1, 1, 0, 1> <1, 1, 1, 0.8, 0>
, v = 164

<1, 1, 1, 0, 1>
, v = 156

UpperUpper  Bound Bound ����	,%�������	,%���

� ��������& n "�#�

# �� �����"�#�*�� 1, 2, ..., n /�� v/w ������������

� '��/�� x1, x2, ...,x +1, x +2 ..., x� '�/��  x1, x2, ...,xm+1,  xm+2 ..., xn

 1,  0   ....  1,    ? , ?,..., ?
?��;���?��
!##(	��

�
%��,�%�+�(�
%��
��-+�(��;���?�

,,�
� !����2'���) max ,v %�!&�*�������&/��!��%�

,�xivi ???

��������'��/����� fractional knapsack 
/�#��/&"�#�*�� m+2 2M� n ��3��2(��(��� W - ,xiwi( ( i i

�	���������
������
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#����%��#����%��

v =66 v =20 v =30 v =60 v =40

W = 100

v1=66, v2=20, v3=30, v4=60, v5=40

w1=30, w2=10, w3=20, w4=50, w5=40

v/w : 2.2   2.0   1.5   1.2   1.0

,�v = 0 +  20 +  30 + 60 + 20 =  130

v1=66, v2=20, v3=30, v4=60, v5=40

W = 100 – 30 = 70

v1 66, v2 20, v3 30, v4 60, v5 40

w1=30, w2=10, w3=20, w4=50, w5=40

/ 2 2 2 0 1 5 1 2 1 0v/w : 2.2   2.0   1.5   1.2   1.0

,�v = 66 +  20 +  30 + 48 +  0 =  164

00//1 1 Knapsack Knapsack 
� Max-Profit search ��3���/���*�������!��!(�

0

0 1 10

1x1=
130 164

x1=0, W=100-0
max (,v �'&�,
%�) ��%&�

x1=1, W=100-30=70
max (,v �'&�,
%�) ��%&�

x2=1, x3=1, x4=1, x5=0.5
+;! max ,v = 0 + 130

x2=1, x3=1, x4=0.8, x5=0
+;! max ,v = 66 + 98 = 164

v1=66, v2=20, v3=30, v4=60, v5=40

w1=30, w2=10, w3=20, w4=50, w5=40
W = 100

v/w : 2.2   2.0   1.5   1.2   1.0

�	���������
������

���	� ����������������
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00//1 1 Knapsack  Knapsack  : Branch & Bound: Branch & Bound
Knapsack( w[1..n], v[1..n], W ) { // sorted by v/wKnapsack( w[1..n], v[1..n], W ) { // sorted by v/w
H = an empty max heap; VMAX = -�
H.add([], FKS(w,v,W,1,n))
while( H � ; ) {while( H � ; ) {

(x[1..m], VUB) = H.removeMax()
if (VUB � VMAX) break; 
if ( ) {

BOUND
if (m == n) {

if (VUB > VMAX) { VMAX = VUB; xMAX = x }
} else {

BRANCH,v = sum(v, x, m); ,w = sum(w, x, m) 
x0 = copyOf(x, m+1); x0[m+1] = 0
H.add(x0, 0+,v + FKS(w, v ,W - ,w, m+2, n))

BRANCH

if (W - ,w - w[m+1] � 0) {
x1 = copyOf(x, m+1); x1[m+1] = 1
H.add(x1, v[m+1]+,v +FKS(w,v,W-,w-w[m+1],m+2,n))H.add(x1, v[m+1]+,v +FKS(w,v,W ,w w[m+1],m+2,n))

}
}

}}
return xMAX

}

BT   &   BBBT   &   BB
Knapsack : n = 13,

�!���
 w, v, W �D(�?,!�
%��+;!+�($��

4207 nodes4207 nodes
(Backtracking)34 nodes

(B h & B d)(Branch & Bound)

�	���������
������

���	� ����������������
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�!���
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n BFS Backtrack B&B n B&B
1 3 3 3
2 7 5 5
3 15 6 6

50 86
100 188
150 232

�"	�#�
���'&$!�

4 31 12 10
5 63 33 11
6 127 70 12

200 308
250 423
300 555

7 255 120 12
8 511 148 15
9 1,023 302 18

350 564
400 609
450 775

10 2,047 944 18
11 4,095 1,829 23
12 8,191 4,996 20

500 781
550 998
600 991

13 16,383 4,207 34
14 32,767 11,562 39
15 65,535 17,587 22

650 1,088
700 1,159
750 1,312

16 131,071 55,583 28
17 262,143 119,443 47
18 524,287 68,944 34

800 1,351
850 1,488
900 1,334

19 1,048,575 694,689 39
20 2,097,151 288,154 29

950 1,576
1,000 1,699

�����
������
�

� �������
���& n ��� : 1, 2, 3, ..., n
� �/&�1�����'&� : v1, v2, v3, ..., vn

� /������*������%����'����'&� V� /�����*�����%����'����'� V
� $��%"������
�������������!(�

' ' ( " + ( " �� �'�,�'�W��(
�����"	�#�+�(�"	��;

� /���&��
� �'�,�'�W : 1, 5, 10, 12, 25  �	�
� �!�-�	�����-����
$(	 41 �	�
� " 12 3 '� $	��� : 12 �	� 3 �,��W,

   5 �	� 1 �,�'�W

�	���������
������

���	� ����������������
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��������
� ��������
� : branch & bound: branch & bound

� ������]���!2��1������*������ 41 ��������

1 5 10 12 25 �����&����#1, 5, 10, 12, 25 �������

41
'

16

25

29
12

36
5

40

1�,�'�W

31
10

� %"�;����*�������
��� greedy ���� cost
�

... ... ... ......

(*����������
*����'&����!(��&��) "&����*��

� lower bound �������������
*���� x '3�� lower bound �����������
*�� x  '�
� �"	�#��,�'�W�'&����	��.-�� x  �#����
� �-���'&��-+�(����'&�� x� �-���-+������� x  

��
$(	�,�'�W�	��D;�'&�!���#(	�-���'&��-+�(���

��������
� ��������
� : branch & bound: branch & bound

41
2 6

�"	�#��,�'�W�'&+;!
;!#��	�����-��

lower bound ��-
�"	�#��,�'�W 2     6

25
12 5

1
10

;#��	�����-�
��� greedy

�	�#��,��W

16
3 6

29
3 6

12

38
3 4

5

40
3 5

31
3 4

10

3     6 3     6 3     4 3     53     4

25 12 5 110

6 19

12

26

5

3021

10

4     4 4     6 4     4 4     44     8


�-#	;�(���+;!$"	���

�	���������
������
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������0	�Z	� ������0	�Z	� : permutation: permutation

� �����	
����;��������������������!���������
Q !� n-Queen

� assignment problem
lli l bl

n n!
1 1
2 2

� travelling salesman problem
� bandwidth minimization problem

2 2
3 6
4 24

� ...

[1,2,3,4]
[1 2 4 3]

[2,1,3,4]
[2 1 4 3]

[3,2,1,4]
[3 2 4 1]

[4,2,3,1]
[4 2 1 3]

5 120
6 720

[1,2,4,3]
[1,3,2,4]
[1,3,4,2]

[2,1,4,3]
[2,3,1,4]
[2,3,4,1]

[3,2,4,1]
[3,1,2,4]
[3,1,4,2]

[4,2,1,3]
[4,3,2,1]
[4,3,1,2]

7 5,040
8 40,320
9 362 880[1,4,3,2]

[1,4,2,3]
[2,4,3,1]
[2,4,1,3]

[3,4,1,2]
[3,4,2,1]

[4,1,3,2]
[4,1,2,3]

9 362,880
10 3,628,800
11 39 916 80011 39,916,800
12 479,001,600
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������0	�Z	� ������0	�Z	� : permutation: permutation

� �����	
����;��������������������!���������
Q !� n-Queen

� assignment problem
lli l bl

n n!
1 1
2 2

� travelling salesman problem
� bandwidth minimization problem

2 2
3 6
4 24

� ...

[1,2,3,4]
[1 2 4 3]

[2,1,3,4]
[2 1 4 3]

[3,2,1,4]
[3 2 4 1]

[4,2,3,1]
[4 2 1 3]

5 120
6 720

[1,2,4,3]
[1,3,2,4]
[1,3,4,2]

[2,1,4,3]
[2,3,1,4]
[2,3,4,1]

[3,2,4,1]
[3,1,2,4]
[3,1,4,2]

[4,2,1,3]
[4,3,2,1]
[4,3,1,2]

7 5,040
8 40,320
9 362 880[1,4,3,2]

[1,4,2,3]
[2,4,3,1]
[2,4,1,3]

[3,4,1,2]
[3,4,2,1]

[4,1,3,2]
[4,1,2,3]

9 362,880
10 3,628,800
11 39 916 80011 39,916,800
12 479,001,600
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nn--Queen : BacktrackingQueen : Backtracking

queen(col[1..n], m) {
if (m == n) print(col)

[1,1,1,1]
[1,1,1,2]
[1 1 1 3]( ) p ( )

else {
for (i = 1; i <= n; i++) {

col[m+1] = i;

[1,1,1,3]
[1,1,1,4]
[1,1,2,1]
[1 1 2 2]col[m+1] = i;

if (isValid(col, m+1)) 
queen(col, m + 1);

[1,1,2,2]
[1,1,2,3]
[1,1,2,4]

}
}

} 1 2 3 4

. . .

} 1 2 3 4

1  2  3  4 1  2  3  4 1  2  3  4 1  2  3  4

[4,4,3,1]
[4,4,3,2]
[4,4,3,3][ , , , ]
[4,4,3,4]
[4,4,4,1]
[4,4,4,2]

[2,4,1,3] [3,1,4,2]

[4,4,4,2]
[4,4,4,3]
[4,4,4,4]

������*�.����
5�
�	1�	�������*�.����
5�
�	1�	�
[1,1,1,1]
[1,1,1,2]
[1 1 1 3]

[1,2,3,4]
[1,2,4,3]
[1,3,2,4]

�!�-��#���B'#	-
$#'�?�$�
���C [1,1,1,3]

[1,1,1,4]
[1,1,2,1]
[1 1 2 2]

[1,3,2,4]
[1,3,4,2]
[1,4,3,2]
[1 4 2 3]

+�(�'��B'#	-$#'�?�
$�
���C�;'�#���

$#�?�$�
��
�;'�#���

1 [1,1,2,2]
[1,1,2,3]
[1,1,2,4]

[1,4,2,3]
[2,1,3,4]
[2,1,4,3] 4

1
2

. . .44 = 256 
��B'

. . .

[ ]

4! = 24 
��B'

[4,4,3,1]
[4,4,3,2]
[4,4,3,3]

��B
[3,4,1,2]
[3,4,2,1]
[4,2,3,1]

��B

[ , , , ]
[4,4,3,4]
[4,4,4,1]
[4,4,4,2]

[4,2,1,3]
[4,3,2,1]
[4,3,1,2] [4,4,4,2]

[4,4,4,3]
[4,4,4,4]

[4,3,1,2]
[4,1,3,2]
[4,1,2,3]
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nn--Queen : BacktrackingQueen : Backtracking

queen(col[1..n], m) {
if (m == n) print(col)

[1,1,1,1]
[1,1,1,2]
[1 1 1 3]( ) p ( )

else {
for (i = 1; i <= n; i++) {

col[m+1] = i;

[1,1,1,3]
[1,1,1,4]
[1,1,2,1]
[1 1 2 2]col[m+1] = i;

if (isValid(col, m+1)) 
queen(col, m + 1);

[1,1,2,2]
[1,1,2,3]
[1,1,2,4]

}
}

} 1 2 3 4

. . .

} 1 2 3 4

1  2  3  4 1  2  3  4 1  2  3  4 1  2  3  4

[4,4,3,1]
[4,4,3,2]
[4,4,3,3][ , , , ]
[4,4,3,4]
[4,4,4,1]
[4,4,4,2]

[2,4,1,3] [3,1,4,2]

[4,4,4,2]
[4,4,4,3]
[4,4,4,4]

������*�.����
5�
�	1�	�������*�.����
5�
�	1�	�
[1,1,1,1]
[1,1,1,2]
[1 1 1 3]

[1,2,3,4]
[1,2,4,3]
[1,3,2,4]

�!�-��#���B'#	-
$#'�?�$�
���C [1,1,1,3]

[1,1,1,4]
[1,1,2,1]
[1 1 2 2]

[1,3,2,4]
[1,3,4,2]
[1,4,3,2]
[1 4 2 3]

+�(�'��B'#	-$#'�?�
$�
���C�;'�#���

$#�?�$�
��
�;'�#���

1 [1,1,2,2]
[1,1,2,3]
[1,1,2,4]

[1,4,2,3]
[2,1,3,4]
[2,1,4,3] 4

1
2

. . .44 = 256 
��B'

. . .

[ ]

4! = 24 
��B'

[4,4,3,1]
[4,4,3,2]
[4,4,3,3]

��B
[3,4,1,2]
[3,4,2,1]
[4,2,3,1]

��B

[ , , , ]
[4,4,3,4]
[4,4,4,1]
[4,4,4,2]

[4,2,1,3]
[4,3,2,1]
[4,3,1,2] [4,4,4,2]

[4,4,4,3]
[4,4,4,4]

[4,3,1,2]
[4,1,3,2]
[4,1,2,3]

�	���������
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������*�.����
5�
�	1�	�������*�.����
5�
�	1�	�
[1,1,1,1]
[1,1,1,2]
[1 1 1 3]

[1,2,3,4]
[1,2,4,3]
[1 3 2 4]

1 2 3 4
[1,1,1,3]
[1,1,1,4]
[1,1,2,1]
[1 1 2 2]

[1,3,2,4]
[1,3,4,2]
[1,4,3,2]
[1 4 2 3]

1  2  3  4 1  2  3  4 1  2  3  4 1  2  3  4

44 = 256 
��B' [1,1,2,2]

[1,1,2,3]
[1,1,2,4]

[1,4,2,3]
[2,1,3,4]
[2,1,4,3]

��B

. . .. . .

1 2 3 4
[4,4,3,1]
[4,4,3,2]
[4,4,3,3]

[3,4,1,2]
[3,4,2,1]
[4,2,3,1]

1 2 3 4

2   3   4 1   3   4 2   1   4 2   3   1
[ , , , ]
[4,4,3,4]
[4,4,4,1]
[4 4 4 2]

[ , , , ]
[4,2,1,3]
[4,3,2,1]
[4 3 1 2]

4! = 24 
��B'

3  4

4 3 [4,4,4,2]
[4,4,4,3]
[4,4,4,4]

[4,3,1,2]
[4,1,3,2]
[4,1,2,3]

4    3

����������������������	�$������������������������	�$��

1 2 3

1 2 3 2 1 3 3 2 1
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������*�.����
5�
�	1�	�������*�.����
5�
�	1�	�
[1,1,1,1]
[1,1,1,2]
[1 1 1 3]

[1,2,3,4]
[1,2,4,3]
[1 3 2 4]

1 2 3 4
[1,1,1,3]
[1,1,1,4]
[1,1,2,1]
[1 1 2 2]

[1,3,2,4]
[1,3,4,2]
[1,4,3,2]
[1 4 2 3]

1  2  3  4 1  2  3  4 1  2  3  4 1  2  3  4

44 = 256 
��B' [1,1,2,2]

[1,1,2,3]
[1,1,2,4]

[1,4,2,3]
[2,1,3,4]
[2,1,4,3]

��B

. . .. . .

1 2 3 4
[4,4,3,1]
[4,4,3,2]
[4,4,3,3]

[3,4,1,2]
[3,4,2,1]
[4,2,3,1]

1 2 3 4

2   3   4 1   3   4 2   1   4 2   3   1
[ , , , ]
[4,4,3,4]
[4,4,4,1]
[4 4 4 2]

[ , , , ]
[4,2,1,3]
[4,3,2,1]
[4 3 1 2]

4! = 24 
��B'

3  4

4 3 [4,4,4,2]
[4,4,4,3]
[4,4,4,4]

[4,3,1,2]
[4,1,3,2]
[4,1,2,3]

4    3

����������������������	�$������������������������	�$��

1 2 3

1 2 3 2 1 3 3 2 1
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����������������������	�$������������������������	�$��

1 2 3

1 2 3 2 1 3 3 2 1

1 2 3 1 3 2 2 1 3 2 3 1 3 2 1 3 1 21 2 3 1 3 2 2 1 3 2 3 1 3 2 1 3 1 2

1 2 3 1 3 2 2 1 3 2 3 1 3 2 1 3 1 2

����������������������	�$������������������������	�$��

perm( x[1..n], m ) {
if (n == m) print( x )if (n  m) print( x )
else {
for(i = m+1; i <= n; i++) {
x[i] � x[m+1]
perm(x, m+1)
[i] � [ +1]x[i] � x[m+1]

}
} m+1}

}
4 2 1 3 5

4 2 1 3 5 4 2 3 1 5 4 2 5 3 1

i i i

4 2 1 3 5 4 2 3 1 5 4 2 5 3 1

�	���������
������

���	� ����������������
 368 / 498 � ���	�� ����



����������������������	�$������������������������	�$��

1 2 3

1 2 3 2 1 3 3 2 1

1 2 3 1 3 2 2 1 3 2 3 1 3 2 1 3 1 21 2 3 1 3 2 2 1 3 2 3 1 3 2 1 3 1 2

1 2 3 1 3 2 2 1 3 2 3 1 3 2 1 3 1 2

����������������������	�$������������������������	�$��

perm( x[1..n], m ) {
if (n == m) print( x )if (n  m) print( x )
else {
for(i = m+1; i <= n; i++) {
x[i] � x[m+1]
perm(x, m+1)
[i] � [ +1]x[i] � x[m+1]

}
} m+1}

}
4 2 1 3 5

4 2 1 3 5 4 2 3 1 5 4 2 5 3 1

i i i

4 2 1 3 5 4 2 3 1 5 4 2 5 3 1
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nn--Queen : DFSQueen : DFS

perm( x[1..n], m ) {
if (n == m) 

[1,2,3,4]
[1,2,4,3]
[1 3 2 4]

queen(x[1..n], m ) {
( )
print( x )

else {

[1,3,2,4]
[1,3,4,2]
[1,4,3,2]
[1 4 2 3]

if (isValid(x)) print( x )

for(i = m+1; i <= n; i++) {
x[i] � x[m+1]
perm(x m+1)

[1,4,2,3]
[2,1,3,4]
[2,1,4,3]

queen(x m+1)perm(x, m+1)
x[i] � x[m+1]

}
. . .

queen(x, m+1)

}
}

}

[3,4,1,2]
[3,4,2,1]
[4,2,3,1]

1 2 3 4

2   3   4 1   3   4 2   1   4 2   3   1 [ , , , ]
[4,2,1,3]
[4,3,2,1]
[4 3 1 2]

3  4

4    3

[2,4,1,3] [3,1,4,2]
[4,3,1,2]
[4,1,3,2]
[4,1,2,3]

nn--Queen : BacktrackingQueen : Backtracking
queen(x[1..n], m ) {
if (n == m)

[1,2,3,4]
[1,2,4,3]
[1 3 2 4]( )

if (isValid(x)) print( x )
else {

[1,3,2,4]
[1,3,4,2]
[1,4,3,2]
[1 4 2 3]for(i = m+1; i <= n; i++) {

x[i] � x[m+1]
queen(x m+1)if (isValid(x m+1))

[1,4,2,3]
[2,1,3,4]
[2,1,4,3]

queen(x, m+1)

x[i] � x[m+1]

if (isValid(x, m+1))
queen(x, m+1) . . .
[ ] [ ]

}
} 1 2 3 4

[3,4,1,2]
[3,4,2,1]
[4,2,3,1]

} 2   3   4 1   3   4 2   1   4 2   3   1

3  4

[ , , , ]
[4,2,1,3]
[4,3,2,1]
[4 3 1 2]

[2,4,1,3] [3,1,4,2]
4    3

[4,3,1,2]
[4,1,3,2]
[4,1,2,3]
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nn--Queen : DFSQueen : DFS

perm( x[1..n], m ) {
if (n == m) 

[1,2,3,4]
[1,2,4,3]
[1 3 2 4]

queen(x[1..n], m ) {
( )
print( x )

else {

[1,3,2,4]
[1,3,4,2]
[1,4,3,2]
[1 4 2 3]

if (isValid(x)) print( x )

for(i = m+1; i <= n; i++) {
x[i] � x[m+1]
perm(x m+1)

[1,4,2,3]
[2,1,3,4]
[2,1,4,3]

queen(x m+1)perm(x, m+1)
x[i] � x[m+1]

}
. . .

queen(x, m+1)

}
}

}

[3,4,1,2]
[3,4,2,1]
[4,2,3,1]

1 2 3 4

2   3   4 1   3   4 2   1   4 2   3   1 [ , , , ]
[4,2,1,3]
[4,3,2,1]
[4 3 1 2]

3  4

4    3

[2,4,1,3] [3,1,4,2]
[4,3,1,2]
[4,1,3,2]
[4,1,2,3]

nn--Queen : BacktrackingQueen : Backtracking
queen(x[1..n], m ) {
if (n == m)

[1,2,3,4]
[1,2,4,3]
[1 3 2 4]( )

if (isValid(x)) print( x )
else {

[1,3,2,4]
[1,3,4,2]
[1,4,3,2]
[1 4 2 3]for(i = m+1; i <= n; i++) {

x[i] � x[m+1]
queen(x m+1)if (isValid(x m+1))

[1,4,2,3]
[2,1,3,4]
[2,1,4,3]

queen(x, m+1)

x[i] � x[m+1]

if (isValid(x, m+1))
queen(x, m+1) . . .
[ ] [ ]

}
} 1 2 3 4

[3,4,1,2]
[3,4,2,1]
[4,2,3,1]

} 2   3   4 1   3   4 2   1   4 2   3   1

3  4

[ , , , ]
[4,2,1,3]
[4,3,2,1]
[4 3 1 2]

[2,4,1,3] [3,1,4,2]
4    3

[4,3,1,2]
[4,1,3,2]
[4,1,2,3]
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nn--Queen  : BacktrackingQueen  : Backtracking

�����
�������������-#��
��+�'��/�����

���%������
*�'��/�� (#��	�')

n ����
'��/��

��+�'�/����� *(�'�/��  (#�	�)

������ 
(nn)

����'&��-
(n!)

������ 
(nn)

����'&��-
(n!)

4
5
6

2
10
4

9
6

32

9
6

33

� 0
�0
�0

� 0
� 0
� 0

7
8
9
10

40
92

352
724

10
114

42
103

10
117

44
103

�0
�0
�0

0 01

� 0
� 0
� 0

010
11
12
13

724
2,680

14,200 
73 712

103
53

262
112

103
53

262
108

0.01
0.06
0.37
2 26

� 0
0.05
0.26
1 5513

14
15
16

73,712 
365,596 

2,279,184 
14,772,512 

112
1,900
1,360

10,053

108
1,915
1,359

10,053

2.26
15.13

106.26
798.30

1.55
10.00
68.23

497.55
17

, ,
95,815,104

10,053
5,375

10,053
5,447

798.30
6,213.57

497.55
3,747.33

nn--Queen  : BacktrackingQueen  : Backtracking

���]����� permutation

n
�]��� pe utat o

(��(�'����3��+�'��/�����)

�"	�#��� �#
	 (#��	�')( )

5 6 � 0
10 103 � 0 
15 1 359 0 00415 1,359 0.004
20 199,638 0.073
25 48,652 0.023
30 16,918,415 10.23130 16,918,415 10.231
35 255,491,565 189.845

�����
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nn--Queen  : BacktrackingQueen  : Backtracking

�����
�������������-#��
��+�'��/�����

���%������
*�'��/�� (#��	�')

n ����
'��/��

��+�'�/����� *(�'�/��  (#�	�)

������ 
(nn)

����'&��-
(n!)

������ 
(nn)

����'&��-
(n!)

4
5
6

2
10
4

9
6

32

9
6

33

� 0
�0
�0

� 0
� 0
� 0

7
8
9
10

40
92

352
724

10
114

42
103

10
117

44
103

�0
�0
�0

0 01

� 0
� 0
� 0

010
11
12
13

724
2,680

14,200 
73 712

103
53

262
112

103
53

262
108

0.01
0.06
0.37
2 26

� 0
0.05
0.26
1 5513

14
15
16

73,712 
365,596 

2,279,184 
14,772,512 

112
1,900
1,360

10,053

108
1,915
1,359

10,053

2.26
15.13

106.26
798.30

1.55
10.00
68.23

497.55
17

, ,
95,815,104

10,053
5,375

10,053
5,447

798.30
6,213.57

497.55
3,747.33

nn--Queen  : BacktrackingQueen  : Backtracking

���]����� permutation

n
�]��� pe utat o

(��(�'����3��+�'��/�����)

�"	�#��� �#
	 (#��	�')( )

5 6 � 0
10 103 � 0 
15 1 359 0 00415 1,359 0.004
20 199,638 0.073
25 48,652 0.023
30 16,918,415 10.23130 16,918,415 10.231
35 255,491,565 189.845

�����
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nn--Queen : Las VegasQueen : Las Vegas

� �������� permutation !(&� 4 ��� 1, 2, ..., n

� /��*��1�2&� ��0�'���2�� 4 ��3���&

� 2����0� %��!���'������2��#�����22����� 2���� %�!��'�����2�����22���

� 2��!���'��*(��2 ��������&!����0� *��%��&*�#����
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
QQ

Q
Q

Q
Q

Q
Q

Q

Q QQ
Q

Q
Q

Q
Q

Q
QQ

Q
Q

Q

nn--Queen : Las VegasQueen : Las Vegas
queenLV( col[1..n]) {

for (i = 1; i <= n; i++) col[i] = i;
while ( queenLV1(col) == false ) {}
print( col )

}
queenLV1(col[1..n]) {

shuffle( col )
for(k = 2; k <= n; k++) {( ; ; ) {

j = k + 1
while (!isValid(col, k)) {

if (j > n) return falseif (j > n) return false
col[k] � col[j];
j++

}}
}
return true

}}
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nn--Queen : Las VegasQueen : Las Vegas

� �������� permutation !(&� 4 ��� 1, 2, ..., n

� /��*��1�2&� ��0�'���2�� 4 ��3���&

� 2����0� %��!���'������2��#�����22����� 2���� %�!��'�����2�����22���

� 2��!���'��*(��2 ��������&!����0� *��%��&*�#����
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
QQ

Q
Q

Q
Q

Q
Q

Q

Q QQ
Q

Q
Q

Q
Q

Q
QQ

Q
Q

Q

nn--Queen : Las VegasQueen : Las Vegas
queenLV( col[1..n]) {

for (i = 1; i <= n; i++) col[i] = i;
while ( queenLV1(col) == false ) {}
print( col )

}
queenLV1(col[1..n]) {

shuffle( col )
for(k = 2; k <= n; k++) {( ; ; ) {

j = k + 1
while (!isValid(col, k)) {

if (j > n) return falseif (j > n) return false
col[k] � col[j];
j++

}}
}
return true

}}
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nn--Queen : Las VegasQueen : Las Vegas

n
���]������ permutation

(���'����3��+�'��/�����) n �����
'��/��n (��(�'����+�'�/�����)

�"	�#��.	�� �#
	 (#��	�')
100 122,468 0.05

'�/��
4 2
5 10
6 4

150 110,397 0.06
200 633,492 0.45 
250 869,546 0.74
300 5 743 536 5 76

6 4
7 40
8 92
9 352300 5,743,536 5.76

350 3,546,165 4.08 
400 10,838,971 14.14 
450 15 321 788 22 24

10 724
11 2,680
12 14,200 450 15,321,788 22.24

500 4,779,326 7.78 
550 126,438,286 218.59
600 12,246,381 23.09

13 73,712 
14 365,596 
15 2,279,184 
16 14 772 512

600 12,246,381 23.09
650 156,425,660 315.30
700 76,669,563 164.98
750 299,588,148 696.40

16 14,772,512 
17 95,815,104

800 134,631,279 333.67

Assignment  ProblemAssignment  Problem

� ����� n ���, ��'� n '�

� �� /��*(����%��'�*�� i *�����*�� j �*&����  cij
� ����������������%�����*�'� *��%"�/��*�/���!�� ���������������%���*(�'� *%"/�*(�/�!(�

(�/&�1'�*�����/&�����)

� &% �� t ti� ;��������%������� permutation
� (4, 2, 1, 3)

-	�a b c d
Branch & Bound

1 2 3 4
a 14 12 15 20

-	�a, b, c, d

b 15 10 14 25
c 10 19 17 23
d 16 18 8 40

$�

d 16 18 8 40
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nn--Queen : Las VegasQueen : Las Vegas

n
���]������ permutation

(���'����3��+�'��/�����) n �����
'��/��n (��(�'����+�'�/�����)

�"	�#��.	�� �#
	 (#��	�')
100 122,468 0.05

'�/��
4 2
5 10
6 4

150 110,397 0.06
200 633,492 0.45 
250 869,546 0.74
300 5 743 536 5 76

6 4
7 40
8 92
9 352300 5,743,536 5.76

350 3,546,165 4.08 
400 10,838,971 14.14 
450 15 321 788 22 24

10 724
11 2,680
12 14,200 450 15,321,788 22.24

500 4,779,326 7.78 
550 126,438,286 218.59
600 12,246,381 23.09

13 73,712 
14 365,596 
15 2,279,184 
16 14 772 512

600 12,246,381 23.09
650 156,425,660 315.30
700 76,669,563 164.98
750 299,588,148 696.40

16 14,772,512 
17 95,815,104

800 134,631,279 333.67

Assignment  ProblemAssignment  Problem

� ����� n ���, ��'� n '�

� �� /��*(����%��'�*�� i *�����*�� j �*&����  cij
� ����������������%�����*�'� *��%"�/��*�/���!�� ���������������%���*(�'� *%"/�*(�/�!(�

(�/&�1'�*�����/&�����)

� &% �� t ti� ;��������%������� permutation
� (4, 2, 1, 3)

-	�a b c d
Branch & Bound

1 2 3 4
a 14 12 15 20

-	�a, b, c, d

b 15 10 14 25
c 10 19 17 23
d 16 18 8 40

$�

d 16 18 8 40
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Lower Bound Lower Bound ���#���*����.��������#���*����.�����

� %"��1���*� cost ���*��%����'�� (branch) ?

� ���� minimization problem
� �!�-,	 lower bound ��-�!��D��	�?,!-	����$�
� �!�-�"	�!��D��#��!���D;��-$"	����'&;'�D;�'&��!�	

� '���) lower bound ���/��*����%����� ?� '��) lower bound ���/�*(����%���� ?
� �!��D��	�?,!-	��'&��;���?�+��
!#  �#����
� �!����!���;��-�	�?,!-	����$��'&�,
%�

15
10 + 10 + 14� ���D�����D;��-�	�?,-	���$���,
�

1 2 3 4
a 18 12 15 20

10 + 10 + 14

49a 18 12 15 20
b 15 10 14 25
c 10 16 17 23 [3, -, -, -]
d 14 18 8 40

[ , , , ]

Assignment  : Branch & BoundAssignment  : Branch & Bound

[-, -, -, -]1 2 3 4
a 18 12 15 20
b 15 10 14 25 0+12+10+10+8b 15 10 14 25
c 10 12 17 23
d 14 18 8 40

= 40

[1 ] [2 ] [3 ] [4 ]
1 2 3 4

a 18 12 15 20
1 2 3 4
18 12 15 20

1 2 3 4
18 12 15 20

1 2 3 4
18 12 15 20

[1, -, -, -] [2, -, -, -] [3, -, -, -] [4, -, -, -]

a 18 12 15 20
b 15 10 14 25
c 10 12 17 23
d 14 18 8 40

18 12 15 20
15 10 14 25
10 12 17 23
14 18 8 40

18 12 15 20
15 10 14 25
10 12 17 23
14 18 8 40

18 12 15 20
15 10 14 25
10 12 17 23
14 18 8 40d 14 18 8 40 14 18 8 40 14 18 8 40 14 18 8 40

18+10+17+18
= 63

12+14+10+8
= 44

15+10+10+14
= 49

20+10+10+8
= 48

�	���������
������
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Lower Bound Lower Bound ���#���*����.��������#���*����.�����

� %"��1���*� cost ���*��%����'�� (branch) ?

� ���� minimization problem
� �!�-,	 lower bound ��-�!��D��	�?,!-	����$�
� �!�-�"	�!��D��#��!���D;��-$"	����'&;'�D;�'&��!�	

� '���) lower bound ���/��*����%����� ?� '��) lower bound ���/�*(����%���� ?
� �!��D��	�?,!-	��'&��;���?�+��
!#  �#����
� �!����!���;��-�	�?,!-	����$��'&�,
%�

15
10 + 10 + 14� ���D�����D;��-�	�?,-	���$���,
�

1 2 3 4
a 18 12 15 20

10 + 10 + 14

49a 18 12 15 20
b 15 10 14 25
c 10 16 17 23 [3, -, -, -]
d 14 18 8 40

[ , , , ]

Assignment  : Branch & BoundAssignment  : Branch & Bound

[-, -, -, -]1 2 3 4
a 18 12 15 20
b 15 10 14 25 0+12+10+10+8b 15 10 14 25
c 10 12 17 23
d 14 18 8 40

= 40

[1 ] [2 ] [3 ] [4 ]
1 2 3 4

a 18 12 15 20
1 2 3 4
18 12 15 20

1 2 3 4
18 12 15 20

1 2 3 4
18 12 15 20

[1, -, -, -] [2, -, -, -] [3, -, -, -] [4, -, -, -]

a 18 12 15 20
b 15 10 14 25
c 10 12 17 23
d 14 18 8 40

18 12 15 20
15 10 14 25
10 12 17 23
14 18 8 40

18 12 15 20
15 10 14 25
10 12 17 23
14 18 8 40

18 12 15 20
15 10 14 25
10 12 17 23
14 18 8 40d 14 18 8 40 14 18 8 40 14 18 8 40 14 18 8 40

18+10+17+18
= 63

12+14+10+8
= 44

15+10+10+14
= 49

20+10+10+8
= 48
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Assignment  : Branch & BoundAssignment  : Branch & Bound

[2, -, -, -]1 2 3 4
18 12 15 20
15 10 14 25 12+14+10+815 10 14 25
10 12 17 23
14 18 8 40

12+14+10+8
= 44

[2 1 ] [2 3 ] [2 4 ]
1 2 3 4

a 12
1 2 3 4

12
1 2 3 4

12

[2, 1, -, -] [2, 3, -, -] [2, 4, -, -]

a 12
b 15 14 25
c 10 17 23
d 14 8 40

12
15 14 25
10 17 23
14 8 40

12
15 14 25
10 17 23
14 8 40d 14 8 40 14 8 40 14 8 40

12+15+17+8
= 52

12+14+10+14
= 50

12+25+10+8 
= 55

Assignment  : Branch & BoundAssignment  : Branch & Bound
[-, -, -, -]

40

[1,-,-,-] [2,-,-,-] [3,- -,-] [4,-,-,-][ , , , ]
59

[ , , , ]
44

[ , , ]
49

[ , , , ]
48

[2,1,-,-]
52

[2,3,-,-]
50

[2,4,-,-]
55

[4,2,-,-]
48

[4,3,-,-]
60

[4,1,-,-]
55

[4,2,3,-] [4,2,1,-]
61 48

[4 2 1 3][4,2,1,3]
48
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Assignment  : Branch & BoundAssignment  : Branch & Bound

[2, -, -, -]1 2 3 4
18 12 15 20
15 10 14 25 12+14+10+815 10 14 25
10 12 17 23
14 18 8 40

12+14+10+8
= 44

[2 1 ] [2 3 ] [2 4 ]
1 2 3 4

a 12
1 2 3 4

12
1 2 3 4

12

[2, 1, -, -] [2, 3, -, -] [2, 4, -, -]

a 12
b 15 14 25
c 10 17 23
d 14 8 40

12
15 14 25
10 17 23
14 8 40

12
15 14 25
10 17 23
14 8 40d 14 8 40 14 8 40 14 8 40

12+15+17+8
= 52

12+14+10+14
= 50

12+25+10+8 
= 55

Assignment  : Branch & BoundAssignment  : Branch & Bound
[-, -, -, -]

40

[1,-,-,-] [2,-,-,-] [3,- -,-] [4,-,-,-][ , , , ]
59

[ , , , ]
44

[ , , ]
49

[ , , , ]
48

[2,1,-,-]
52

[2,3,-,-]
50

[2,4,-,-]
55

[4,2,-,-]
48

[4,3,-,-]
60

[4,1,-,-]
55

[4,2,3,-] [4,2,1,-]
61 48

[4 2 1 3][4,2,1,3]
48
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,����������$�,��#��#����
$#��,����������$�,��#��#����
$#��
1 2 3 4

a 18 12 15 20
b 15 10 14 25

1 2 3 4
a 18 12 15 20
b 15 10 14 25%b 15 10 14 25

c 10 12 17 23
d 14 18 8 40

b 15 10 14 25
c 10 12 17 23
d 14 18 8 40

,�%� ,�%�  . . .

18+10+17+40 = 85 20+14+12+14 = 60

? ! � C �& !?,!��� Cmin  ��������!� 

[-, -, -, -] 40Cmin = 60

[1,-,-,-]
63

[2,-,-,-]
44

[3,- -,-]
49

[4,-,-,-]
4863 44 49 48

Travelling Salesperson ProblemTravelling Salesperson Problem

Input Output
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,����������$�,��#��#����
$#��,����������$�,��#��#����
$#��
1 2 3 4

a 18 12 15 20
b 15 10 14 25

1 2 3 4
a 18 12 15 20
b 15 10 14 25%b 15 10 14 25

c 10 12 17 23
d 14 18 8 40

b 15 10 14 25
c 10 12 17 23
d 14 18 8 40

,�%� ,�%�  . . .

18+10+17+40 = 85 20+14+12+14 = 60

? ! � C �& !?,!��� Cmin  ��������!� 

[-, -, -, -] 40Cmin = 60

[1,-,-,-]
63

[2,-,-,-]
44

[3,- -,-]
49

[4,-,-,-]
4863 44 49 48

Travelling Salesperson ProblemTravelling Salesperson Problem

Input Output
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TSP : TSP : ���������0	�Z	����������0	�Z	�

� ;&�� n ��3�� ��3���1'��#� ��1������*����3�������/��

� ;��������&%������� permutation ��� 1,2,...,n
(*���� 1 �����(������/�� �+��1����������� 1)

� /���&�� : n = 4  ��*�#���� (4-1)! = 6
� (1 2 3 4) (1 2 4 3) (1 3 2 4)� (1,2,3,4), (1,2,4,3), (1,3,2,4), 

(1,3,4,2), (1,4,2,3), (1,4,3,2)

TSP : TSP : 	*��*�0	�Z	�	*��*�0	�Z	� (DFS)(DFS)

tsp( g[1..n][1..n] ) {
LMIN = �; xMIN = []MIN ; MIN []
tsp( g, [1,2,3,..,n], 1 );
return xMIN

}}
perm( x[1..n], m ) {

if (n == m) {
len = tourLength(g x)

tsp( g[1..n][1..n], x[1..n], m ) {

len = tourLength(g, x)
if (len < LMIN) {LMIN = len; xMIN = x}

} else {
f (i 1 i i ) {for(i = m+1; i <= n; i++) {
x[i] � x[m+1]
perm( x, m+1 )tsp( g, x, m+1 )
x[i] � x[m+1]

}
}}

}
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TSP : TSP : ���������0	�Z	����������0	�Z	�

� ;&�� n ��3�� ��3���1'��#� ��1������*����3�������/��

� ;��������&%������� permutation ��� 1,2,...,n
(*���� 1 �����(������/�� �+��1����������� 1)

� /���&�� : n = 4  ��*�#���� (4-1)! = 6
� (1 2 3 4) (1 2 4 3) (1 3 2 4)� (1,2,3,4), (1,2,4,3), (1,3,2,4), 

(1,3,4,2), (1,4,2,3), (1,4,3,2)

TSP : TSP : 	*��*�0	�Z	�	*��*�0	�Z	� (DFS)(DFS)

tsp( g[1..n][1..n] ) {
LMIN = �; xMIN = []MIN ; MIN []
tsp( g, [1,2,3,..,n], 1 );
return xMIN

}}
perm( x[1..n], m ) {

if (n == m) {
len = tourLength(g x)

tsp( g[1..n][1..n], x[1..n], m ) {

len = tourLength(g, x)
if (len < LMIN) {LMIN = len; xMIN = x}

} else {
f (i 1 i i ) {for(i = m+1; i <= n; i++) {
x[i] � x[m+1]
perm( x, m+1 )tsp( g, x, m+1 )
x[i] � x[m+1]

}
}}

}
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TSP : TSP : 	*��*�0	�Z	�	*��*�0	�Z	� (BFS)(BFS)
tsp( g[1..n][1..n] ) {
LMIN = �; xMIN = []
Q = an empty queueQ p y q
Q.enqueue([1,2,...,n], 1) {
while ( Q � ; ) {

(x, m) = Q.dequeue()(x, m)  Q.dequeue()
if (n == m) {

len = tourLength(g, x)
if (len < L ) {L = len; x = x}if (len < LMIN) {LMIN = len; xMIN = x}

} else {
for (i = m+1; i <= n; i++) {

' Of( )x' = copyOf(x)
x'[i] � x'[m+1]
Q.enqueue(x', m+1)

}
}

}
return xMIN

}

TSP : Branch & BoundTSP : Branch & Bound

� TSP ���� minimization problem
! l b d �� �!�-,	 lower bound ��-�����	-�	��;���	-

� �!�-�"	�����	-�!���D;��-�	��;���	-�'&��*��D;�'&��!�	

1

6

3

[1 6 3 5 ]! !
�!�-$"	�#B

3

5

[1,6,3,5,-,-,-,-]��!�
!# lower bound
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TSP : TSP : 	*��*�0	�Z	�	*��*�0	�Z	� (BFS)(BFS)
tsp( g[1..n][1..n] ) {
LMIN = �; xMIN = []
Q = an empty queueQ p y q
Q.enqueue([1,2,...,n], 1) {
while ( Q � ; ) {

(x, m) = Q.dequeue()(x, m)  Q.dequeue()
if (n == m) {

len = tourLength(g, x)
if (len < L ) {L = len; x = x}if (len < LMIN) {LMIN = len; xMIN = x}

} else {
for (i = m+1; i <= n; i++) {

' Of( )x' = copyOf(x)
x'[i] � x'[m+1]
Q.enqueue(x', m+1)

}
}

}
return xMIN

}

TSP : Branch & BoundTSP : Branch & Bound

� TSP ���� minimization problem
! l b d �� �!�-,	 lower bound ��-�����	-�	��;���	-

� �!�-�"	�����	-�!���D;��-�	��;���	-�'&��*��D;�'&��!�	

1

6

3

[1 6 3 5 ]! !
�!�-$"	�#B

3

5

[1,6,3,5,-,-,-,-]��!�
!# lower bound
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TSP : Branch & BoundTSP : Branch & Bound
tspBB( g[1..n][1..n] ) {

H = an empty queue
xMIN = [1,2,...,n]; LMIN = tourLengthLB(g, xMIN, n)MIN [ , , , ] MIN g (g, MIN, )
H.add(xMIN, 1, tourLengthLB(g, xMIN, 1))
while ( H � ; ) {

(x, m, LLB) = H.removeMin()(x, m, LLB)  H.removeMin()
if (LLB � LMIN) break;
if (n == m) {

L = L ; x = xLMIN = LLB; xMIN = x
} else {

for (i = m+1; i <= n; i++) {
' Of( )x' = copyOf(x)

x'[i] � x'[m+1]
H.add(x', m+1, tourLengthLB(g, x', m+1))

}
}

}
return xMIN

}

Lower Bound  : Lower Bound  : ,,  ��"��*�6*%�������"��*�6*%�����

�	��;���	-��M�#-�(	��D���
�����!�-�'��!���%&��>(-��!	,	 1 2 3 4 5 6 7 8

1 - 9 5 6 3 5 1 2

�D�����-��������>D-��	,	

1

2 5 - 7 4 7 5 3 2
3 1 3 - 5 2 4 1 3

1

6

4 2 4 1 - 3 7 6 3
5 2 3 4 6 - 2 4 3
6 2 4 3 5 1 6 3

5

6
3

5

6 2 4 3 5 1 - 6 3
7 1 5 3 6 3 7 - 4
8 7 4 5 3 6 2 5

3
2

? ! 8 7 4 5 3 6 2 5 -

5+3+2 +  1+3+3+3+2 =  22

?�!�
�#���-$#	��	#
��!���%&����*��D;�'&>D(-��!	
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TSP : Branch & BoundTSP : Branch & Bound
tspBB( g[1..n][1..n] ) {

H = an empty queue
xMIN = [1,2,...,n]; LMIN = tourLengthLB(g, xMIN, n)MIN [ , , , ] MIN g (g, MIN, )
H.add(xMIN, 1, tourLengthLB(g, xMIN, 1))
while ( H � ; ) {

(x, m, LLB) = H.removeMin()(x, m, LLB)  H.removeMin()
if (LLB � LMIN) break;
if (n == m) {

L = L ; x = xLMIN = LLB; xMIN = x
} else {

for (i = m+1; i <= n; i++) {
' Of( )x' = copyOf(x)

x'[i] � x'[m+1]
H.add(x', m+1, tourLengthLB(g, x', m+1))

}
}

}
return xMIN

}

Lower Bound  : Lower Bound  : ,,  ��"��*�6*%�������"��*�6*%�����

�	��;���	-��M�#-�(	��D���
�����!�-�'��!���%&��>(-��!	,	 1 2 3 4 5 6 7 8

1 - 9 5 6 3 5 1 2

�D�����-��������>D-��	,	

1

2 5 - 7 4 7 5 3 2
3 1 3 - 5 2 4 1 3

1

6

4 2 4 1 - 3 7 6 3
5 2 3 4 6 - 2 4 3
6 2 4 3 5 1 6 3

5

6
3

5

6 2 4 3 5 1 - 6 3
7 1 5 3 6 3 7 - 4
8 7 4 5 3 6 2 5

3
2

? ! 8 7 4 5 3 6 2 5 -

5+3+2 +  1+3+3+3+2 =  22

?�!�
�#���-$#	��	#
��!���%&����*��D;�'&>D(-��!	
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0	���./� 0	���./� Lower Bound Lower Bound ���#%�� N���#%�� N

12 ��%�- 11!��=��39,916,800�����.	��

,���*��D;>D(-���

3,760 ��

3,748 ��
,���*��D;>D(-��!	
3,748 ��

*
3,061 ��
,�����D;>D(-��!	���

0	���./� 0	���./� Lower Bound Lower Bound ���#%�� N���#%�� N

n (n 1)!
�������*��'����+�'��/��*����!(�

n (n-1)!
,�>D(-�����*��D; ,�>D(-��!	��*��D; ½ ,�>D(-�����*��D; +

½ ,�>D(-��!	��*��D;
12 3 9E+07 3 760 3 748 3 06112 3.9E+07 3,760 3,748 3,061
13 4.8E+08 5,467 5,596 4,609
14 6.2E+09 13,829 14,391 11,438
15 8.7E+10 24,095 30,127 21,41915 8.7E+10 24,095 30,127 21,419
16 1.3E+12 212,427 53,906 76,597
17 2.1E+13 812,003 115,314 223,374
18 3.6E+14 817,545 126,305 227,961, , ,
19 6.4E+15 879,701 160,094 260,309
20 1.2E+17 25,302 3,203 6,547
21 2.4E+18 832,548 684,112 519,849
22 5.1E+19 1,743,490 759,293 709,383
23 1.1E+21 7,976,159 4,395,088 3,776,967
24 2.6E+22 8,792,218 6,736,808 4,622,674
25 6.2E+23 9,274,855 10,393,598 5,556,872
26 1.6E+25 16,497,668 15,663,247 8,426,109
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Lower Bound Lower Bound ������ ������ : MST: MST

�!�-�	� lower bound �����	-
��-#�.'��*��;�'&�(	�����?��
(� 9

lower bound = 9
��-#.���D;��	��D���?��
D�

(�� path +�(?�( cycle)

! �* (

9
1

1

MST
��!�����D;�	��
D(�

>D(-��!	,	 1 12

9

1

76
lower bound = 9

9
9

76
��!���*��D;�	� 7 
>(-��!	,	�
(�>D-��	,	�
D�

?�!�����B' wij = wji
(symmetric TSP)

����������� ����������� Lower BoundsLower Bounds

�������*��'����+�'��/��*����!�
n (n-1)!

������*'���+�'�/��*�!(�

½ ,�>D(-�����*��D; +
½ , >(-��!	��*��;

?�! minimum 
spanning tree½ ,�>D-��	���D; spanning tree

12 3.9E+07 11,027 2,814
13 4.8E+08 15,605 4,739
14 6.2E+09 14,073 2,89614 6.2E+09 14,073 2,896
15 8.7E+10 47,407 8,780
16 1.3E+12 50,367 6,166
17 2.1E+13 3,536,828 530,603, , ,
18 3.6E+14 1,223,231 240,766
19 6.4E+15 1,653,389 239,125
20 1.2E+17 4,382,206 455,304

?�!�����B' wij = wji
(symmetric TSP)
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� Backtrackingg
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� ?�!��� optimization problem
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�	
�� & �������� ������*�����
! ! ? '& ' ! 1 ! � 1 + G � '$!��!���
?��	��	��'��'�-�
!# 1 
!	���# < 1 +�G$�#��	�'

,	��#�!���D; 1 
!	���# < 0.01 #��	�'
' '��'�-
"	;���!���
 1 
!	���# < 1 #��	�'

,	#�.'��*��D;?���	O�'&�'��!���%&��
!	���!� < 1 #��	�'
Geosteiner ,	 Steiner tree ��- 532 �� 2.5 ��.
Selby & Riodan ��! Eternity Puzzle 7 �;%�� (2 CPUs)
(� ( " 209 �* ? ! �M �(��������(��"	�#� 209 ��� ?,!��M���� 
12 �,
'&��;!	���(	)
Conco de �! TSP �'&�' 15 112 �%�- #
	�#���- CPUConcorde �� TSP �� 15,112 ���- �#
	�#���- CPU

�"	�#� 110 ��#
� 20 �Z� 20 � 

Steiner TreeSteiner Tree  : : 532 532 ��

?�! GeoSteiner ,	$"	�����-�VW,	��	; 532 �� 
?�!�#
	 2.5 ��&#G�- (�Z $.[. 1998)? �#
 5 #G�- ( 998)

http://www.diku.dk/hjemmesider/ansatte/martinz/geosteiner/
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Eternity PuEternity Puzzzzlele  : : 209 209 /
"�/
"�

Selby & Riodan
7 �;%�� (2 CPUs)7 �;�� (2 CPUs)

TSP TSP   : :   1515,,112 112 �4���4��

� ��'��/����!(������� 
Concorde TSPConcorde TSP

� %"� 110 CPUs

� ����� 585,936,700 s.
(�*���������%"��'�3��� 
500MHz *����� 22 6 ��)500MHz *���� 22.6 �)

http://www.tsp.gatech.edu/concorde/
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Shortest Path Longest Path

�"	+�.-+�(,	#�.'�	#�; ;!#��	��	+�.-+�,	#.�	#�D; ;#��	�
��;
���!���%&�� �
!#,	#�.'��*��D; ?

��!���%�� ��!���%�� –– ������??

Euler Path Hamiltonian Path

�(	��D���!� ��!�
�$��*- �(	��D��� ��
�$��*-D


"	;����  � n !
"	;����!�  � [n(n – 1)/2] !
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Planar 4 color Planar 3 color

Planar 2 colorPlanar 2 color 
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Primality Testing Factoring

11111111111111111123 11111111111111111123
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� 1373
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5�6��	���
����$��	&2%���&�
�'
5�6

� Search
O( ) ti l h � !� O(n) : sequential search �  �!	

� O(log n)    : binary search �  ��<#

� Sorting
� O(n2) : bubble sort, insertion sort   � �!	 
� O(n log n) : merge sort, heap sort � ��<#

� Longest Common Subsequence� Longest Common Subsequence
� O(2n) : brute force � �!	
� O(n2) : dynamic programming � ��<#� O(n2) : dynamic programming � ��#

��+�����M���#���#(	��
�������'��������=	> ?��+�������#���#	�
������������=	> ?

Polynomial  vs.  ExponentialPolynomial  vs.  Exponential

� Polynomial-time algorithms
� �  ' &? ! " �M O( k) k �M ( �

Efficient

� ��
�������'?�!�#
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�4$� �4$� n n .�!% .�!% : Exp: Exp--time time AlgoAlgo /����/����

?,! CPU �"	-	� ,�%&�
!	�$"	��&-?� 1 #��	�'?, CPU �	-	� ,��
	�$	�-?� 1 #�	�
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��%�����	�������]���	� N��%�����	�������]���	� N

� 2�� k ��� O(nk) – algo. �0"��������3����� ?

� n10 ��� nlog log n �&�%"������� ?
� n10 :   polynomial
� nlog log n :   super-polynomial

� .!	 n = 10100 : n10 = 101000, nlog log n = 10200� .	 n  10   :   n  10 ,  n  10

� �+3��'���&��%���������(&��	
��
� P l ti l � ffi i t l(�( ? ()� Poly-time algo. � efficient algo. 
� Exp-time algo. �   inefficient algo.

(�#�?,W)
(�(#�?,W()

Super-Polynomial algo.

�VW,	-(	� �VW,	�	��W,	-	� �W,	�	�

�
!#>#� TSP, 0/1 Knapsack ? 
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Computable
�'�'����>���VW,	

?�����#B�'*Computable

Intractable3SAT
Clique

Go

 ?����#B�
       �
�>�?,�( @
           ��%&�� @ ?�

,
	� @Presburger

Sum of SubsetsSAT Longest Path

Steiner TreeInteger LP

. . .
Chess

Go. . .            ,
	� @ 
             �	�	

Presburger

TSP

0/1 Knapsack
Graph ColoringVertex Cover

I d d t S t

. . .
Factoring

. . .

Tractable

0/1 KnapsackIndependent Set Bin packing

SSort

Search
MST

LCS
. . .

Games & PuGames & Puzzzzles : les : ������??

Clickomania

MinesweeperRush Hour

SEND
+MORE
MONEY

9567
+1085
10652O 10652

Cryptarithms
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Tiling (Edge-Matching)
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Algorithmic  GapAlgorithmic  Gap
Comparison-based Sorting

#(n2) : selection sort#(n ) : selection sort
O(n2) : insertion sort
O(n2) : Shell sort (Shell)

n2
>�����C lower bound 

��- #
	�	��"	-	�?� O( ) : S o (S )
O(n3/2) : Shell sort (Knuth)

O(n4/3) : Shell sort (Sedgewick)n4/3
n3/2

��-�#
	�	��	-	�?�
�	���!�VW,	�'&��- @

�!�+�!�"	
�-�	� sort

O(n4/3) : Shell sort (Sedgewick)n

��+��	
�-�	� sort
�' n! ?� �-��- � log2 n!

�!�-���'����'�� '(n log n) O(n log n) : Merge sortn log n

sort �!�->��	�B	
�!��
����# '( )

( g ) ( g ) g

n
��������
�������'&�' 

upper bound ��-����
�D��# '(n) n upper bound ��-
�#
	�	��"	-	��'&�&"	 @

Algorithmic  GapAlgorithmic  Gap

Computable
Algorithmic gaps

��-�VW,	�,
(	�'*Computable

3SAT
CliqueIntractable

 ��-�W,	�,
	�
       �#!	-�	��
�
         ��-+�(�¬;

Sum of SubsetSAT Longest Path

Steiner TreeInteger LP

. . .
TSP

0/1 Knapsack
Graph ColoringVertex Cover

I d d t S t

. . .
Factoring

. . .

Tractable

0/1 KnapsackIndependent Set Bin packing

��-,	 poly-time
algo. +�(+;!

��->�����C+�(+;!#(	
�!�-?�! e po time algo algo. +�+;

(,	+;!��( expo-time)
��-?� expo-time algo.
(>�����C+;!�$( poly-time)
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DecisionDecision  ProblemsProblems

� �	
��/��!��%� *��%��;���+�,������M��%�!��'&�
T / F l Y / N ' / + ( ' + ! / + (+ !� True / False,  Yes / No,  �' / +�(�',  +;! / +�(+;!

� /���&��
� G �' spanning tree �'&��!���%&���	#�#�+�(���� k ,�%�+�(
� ��(-�)� D ��M���-�)��(���'&�'�
�#��!���
��(	���+;!,�%�+�(�
� P ��M��"	�#���>	�,�%�+�(
� . . .

� �����#���1!�%��	
��/��!��%�
� ��?���(��	;��- input +�(�!�-��?���	;��- output� ��?�����	;��- input +���-��?���	;��- output
� -(	��(��	����'����'��$#	��	�-(	���-�VW,	
� -(	�?��	���;�
(��VW,	� -	�?��	��;�
D��W,	

Decision  ProblemsDecision  Problems

� �	
��*��;&���� %��;���+�,*����&%"&��� True/False
� ��(�	�	�.��
-��M� decision problem +;!� ���	�	�.��
-��� decision problem +;

� Sum of subsets
&� ,	�)��(����- D �'&?,!�
�#���M� k

� D �'�)��(���'&�'�
�#���M� k ,�%�+�( optimization 

� Travelling Salesman
� ,	 tour �'&�'�����	-��*��; �'&�(	�����%�-?���	O G

problems

� ,	 tour �������	-���D; ��	��D����-?���	O G
� ��	O G �' tour �(	��D���%�- �'&�'�����	-�#���(	-�	� k ,�%�+�(

� 0/1 Knapsack� 0/1 Knapsack
� ,	��-�'&,���?�(.D- (+�(�	;) ?,!�'��
$(	�#���-�D;

' � ' � ? ( (+ ( ) + ! ( ( ! k % + (� �'#��',�����-?�(.D- (+�(�	;) +;!��
$(	�#���(	-�!�� k ,�%�+�(
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Decision Decision ��� ��� OptimiOptimizzationation

� %�� QDEC �����	
��/��!��%���� QOPT

� 2�� QDEC ��� � QOPT �����&

� 2�� QOPT �&�� � QDEC �&������ 2� QOPT ��� � QDEC �����

� �������	
��*��
? ! l Q " Q + !� ?�! algo ��- QDEC ,	$"	�����- QOPT +;!

Graph ColoringGraph Coloring

� Graph Coloring
GC ? ! '& ' ! ? � O G ( (G) )

���
	���-��!���%&���;'�#��� ,!	��'�'�,�%�����

� GCOPT : ?�!�'�'�!���D;?��	��	����-��	O G  ( ,	 C(G) )
� GCDEC : ?�! k �'�	����-��	O G +;!,�%�+�( 

GC_Dec( G, k ) {
c = GC_Opt( G )

?�! algo ��- GCOPT
,	$"	���?,! GCDEC +;!_

return c <= k
}

,	$	���?, GCDEC +;

GC_OPT( G=(V,E) ) {
for (k = 1; k<=|V|; k++) {

?�! algo ��- GCDEC
,	$"	���?,! GCOPT +;!

if (GC_Dec(G, k)) return k
}
return ???

OPT

}
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��,��#����� ��,��#����� GCGCOptOpt ���� ���� GCGCDecDec

GC_OPT( G=(V,E) ) {
low = 1; high = |V|; k = high
while (low <= high) {

mid = (low + high) / 2
if (GC Dec(G, mid)) {(GC_ ec(G, d)) {

if (mid < k) k = mid
high = mid - 1

} else { low high mid GC k} else {
low = mid + 1

}
}

low high mid GCDec k
1    50 25  true 25

1 24 12 true 12}
return k

}

1 24 12 true 12

1    11 6  true 6

1 5 3 false 6

�.�. ?,!��	O�' 50 ��
chromatic number = 5

1 5 3 false 6

4    5    4  false  6

5     5 5 true 5chromatic number  5

	��,
���	��,
���

� ������%���� DSubsetSum( d[1..n], k )
% t %& ' ( d '& ' ( � k� $%� true : ��%��'�)��(����- d �'�'�
�#���(	��� k

� $%� false : ��%&�+�(�'�)��(����- d �'&�'�
�#���M� k

� ������� SubsetSum( d[1..n], k )
� $%��)��(����- d �'&�'�
�#���M� k  (.!	�')( )
� ?�! DSubsetSum( d, k ) ?,!��M����G���C
� .!	 DSubsetSum �"	-	�?� polynomial timep y

�!�-�	�?,! SubsetSum �"	-	�?� polynomial time ;!#�
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mid = (low + high) / 2
if (GC Dec(G, mid)) {(GC_ ec(G, d)) {

if (mid < k) k = mid
high = mid - 1

} else { low high mid GC k} else {
low = mid + 1

}
}

low high mid GCDec k
1    50 25  true 25

1 24 12 true 12}
return k

}

1 24 12 true 12

1    11 6  true 6

1 5 3 false 6

�.�. ?,!��	O�' 50 ��
chromatic number = 5

1 5 3 false 6

4    5    4  false  6

5     5 5 true 5chromatic number  5

	��,
���	��,
���

� ������%���� DSubsetSum( d[1..n], k )
% t %& ' ( d '& ' ( � k� $%� true : ��%��'�)��(����- d �'�'�
�#���(	��� k

� $%� false : ��%&�+�(�'�)��(����- d �'&�'�
�#���M� k

� ������� SubsetSum( d[1..n], k )
� $%��)��(����- d �'&�'�
�#���M� k  (.!	�')( )
� ?�! DSubsetSum( d, k ) ?,!��M����G���C
� .!	 DSubsetSum �"	-	�?� polynomial timep y

�!�-�	�?,! SubsetSum �"	-	�?� polynomial time ;!#�
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�������	*%��!���������	*%��!��

Decidable �	�+�(�!���#(	Decidable

NP-hard

�D��VW,	?� NP

NP hard

NPC

co-NP NP
NP-complete
�	��D;?� NP

( ? ( � )P

��#�#(	 No ? +;!��<# ��#�#(	 Yes ? +;! �<#

(�	�? ��(	���,�;)

���#(	 Yes/No +;!��<#

��#�#	 No ? +;��# ��#�#	 Yes ? +;��#

���#	 Yes/No +;��#

��!�� ��!�� NPNP--hard hard ����������

Protein design is NP-hard
Optimal fractal coding is NP-hardOptimal fractal coding is NP hard
Clique-width minimization is NP-hard
Recognizing tough graphs is NP-hard
Unit disk graph recognition is NP-hard
Learning Bayesian networks is NP-hard
Minimum weight triangulation is NP hardMinimum-weight triangulation is NP-hard
Checking robust nonsingularity is NP-hard
Computing variance for interval data is NP-hardComputing variance for interval data is NP hard
Precise flow-insensitive may-alias analysis is NP-hard
. . .
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NP hard

NPC

co-NP NP
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�	��D;?� NP
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Unit disk graph recognition is NP-hard
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��!�� ��!�� NPNP--Complete Complete ����������

Tensor rank is NP-complete
Wire-routing is NP-completeWire routing is NP complete
Minesweeper is NP-complete
Cyclic ordering is NP-complete
Crossing number is NP-complete
Generalized Hi-Q is NP-complete
Weapons allocation is NP completeWeapons allocation is NP-complete.
Elastic image matching is NP-complete
Positive first order logic is np-completePositive first order logic is np complete
Min cut is NP-complete for edge weighted trees
Topology of strings: Median string is NP-complete
. . .

�	*% �	*% PP

� P '3� ��(&�����	
��/��!��%�*����'��/�����
%���� polynomial time         %���� polynomial time

� /���&��
� �	��	� L �'��#,��(�	�,�%�+�( (majority) ?
� �	��	� L �'�!���
�'&�'$(	��M� x ,�%�+�( ?
� ��	O G �' spanning tree �'&$#	��	#��!���%&���#�+�(���� k ?
� ��	O G �'#�.' Euler ,�%�+�( ?
� 
"	;�� X �
� Y �'$#	��	#��- LCS(X,Y) ��(	-�!�� k ?
� �	�$�B������)C A1A2...An ?�!�"	�#��	�$�B������
	�C+�(� 1 2 n �

���� k $��*-,�%�+�( ?
� M ��M��"	�#���>	�,�%�+�( ?
� M ��M��"	�#�������,�%�+�( ?
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�	*% �	*% PP
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	�C+�(� 1 2 n �

���� k $��*-,�%�+�( ?
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�	*% �	*% NPNP

� P : ��(&�����	
��/��!��%�*����'��/����� 
%���� polynomial time%���� polynomial time

� NP : ��(&�����	
��/��!��%�*��/��'��/�� yes ��� 
%���� polynomial time

d �'��#,�(�	�,�%�+�( ?
  hasMajority(d[1..n]) {

for (i=1; i<=n; i++) {
O(n2)

d ��#,���	�,��+� ?

c = count(d, d[i])
if (c > n/2) return true

}}
return false

} MAJORITY (�P

�	*% �	*% NPNP

� P : ��(&�����	
��/��!��%�*����'��/����� 
%���� polynomial time%���� polynomial time

� NP : ��(&�����	
��/��!��%�*��/��'��/�� yes ��� 
%���� polynomial time

witness,d �'��#,�(�	�,�%�+�( ?
  validMajority(d[1..n], maj) {

c = 0;

certificate

#( )

d ��#,���	�,��+� ?

for (i=1; i<=n; i++)
if (d[i] == maj) c++

return c > n/2

#(n)
/

}
MAJORITY (�NP P ? NP

(polynomial time verifiable)
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�	*% �	*% NPNP

� P : ��(&�����	
��/��!��%�*����'��/����� 
%���� polynomial time%���� polynomial time

� NP : ��(&�����	
��/��!��%�*��/��'��/�� yes ��� 
%���� polynomial time

d �'��#,�(�	�,�%�+�( ?
  hasMajority(d[1..n]) {

for (i=1; i<=n; i++) {
O(n2)

d ��#,���	�,��+� ?

c = count(d, d[i])
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}}
return false

} MAJORITY (�P

�	*% �	*% NPNP

� P : ��(&�����	
��/��!��%�*����'��/����� 
%���� polynomial time%���� polynomial time

� NP : ��(&�����	
��/��!��%�*��/��'��/�� yes ��� 
%���� polynomial time

witness,d �'��#,�(�	�,�%�+�( ?
  validMajority(d[1..n], maj) {

c = 0;

certificate

#( )

d ��#,���	�,��+� ?

for (i=1; i<=n; i++)
if (d[i] == maj) c++

return c > n/2

#(n)
/

}
MAJORITY (�NP P ? NP

(polynomial time verifiable)

�	���������
������

���	� ����������������
 398 / 498 � ���	�� ����



Verifier : Graph ColoringVerifier : Graph Coloring
witness,
certificate��	�	�'��?� G ;!#��' k �'+;!,�%�+�( ?

  validColoring(G[1..n][1..n], k, color[1..n]) {
numberOfColors = max(color)

��	�	���?� G ;#�� k �+;,��+� ?

numberOfColors max(color)

if (numberOfColors > k) return false

for (i=1; i<n; i++) { O(n2)
for (j=i+1; j<=n; j++) {

if (G[i][j] == true AND color[i] == color[j])

( )

return false

return true

}}
GRAPHCOLORING (�NP

Verifier : Sum of SubsetVerifier : Sum of Subset
witness,
certificated �'�)��(���'&�'�
�#���(	��� k ?

  validSubsetSum( d[1..n], k, x[1..n] ) {
sum = 0

d ��)�������
�#���	�� k ?

sum 0

for (i=1; i<=n; i++)

sum += d[i]*x[i] #(n)
return (sum == k)

}
SUBSETSUM NPSUBSETSUM (�NP
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Verifier : Graph ColoringVerifier : Graph Coloring
witness,
certificate��	�	�'��?� G ;!#��' k �'+;!,�%�+�( ?

  validColoring(G[1..n][1..n], k, color[1..n]) {
numberOfColors = max(color)

��	�	���?� G ;#�� k �+;,��+� ?

numberOfColors max(color)

if (numberOfColors > k) return false

for (i=1; i<n; i++) { O(n2)
for (j=i+1; j<=n; j++) {

if (G[i][j] == true AND color[i] == color[j])

( )

return false

return true

}}
GRAPHCOLORING (�NP

Verifier : Sum of SubsetVerifier : Sum of Subset
witness,
certificated �'�)��(���'&�'�
�#���(	��� k ?

  validSubsetSum( d[1..n], k, x[1..n] ) {
sum = 0

d ��)�������
�#���	�� k ?

sum 0

for (i=1; i<=n; i++)

sum += d[i]*x[i] #(n)
return (sum == k)

}
SUBSETSUM NPSUBSETSUM (�NP
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Verifier : TSPVerifier : TSP

witness, certificateG �' Hamiltonian circuit �'&�	# ��k ?
  validTSP( G[1..n][1..n], k, v[1..m] ) {

if ( m � n ) return false
visited = an array of boolean[1 n]visited = an array of boolean[1..n]

visited[] = false; visited[v[1]] = true

for (i=2; i<=n; i++) {( ) {

if ( visited[v[i]] ) return false

visited[v[i]] = true

length += G[v[i-1]][v[i]]

}

1

#(n)
length += G[v[n]][v[1]]

return length <= k

}}
TSP (�NP

.�������%� .�������%� KKNAPSACKNAPSACK (( NPNP

�'#��',�����-?�(.D-��¢ G;��'&.D-+�(�	;
�
�+;!�
�#��#���(	-�!�� k ?

  validKnapsack(  ???   ) {

�
�+;��
�#��#���	-��� k ?

 
???

}
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Verifier : TSPVerifier : TSP

witness, certificateG �' Hamiltonian circuit �'&�	# ��k ?
  validTSP( G[1..n][1..n], k, v[1..m] ) {

if ( m � n ) return false
visited = an array of boolean[1 n]visited = an array of boolean[1..n]

visited[] = false; visited[v[1]] = true

for (i=2; i<=n; i++) {( ) {

if ( visited[v[i]] ) return false

visited[v[i]] = true

length += G[v[i-1]][v[i]]

}

1

#(n)
length += G[v[n]][v[1]]

return length <= k

}}
TSP (�NP

.�������%� .�������%� KKNAPSACKNAPSACK (( NPNP

�'#��',�����-?�(.D-��¢ G;��'&.D-+�(�	;
�
�+;!�
�#��#���(	-�!�� k ?

  validKnapsack(  ???   ) {

�
�+;��
�#��#���	-��� k ?

 
???

}

�	���������
������

���	� ����������������
 400 / 498 � ���	�� ����



�	*% �	*% coco--NPNP

� ��(&��	
�� NP : 
� �
(���-�VW,	��;���?��'&��#�$"	��� yes +;!� �
D���-�W,	�;��?����#�$	��� yes +;

?��#
	 polynomial time

& �	 NP� ��(&��	
�� co-NP : 
� �
D(���-�VW,	��;���?��'&��#�$"	��� No +;!

? l i l ti?��#
	 polynomial time

co-NP NP

P

PrimalityPrimality TestingTesting

��#� Yes : n ��M��"	�#���>	� ? Pratt certificate

  validPrime( n, c ) {
// '3� true 2������ prime
// ����&�!������1�����co-NP NP

} #( (log n)4 )Prime (�NPP

notValidPrime( n, c ) {

��#� No : n +�(?�(��M��"	�#���>	� ? ��#��������- n
( , ) {

// '3� true 2����&%"& prime
return n % c == 0

} #( (l )2 )} #( (log n)2 )Prime (�co-NP

�Z $.[. 2006 Agrawal–Kayal–Saxena +;!>�����C#(	 Prime (�P
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�	*% �	*% coco--NPNP

� ��(&��	
�� NP : 
� �
(���-�VW,	��;���?��'&��#�$"	��� yes +;!� �
D���-�W,	�;��?����#�$	��� yes +;

?��#
	 polynomial time

& �	 NP� ��(&��	
�� co-NP : 
� �
D(���-�VW,	��;���?��'&��#�$"	��� No +;!

? l i l ti?��#
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co-NP NP
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33-- ColorabilityColorability

��#� Yes : ��	�	�'��?� G ;!#� 3 �'+;! ?�(,�%�+�( ?

 valid3Coloring( G[1..n][1..n], color[1..n]) {
� � // '3� true ��3��*� 3 !����

} 3-Color ( NP}

��#� No : ��	�	�'��?� G ;!#��' 3 �'+�(+;! ?�(,�%�+�( ?

3 Color (�NP

  notValid3Coloring( G[1..n][1..n], ??? ) {


 
 // '3� true ��3��*� 3 !���&���

��#� No : ��	�	���?� G ;#�� 3 �+�+; ?�,��+� ?


 
 // '� true ���*� 3 !����
} 3-Color @�co-NP

/��'��/�� Yes /��'��/�� No
co-NP NP

/��'�/��  Yes /��'�/��  No
�	� -(	�
-(	� �	�

P -(	� -(	�
�	� �	�???

NP : NP : NNondeterministicondeterministic  PPoly...oly...

� NP : ��(&�����	
��/��!��%�*��/��'��/�� yes ��� 
%���� polynomial time      %���� polynomial time

� NP : ��(&�����	
��/��!��%�*����'��/�����
        ��� Nondeterministic Polynomial-time

algorithm

  ND_TSP( G[1..n][1..n], k ) {
v = a new array[1 n] �;	$"	���v = a new array[1..n]

for (i=1; i<=n; i++) v[i] = ND_Choice(1, n)

if ( validTSP(G, k, v) ) return true

�;	$	���

( ( , , ) )

FAIL

} ��#�$"	���
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33-- ColorabilityColorability

��#� Yes : ��	�	�'��?� G ;!#� 3 �'+;! ?�(,�%�+�( ?

 valid3Coloring( G[1..n][1..n], color[1..n]) {
� � // '3� true ��3��*� 3 !����

} 3-Color ( NP}

��#� No : ��	�	�'��?� G ;!#��' 3 �'+�(+;! ?�(,�%�+�( ?

3 Color (�NP
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 // '� true ���*� 3 !����
} 3-Color @�co-NP
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co-NP NP

/��'�/��  Yes /��'�/��  No
�	� -(	�
-(	� �	�

P -(	� -(	�
�	� �	�???

NP : NP : NNondeterministicondeterministic  PPoly...oly...

� NP : ��(&�����	
��/��!��%�*��/��'��/�� yes ��� 
%���� polynomial time      %���� polynomial time

� NP : ��(&�����	
��/��!��%�*����'��/�����
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�;	$	���

( ( , , ) )

FAIL

} ��#�$"	���
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ND_SubsetSumND_SubsetSum

  ND_SubsetSum( d[1..n], k ) {
x = a new array[1..n]

for (i=1; i<=n; i++) { �;	$"	���
x[i] = ND_Choice(0, 1)

}

if ( validSubsetSum(d k x) ) return trueif ( validSubsetSum(d, k, x) ) return true

FAIL

}
��#�$"	���

}

ND_ColoringND_Coloring

  ND_Coloring( G[1..n][1..n], k ) {
c = a new array[1..n]

for (i=1; i<=n; i++) { �;	$"	���
c[i] = ND_Choice(1, k)

}

if ( validColoring(g k c) ) return trueif ( validColoring(g, k, c) ) return true

FAIL

}
��#�$"	���

}
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ND_SubsetSumND_SubsetSum

  ND_SubsetSum( d[1..n], k ) {
x = a new array[1..n]

for (i=1; i<=n; i++) { �;	$"	���
x[i] = ND_Choice(0, 1)

}

if ( validSubsetSum(d k x) ) return trueif ( validSubsetSum(d, k, x) ) return true

FAIL

}
��#�$"	���

}

ND_ColoringND_Coloring

  ND_Coloring( G[1..n][1..n], k ) {
c = a new array[1..n]

for (i=1; i<=n; i++) { �;	$"	���
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if ( validColoring(g k c) ) return trueif ( validColoring(g, k, c) ) return true

FAIL

}
��#�$"	���

}
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	���������� 	���������� : : ND_KnapsackND_Knapsack

  ND_Knapsack( w[1..n], v[1..n], W, k ) {

�;	$"	���

}
��#�$"	���

}

NPNP--CompleteComplete

Decidable �	�+�(�!���#(	
P ? NP
P ? co-NP Decidable

NP-hard

�D��VW,	?� NPP = NP  ?
P = co-NP ?

NP NP ? NP hard

NPC

NP = co-NP ?

�"3�����&�

co-NP NP
NP-complete
�	��D;?� NP

( ? ( � )

  P � NP
P � co-NP

P

��#�#(	 No ? +;!��<# ��#�#(	 Yes ? +;! �<#

(�	�? ��(	���,�;)NP � co-NP

���#(	 Yes/No +;!��<#

��#�#	 No ? +;��# ��#�#	 Yes ? +;��#

���#	 Yes/No +;��#
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	���������� 	���������� : : ND_KnapsackND_Knapsack

  ND_Knapsack( w[1..n], v[1..n], W, k ) {

�;	$"	���

}
��#�$"	���

}

NPNP--CompleteComplete

Decidable �	�+�(�!���#(	
P ? NP
P ? co-NP Decidable

NP-hard

�D��VW,	?� NPP = NP  ?
P = co-NP ?

NP NP ? NP hard

NPC

NP = co-NP ?

�"3�����&�

co-NP NP
NP-complete
�	��D;?� NP

( ? ( � )
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P � co-NP
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Reduction : Reduction : ���	�������	����
q1 q2

� ? ! �M l i lreduce  q1 to  q2

q1 �P q2

�	���
-?�!�#
	��M� polynomial

(polynomially reducible)q1 �P q2

q1 +�(�	��#(	 q2

� i t +� �M i t

(polynomially reducible)

���"	
�-��- �	�$�B�VW,	 q1 �VW,	 q2

��
-�D� instance ��- q1 +���� instance ��- q2

...
12 1�1
22

..

......
...

2
32 2�2

3�3.. ...
3�3

Reduction : SQR Reduction : SQR ��� ��� MULTMULT

  Sqr( x ) {
a = x, b = x

SQR �P MULT
,

return Mult( a, b )
}

  Mult( a, b ) {
x = a+b, y = a-b

t (S ( ) S ( )) / 4

MULT �P SQR

return (Sqr(x)-Sqr(y)) / 4
}
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Reduction : Reduction : �64$�./������!��.�%�64$�./������!��.�%

�	
�� A ����������	
�� B  ���

%"��������*M���� B ��'��/��%�� A ���
instance *��8P<�� A<

�	���
- instance ��- A 
��M� instance ��- B��� instance ��- B

&

instance  *��8P<�� B
��
�������'&��!�VW,	 B

�#���	 *��8P<�� B
�	���
-$"	�����- B

��M�$"	�����- A

<

���$	�����- A

�#���	*��8P<�� A

Word Ladder Word Ladder   ��PP Path FindingPath Finding    
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Reduction : Reduction : �64$�./������!��.�%�64$�./������!��.�%

�	
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Reduction : Reduction : �64$�./������!��.�%�64$�./������!��.�%

�����7���B �������

Reduction : Reduction : �64$�./������!��.�%�64$�./������!��.�%
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Reduction : Reduction : �64$������,������%���64$������,������%��

�	
�� A ����������	
�� B  ���

.!	 B �' poly-time algo.
A �' poly-time algo. ;!#�p y g

.!	 B ��M��VW,	-(	�

! A �M �V

A �<�!�--(	�;!#�

.	 A ����W,	�	�
B �<�!�-�	�;!#�

A  �P B
A +�(�	��#(	 BA  +��	��#	  B

,������%����� ,������%����� SQR SQR ��� ��� MULTMULT

  Sqr( x ) {
a = x, b = x

SQR �P MULT
,

return Mult( a, b )
}

SQR +�(�	��#(	 MULT

Mult( a, b ) { MULT � SQR

SQR +��	��#	 MULT

  Mult( a, b ) {
x = a+b, y = a-b
return (Sqr(x)-Sqr(y)) / 4

}

MULT �P SQR

}
MULT +�(�	��#(	 SQR

MULT ��� SQR
�	� (-(	�) ��(	����	� (-	�) ��	��
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NPNP--CompleteComplete

SAT
q1 q2 Cook-Levin Theorem

���VW,	?� NP

Q1

reduce  q1 to  q2

q1 �P q2

�D��W,	?� NP 
�	�	�.
;���+���M�
�VW,	 SAT +;!,�;Q1

q1 +�(�	��#(	 q2

Q

Q4

�W,	 SAT +;,�;

SATqNPq P, �(D
Q2 Q3

SAT ��M��VW,	
�	��'&�;?� NP

NP
Q5

�	���D;?� NP

NP-Complete :NP q2

' (

NP-Complete :
�
D(��VW,	?� NP �'&
�	��'&�D;?� NP

q1 q3

�$#	��	�-	�
��(	���,�;

D
(�	�? ��(	���,�;) 

Reduction : Reduction : #����%��#����%��

INDEPENDENTSET

VERTEXCOVER CLIQUEVERTEXCOVER CLIQUE

NPNP
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NPNP--CompleteComplete

SAT
q1 q2 Cook-Levin Theorem

���VW,	?� NP

Q1

reduce  q1 to  q2

q1 �P q2
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q1 +�(�	��#(	 q2
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�W,	 SAT +;,�;
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Q2 Q3
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NP-Complete :NP q2

' (

NP-Complete :
�
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q1 q3
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D
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Reduction : Reduction : #����%��#����%��
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Vertex  CoverVertex  Cover

� Optimization : input = G
� ? O '& ' <� ,	�)��(����-�� (VC) ?���	O G �'�'��	;�
<��D;

�'&��!���%&���D���!�?� G �'�D;�
	� (��(	-�!�� 1 �D;) ?� VC

� Decision : input = G, k
� �'�)��(����-�� (VC ) ?���	O G  ��	;��(	-�	� k ,�%�+�(

& &�'&��!���%&���D���!�?� G �'�D;�
	� (��(	-�!�� 1 �D;) ?� VC

Independent  SetIndependent  Set

� Optimization : input = G
� ? O '& ' ?� ,	�)��(����-�� (VI) ?���	O G  �'�'��	;?,W(�D;

�'&+�(�'��!���%&��?� G �(���,#(	-$�(��?; @ ?� VI

� Decision : input = G, k
� �'�)��(����-�� (VI) ?���	O G  ��	;��(	-�!�� k ,�%�+�( 

& &�'&+�(�'��!���%&��?� G �(���,#(	-$�(��?; @ ?� VI
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Vertex  CoverVertex  Cover

� Optimization : input = G
� ? O '& ' <� ,	�)��(����-�� (VC) ?���	O G �'�'��	;�
<��D;

�'&��!���%&���D���!�?� G �'�D;�
	� (��(	-�!�� 1 �D;) ?� VC

� Decision : input = G, k
� �'�)��(����-�� (VC ) ?���	O G  ��	;��(	-�	� k ,�%�+�(

& &�'&��!���%&���D���!�?� G �'�D;�
	� (��(	-�!�� 1 �D;) ?� VC

Independent  SetIndependent  Set

� Optimization : input = G
� ? O '& ' ?� ,	�)��(����-�� (VI) ?���	O G  �'�'��	;?,W(�D;

�'&+�(�'��!���%&��?� G �(���,#(	-$�(��?; @ ?� VI

� Decision : input = G, k
� �'�)��(����-�� (VI) ?���	O G  ��	;��(	-�!�� k ,�%�+�( 

& &�'&+�(�'��!���%&��?� G �(���,#(	-$�(��?; @ ?� VI
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CliqueClique

� Optimization : input = G
O� ,	��	O�(��������BC (complete subgraph)

�'&�'��	;?,W(�D;?���	O G

� Decision : input = G, k
� G �'��	O�(��������BC��	;��(	-�!�� k �� ?

VVERTEXERTEXCCOVEROVER (( NPNP

  validVertexCover( G=(V,E), k, vc[1..n] ) {
if (n > k) return falseif (n > k) return false
covered[] = false
for (i=1; i<=n; i++)
for each u ( Adj( vc[i] )

O(v2)
for each u ( Adj( vc[i] )

covered[ (vc[i],u) ] = true
for each edge (u,v) ( E

if ( NOT d[ ( ) ] ) t f lif ( NOT covered[ (u,v) ] ) return false
return true 

}
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CliqueClique

� Optimization : input = G
O� ,	��	O�(��������BC (complete subgraph)

�'&�'��	;?,W(�D;?���	O G

� Decision : input = G, k
� G �'��	O�(��������BC��	;��(	-�!�� k �� ?

VVERTEXERTEXCCOVEROVER (( NPNP

  validVertexCover( G=(V,E), k, vc[1..n] ) {
if (n > k) return falseif (n > k) return false
covered[] = false
for (i=1; i<=n; i++)
for each u ( Adj( vc[i] )

O(v2)
for each u ( Adj( vc[i] )

covered[ (vc[i],u) ] = true
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IINDEPENDENTNDEPENDENTSSETET (( NPNP

  validIndependentSet( G=(V,E), k, vi[1..n] ) {
if (n < k) return falseif (n < k) return false
for (i=1; i<=n; i++)

for (j=i+1; j<=n; i++)
if ( (vi[i] vi[j]) ( E ) return false

O(v2)
if ( (vi[i], vi[j]) ( E ) return false

return true 
}

CCLIQUELIQUE (( NPNP

  validClique( G=(V,E), k, c[1..n] ) {
if (n < k) return falseif (n < k) return false
for (i=1; i<=n; i++)

for (j=i+1; j<=n; i++)
if ( (c[i] c[j]) @ E ) return false

O(v2)
if ( (c[i], c[j]) @ E ) return false

return true 
}
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IINDEPENDENTNDEPENDENTSSETET (( NPNP
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O(v2)
if ( (c[i], c[j]) @ E ) return false

return true 
}

�	���������
������

���	� ����������������
 412 / 498 � ���	�� ����



VVERTEXERTEXCCOVEROVER ��� ��� IINDEPENDENTNDEPENDENTSSETET

VC(G, 3) IS(G, 5-3)2)( , ) ( ,
true true

))

VVERTEXERTEXCCOVEROVER ��� ��� IINDEPENDENTNDEPENDENTSSETET

.!	 VC ��M� vertex cover ��- G,   V – VC ��M� independent set

• .!	 VC ��M� vertex cover, �!�-+�(�'��!���%&����,#(	-��?� V – VC

• �>�	�.!	�' ��+�(.� covered ?� VC�>�	�.	� ��+�.�� covered ?� VC

V V V VVC VI = V - VC
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VVERTEXERTEXCCOVEROVER ��� ��� IINDEPENDENTNDEPENDENTSSETET

VC(G, 3) IS(G, 5-3)2)( , ) ( ,
true true

))
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VVERTEXERTEXCCOVEROVER ��� ��� IINDEPENDENTNDEPENDENTSSETET

.!	 VI ��M� independent set ��- G,   V – VI ��M� vertex cover

• .!	 VI ��M� independent set, +�(�'��!���%&����,#(	-����- VI

• ;�-��*���!���%&������!��!�-�'���
	���(	-�!��,�&-����(?� V – VI;-����������D������-����
	���	-���,�-�����?� V VI

V V V VVC = V - VI VI

VVERTEXERTEXCCOVEROVER ��� ��� IINDEPENDENTNDEPENDENTSSETET

VC ��M� vertex cover ��- G
�<�(���%&�������

V – VC ��M� independent set ��- G

G �' vertex cover ��	; k
�<�(���%&�

G ' i d d t t |V| kG �' independent set ��	; |V| – k

VC IS

G, 3 G, 5-3

�	���������
������

���	� ����������������
 414 / 498 � ���	�� ����



VVERTEXERTEXCCOVEROVER ��� ��� IINDEPENDENTNDEPENDENTSSETET

.!	 VI ��M� independent set ��- G,   V – VI ��M� vertex cover

• .!	 VI ��M� independent set, +�(�'��!���%&����,#(	-����- VI

• ;�-��*���!���%&������!��!�-�'���
	���(	-�!��,�&-����(?� V – VI;-����������D������-����
	���	-���,�-�����?� V VI

V V V VVC = V - VI VI

VVERTEXERTEXCCOVEROVER ��� ��� IINDEPENDENTNDEPENDENTSSETET

VC ��M� vertex cover ��- G
�<�(���%&�������

V – VC ��M� independent set ��- G

G �' vertex cover ��	; k
�<�(���%&�

G ' i d d t t |V| kG �' independent set ��	; |V| – k

VC IS

G, 3 G, 5-3
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ReductionsReductions

  VertexCover( G=(V,E), k ) {
return IndependentSet( G |V| - k )return IndependentSet( G, |V| - k )

} VERTEXCOVER �P INDEPENDENTSET

IndependentSet( G=(V,E), k ) {
return VertexCover( G, |V| - k )

}
INDEPENDENTSET �P VERTEXCOVER

IS

VC

NP

IINDEPENDENTNDEPENDENTSSETET ������ CCLIQUELIQUE

IS(G, 3) CLIQUE(G, 3) 
true true
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CookCook--Levin TheoremLevin Theorem

� ��+��,�����%����
Product of Sum

SAT is NP-Complete
Product of Sum
Conjunctive Normal Form

f ( ) ( )( )( )� �.�. f (x1, x2, x3, x4) = (x1 + x2)(x1 + x2 + x3)(x3 + x4)
= (x1 E x2) F (x1 E x2 E x3) F (x3 E x4)

� truth assignment $%��	�?,!$(	���-/��<���� ��- f� truth assignment $��	�?,$	��-/����� xi ��- f
� satisfying truth assignment $%� truth assignment

�'&�"	?,! f ��M����- x1 = 0 x2 = 0 x3 = 1 x4 = 0��	?, f �����-

� �	
�� SAT  (Satisfiability problem)

x1 0, x2 0, x3 1, x4 0

� input : ��>��C��
'� f ?���� Conjunctive Normal Form
� $"	.	� : f �' satisfying truth assignment  ,�%�+�( ?

� SAT ( NP

Proc. 3rd Annual ACM Symposium Theory of Computing
May 1971
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SATCook �
� Levin +;!>�����C
#(	 SAT ��M� NP-complete#	 SAT ��� NP-complete

CLIQUE 3SAT

VERTEXCOVER INDEPENDENTSET

SUBSETSUM

33SAT  SAT  is  NPis  NP--CompleteComplete

� 3SAT '3� SAT *���/&�1 clause ������'& 3 literals
(

� 3SAT ( NP

1(x(x1 + x2 + x3) (x1 + x2 + x4) (x1 + x4 + x3)

� 3SAT ( NP

� 3SAT is NP-hard
% S '& ! ! ( �M C l

SAT

� �
%�� SAT �'��!�
!##(	 ��M� NP-Complete
� ����;-?,!�,<�#(	 SAT �P 3SAT

(SAT i l i ll d ibl t 3SAT) 3SAT(SAT is polynomially reducible to 3SAT)

� SAT �P 3SAT

3SAT

� #��'��
-��>��C��
'���- SAT ��M� ��>��C��
'���- 3SAT 
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Vertex CoverVertex Cover

  hasVertexCover( G=(V,E), k ) {
if (|E| == 0 ) return true
if ( k  == 0 ) return false
choose an edge (u,v) ( E
if ( hasVertexCover( G-{u}, k-1 ) OR( ( { }, )

hasVertexCover( G-{v}, k-1 ) )
return true

elseelse
return false 

} O( 2k (n+m) )
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��������� ��	���
��������� Vertex CoverVertex Cover

  hasVertexCover( G=(V,E), k ) {
if (|E| == 0 ) return true
if (   k  == 0     ) return false
choose an edge (u,v) ( E
if ( hasVertexCover( G-{u}, k-1 ) OR

|E| > k(|V|-1))

( ( { }, )
hasVertexCover( G-{v}, k-1 ) )

return true
elseelse

return false 
}


�-������D-?,!��M�

��
�������>%&�,	 vertex cover ��	; k ��-��	O G

��	���
�����������!�� ��	���
�����������!�� NPNP--hardhard

� Backtracking, branch and bound
+ ! " '& " ' " ( !� +;!$"	����' ";'�D;" ��(�	��!	

� ��(	
%�#(	 +�(�"	��M�#(	�D� instance ��-�VW,	 NP-hard 
�!�-?�!�#
	�	�?��	�,	$"	�����-?��#
	�	�?��	�,	$	���

� Local search
� +;!$"	����'& ";'�	�" ?��	-�¥����� ��(+�(����+�

� Approximation� Approximation
� +;!$"	����'& ";'" (������$DB=	>) �
���<#;!#�
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NPNP--Complete Complete �� ����*� ����*� instancesinstances

))(( xxxxxxxxxx �������� ))(( 7643275321 xxxxxxxxxx ��������

#clauses �!�� #��#����	� �(	�� satisfy +;!-(	�#clauses ��� #�#����	�  �	�� satisfy +;-	�

))()()()()(( 31233232132121 xxxxxxxxxxxxxx ��������

#clauses �	� #��#����!��  �(	�� satisfy +;!�	�

NPNP--Complete Complete �� ����*� ����*� instancesinstances

SAT UNSAT

Phase Transition

Kirkpatrick and Selman
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Kirkpatrick and Selman
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Approximation  AlgorithmsApproximation  Algorithms

� �������*M�*��*�����%� polynomial time

� %"���� NP-hard optimization problems

� ��1���')]�+&�� ��1��'()]�+�
� �
�'&+;!�'$DB=	>+�(�
#�#(	 G���(	��-$"	����'&;'�D;
� �!�->����C�	�������$B=	>� ��->�����	������$DB=	>

�	��;���	-��->���-	��	��	��;��	-��->��-	��	�
�'&�'�����	-�#� +�(���� 2 ��(	
��-�	��;���	-�'&��*��;- �� � - ���D
(2-approx.)
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� �
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Vertex  CoverVertex  Cover

� �� vertex cover *����������0�!(����� NP-hard

� �� approx. : ��*����������&���� 2 �*&����*����0�!(�
approxVertexCover( G=(V,E) ) {  approxVertexCover( G (V,E) ) {

Vc = {}
G* = G
while ( ��	O G* ��-�'��!���%&�� ) {while ( ��	O G* �-�������� ) {

(u,v) = �
%����!���%&����- G* �	,�&-��!�
Vc = Vc * {u, v}
G* G* { } // 
���!���%&���'&��;��� ���;!#�G* = G* – {u, v} // 
����������;�� u, v ���;#�

} 
return Vc

}

Vertex  Cover : Vertex  Cover : 22--approx.approx.

� %�� E* '3��-/����!���"3���*��2����3��
! % & ? E* ! + ( ' � ( �� ��!���%��?� E* �!�-+�(�'�D;�
	��(#����

� Vc ��<��D;�
	���-��!���%&��?� E*
| | 2| *|� |Vc| = 2|E*|

� %�� VOPT '3� optimal vertex coverOPT p
� ��!���%&�� e (�E*  �!�-�'�D;�
	�?� VOPT

� .!	 v1 ( VOPT ��M��D;�
	���- e1 (�E*1 OPT D 1
v1 �!�-+�(��M��D;�
	���-��!��%&�?� E*

� ;�-��*� |E*| � |VOPT|

� !�(����&� |Vc| � 2|VOPT|

2-approx.
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Vertex  CoverVertex  Cover
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Set  CoverSet  Cover

� Input :  �-/ U, ��1 s1, s2, ..., sm  ?�U

�� Output : ��(&�*����������0�!(�����-/�&�� sk
*����!��"�������� U

� �� set cover ������0�!(����� NP-hard

� approx : ��*����������&���� l �*&���� OPT� approx. : ��*���������� ln n �*���� OPT
 n '3������!��"����� U

e1 e2 e3 e4
VERTEXCOVER �P SETCOVER

e5 e6 e7 e8

e9 e10 e11 e12

P

e9 e10 e11 e12

Approx. Set  CoverApprox. Set  Cover

  approxSetCover( U, S[1..m] ) {
CA = {}CApprox  {}
while ( U � ; ) {

sMAX = �
%���)�?� S �'&�'��	�����	�¥?� U �	��D;
C = C * {s }CApprox = CApprox * {sMAX}
U = U – sMAX

} 
t Creturn CAPPROX

}

� %�� COpt �*� set cover ������0�!(�

� %�� CApprox �*� set cover ��� approx. algo.� %� CApprox �*� set cover ��� approx. algo.

� %�� n '3������!��"����� U

� �1�!��%����0�&� |CApprox| / |COpt| = ln n
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���	� ����������������
 442 / 498 � ���	�� ����
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*����!��"�������� U

� �� set cover ������0�!(����� NP-hard
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Approx. Set  CoverApprox. Set  Cover
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while ( U � ; ) {

sMAX = �
%���)�?� S �'&�'��	�����	�¥?� U �	��D;
C = C * {s }CApprox = CApprox * {sMAX}
U = U – sMAX

} 
t Creturn CAPPROX
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� %�� COpt �*� set cover ������0�!(�
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Approx. Set Cover : AnalysisApprox. Set Cover : Analysis

� �������*�� k : 
& &� ?,! nk $%��"	�#���	����'�,
%�?� U �'��-+�(.�� covered

� ��	����'&�,
%��'*�!�-.�� covered ;!#� COPT +;!
& &




� �)��(���'& cover ��	����'&�,
%���- U +;!�	��D; �!�-�'��	;
��(	-�!�� nk / |COpt| ��# nk = 20,  |Copt| = 5
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�< 1, ��%&�

OptC 	�
COpt ||

(1 – x) � e–x |CApprox| = �"	�#�����'&�"	#-#�

Metric TSPMetric TSP

� �� tour *��!�#�!(����� NP-hard

� � #
A

� approx : ��*������&���� 2 �*&����*��!�#�!(�

� %"�����1�1*����� dAB + dBC � dAC

A

approxEuclideanTSP ( G=(V,E) ) {
TMST = MinimumSpanningTree( G )

� %"���1�1*�����  dAB + dBC � dAC
B C

MST p g ( )
tour = PreorderTraversal( TMST )
return tour

} LL � 2} LOptLApprox � 2
1

25 132

3
4
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6
7 8

10
11

12
13

7 8

9

11
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22--Approx. TSPApprox. TSP

LOpt L LMST> �

<  2LOpt2LMST LApprox�2LOpt >

11..55--Approx. TSPApprox. TSP

<  2LOptLApprox

*,	 MST ��!	- Euler graph ,	 tour +�(�(	���)*"	
G;�?�!�	-
�;

����?� Euler graph
<  1.5LOptLApprox

�D���?� Euler graph
�!�-�' degree ��M��"	�#�$�(
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����� ����� Euler Graph Euler Graph ��$����%���$����%�

� %�� VOdd '3��-/�����%� MST *������������������'��
|V | �M " (� ,�	��,�D : |VOdd| ��M��"	�#�$�(

� ���!���"3���*�����*(�'�&��%� VOdd *����'�����!��
�

Odd
�"3���������!(�  (minimal length matching)

� �+����!���"3������'& VOdd %� MST ������_���,����,� �+��!��"����'� VOdd %� MST �����_�������

11..55--approx.approx.
TOdd

Minimum
Odd-vertex

• ��	O Euler �'��!���%&���	� EMST (�	# LMST) �
� EMOM (�	# LMOM)
Matching

• ?,! TOdd $%� tour ��*��D; (�	# LOdd) �'&�(	���>	���?� VOdd

• ��+;!#(	  LOdd � LOptp

• �	�	�.��(- TOdd �����M���!���%&����!��#!���!�+;! 2 �D;
• ��(
��D;��M��	����$�(��?� VOdd (LMOM  � L�!� , L;"	)�� ;	
• �D;�
<��'$#	��	#�#� � 0.5LOdd ,  ;�-��*� LMOM � 0.5LOdd

• ��D�+;!#(	 LMOM � 0.5LOptMOM Opt

• ��	O Euler �'$#	��	#��!���%&���#�  LMST + LMOM � 1.5LOpt
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General TSPGeneral TSP

� �� polynomial-time approx. algo. 
�+3������	
�� TSP ������_%� 4 ��3���& ?�+����
�� TSP ������_%� 4 ����� ?

� 2���� �1�!��%����0�&� HAMILTONIANCYCLE (�P
� ,�	�$#	�#(	 �	�	�.>�����C+;!#(	 P = NP   !!!
� ��(��-+�(���- ��;-#(	 ��-+�(�'?$�,	 polynomial-time 

&approx. algo. �"	,����VW,	 TSP ��- G ��&#+� 

./� ./� GG--approx TSP approx TSP �����!�� �����!�� HHAMAMCC

� �	
�� : G=(V,E) �� Hamiltonian Cycle ��3���&

� ���� G ��� HAMILTONCYCLE ���� G* ��� TSP
� ��!	-��	O G*=(V, E+E*) ��M� complete graph
� ��!���%&��?� E �	# 1, ?� E* �	# 1+Gn (n = |V|,  G > 1
� .!	 G �'#-�©��
���, LOpt ��- G* �	# nOpt

� .!	 G +�(�'#-�©��
���, LOpt ��- G* �	#���� Gn

11 1

1

1
1+Gn

1+Gn
1

1

1
1+Gn

1+Gn

1 Gn

G G* 1+Gn
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Local  SearchLocal  Search

� %"���� NP-hard optimization problems []

� ��&������'��/����!(� ���'&'��/�� "�� 4"

� ��&!�%� "�!��*��" ���!����'��/�� [1]
� ��!�%� �!�*��  ���!���'�/��

� '��%����]���;����� (solution space)
�M

[1,3]
� �D��.	����M��.	���
��
�
� ,�D;$!���%&�?; �<+;!$"	��� [1,3,2]

localSearch( p ) {
s = initialSolution(p)
while not terminate(p, s) {

[1,3,2,4]
(p, ) {

s* = select( neighbor(p, s) ) 
if ( accept(p, s, s*) ) s = s*

}}
}
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Neighboring SolutionsNeighboring Solutions

� ����;�������M�� %������;�����%��&

� /���&��
� TSP : [1,2,3,4]

� [1,3,2,4],  [1,2,4,3],  [1,4,3,2]
� VertexCover : [1,0,0] [ ]

� [0,0,0],  [1,1,0],  [1,0,1]
� 3-Coloring : [1,2,2]g [ , , ]

� [2,2,2], [3,2,2], [1,1,2], [1,3,2], [1,2,1], [1,2,3]

Hill ClimbingHill Climbing
knapsack( w[1..n], v[1..n], W ) {

maxV = 0
maxX[1..n] = a new array[1..n][ ] y[ ]
betterSolution = true
while (betterSolution) {

x = maxX

Maximization

x  maxX
betterSolution = false
for (i=1; i<n; i++) {

x[i] = 1 x[i]x[i] = 1 - x[i]
�v = sum(v, x)
if (sum(w, x) <= W && �v > maxV) {

X V � b tt S l ti tmaxX = x; maxV = �v; betterSolution = true
break

} Simple Ascent ��-�#(	�*��
�
x[i] = 1 - x[i]

}
}

vs.
Steepest Ascent

�

* &return maxX
}

�*�+��	-�'&����D;
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Hill Climbing : Hill Climbing : 00//1 1 KnapsackKnapsack

$DB=	>��-$"	���
+;!$"	����'&;'�	� @+;$	����;�	� @ 

��(��-+�(;'�'&�D;

�"	�#�����	�#����

Global Global ��� ��� Local OptimumLocal Optimum

Global
tioptimum

Local 
optimum

L l

optimum

Local 
optimum Local 

optimum
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Hill Climbing : TSP Hill Climbing : TSP ((���	����	�))
tsp( d[1..n][1..n] ) {

minT = {1,2,3,...,n}; shuffle( minT )
i L t L th(d i T)

[1,2,3,4]
minL = tourLength(d, minT); 
betterSolution = true;
while ( betterSolution ) {

[1,3,2,4]

x = minT;  betterSolution = false;
for each pair (i,j) in (1..n, 1..n) {
x[i] � x[j]

[1,2,4,3]

[1 4 3 2]j
len = tourLength(d, x)
if (len < minL) {

minL = len; minT = x; betterSolution = true;

[1,4,3,2]

minL  len; minT  x; betterSolution  true;
break;

}
x[i] � x[j] Simple Descent

�&"	�#(	
-�
�
x[i] � x[j]

}
}

t i T

Simple Descent
vs.

Steepest Descent
+� '&�� �return minT;

}

p

-+��	-����D;

TSP : Simple DescentTSP : Simple Descent

�D(�$"	������
��
'&��$"	���

& *�"	$"	����'&;'�*�

��'��$DB=	>�����- branch & bound
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Simple Simple ��� ��� Steepest DescentSteepest Descent

��'��$DB=	>�����- branch & bound

Neighboring FunctionsNeighboring Functions

2 3 4
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swap reverse, , , , ,
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, , , , ,
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Neighboring FunctionsNeighboring Functions

��'��$DB=	>�����- branch & bound

Neighboring FunctionNeighboring Function

��'��$DB=	>�����- Simple-Swap
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Neighboring FunctionsNeighboring Functions
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Simulated AnnealingSimulated Annealing
localSearch( p ) {

s = initialSolution(p)
while not terminate(p, s) {(p, ) {
s* = select( neighbor(p, s) ) 
if ( accept(p, s, s*) ) s = s*

}}
} simulatedAnnealing( p ) {

s = initialSolution(p)
T = T00
while ( T > 0 ) {

for (i = 1; i <= N; i++) {
s* = neighbor(p, s)s   neighbor(p, s)
7E = energy(s*) – energy(s)
if (7E < 0 OR random(0,1) <  e-7E/kT ) 

s = s*s = s*
}
T = HT

}}
}

TSP : Simulated AnnealingTSP : Simulated Annealing

tspSA( d[1..n][1..n] ) {
tour = initialTour( d )
maxT = T = tourLength(d, tour)
while ( T > 0.001 ) ) {

N = maxT – T;N  maxT T;
for (i = 1; i <= N; i++) {

newTour = nextTour( minT )
dE = tourLength(d newTour) - tourLength(d tour)dE = tourLength(d,newTour) tourLength(d,tour)

if (dE < 0) {
tour = newTour;

if (dE < 0 OR random(0,1) <  e-dE/kT ) {

}
}
T *= 0.999

�����!��	-�'&�	#�#(	+;!-(	���%&� T ��- 
����	��*���%&� T �&"	
-

}
return tour;

}}
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�����!��	-�'&�	#�#(	+;!-(	���%&� T ��- 
����	��*���%&� T �&"	
-

}
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RandomiRandomizzed  Majorityed  Majority

� 2�� d ��&��/����&��� 
( � ? < ! + (? ( "

2,1,3,1,0,2,1,4,5,7,8,3,2,8
� �D(���#?;�<�!�-+�(?�(  $"	���.������

� 2�� d ��/����&��� 1,2,1,1,1,1,2,1,1,1,1,2,3,1

� G��	��D(�+;!��#,��(�	� > ½    G��	������; < ½ 
hasMajority( d[1..n] ) {j y( [ ] ) {

i = random(1, n)
c = count( d, i )
return (c > n/2) G��	���; < 1/2return (c > n/2)

}
hasMajorityRepeat( d[1..n], k ) {

for (i=1; i<=k; i++) {

G��	��; < 1/2

for (i=1; i<=k; i++) {
if (hasMajority(d)) return true

}
t f l G � 1/2kreturn false

}
G��	���; < 1/2k

RandomiRandomizzed  ed  QuicksortQuicksort

� ������ Quicksort �M#���� pivot *����3��/����&�
! % i t � ' b d i t� .!	�
%�� pivot ����	���# ���' bad input
�worst-case ��M� O(n2)

�M O( l ) ( '& i � )�avg-case ��M� O(n log n)  (��
'� input �D�������)
� .!	�
%�� pivot ����D(� +�(�' bad input

+ �M�+;! expected running time ��M� O(n log n)
���-$-�' worst-case ��M� O(n2) ��(;!#�G��	��'&�&"	�	�

partition( d[1..n], left, right ) {
k = random(left, right)
d[k] � d[l ft]d[k] � d[left]
p = d[left]  // pivot
i = left, j = right + 1
...
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Average Average ��� ��� ExpectedExpected

� ��'��1�, average time
" ' & i t �� ,	�#
	�	��"	-	���
'���- input �D�������

1,2,3,...,n
2 1 3 n

t1
t &Quicksort2,1,3,...,n

...
n,...,3,2,1

t2
...

,	$(	��
'&�

� ��'��1�, expected timep
� ,	�#
	�	��"	-	���
'&���-�	��D(��D�������

t11,2,3,...,n

RandQuicksort
1

t2
...

,	$(	��
'&�1
2

1,2,3,...,n

�	��D(�
�
%�� pivot

...

RandomiRandomizzed Algorithmsed Algorithms

� Monte Carlo
% " ( � ( ! ( �M '& &" )� $%�$"	������� ��(�	���; (;!#�$#	��(	����M��'�"	)

� �"	-	��#;��<#
� ( d i d j i� ��#��(	- : Randomized Majority

� Las-Vegasg
� $%�$"	����'&.���!�-����  ,�%�+�(�<������#(	+�(�'$"	���
� �	��"	-	��!	 (;!#�$#	��(	����M��'&�&"	)( )
� ��#��(	- : Randomized Quicksort

Metropolis, 
Ulam, ,

Neumann,
1949

Babai
1979
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Monte Carlo AlgorithmsMonte Carlo Algorithms

� p-correct : Pr[%��'��/��2��/���] � p
h M j it �M ½ t� hasMajority ��M� ½ - correct

� 2������ decision problem
� One-sided error

�.!	$%�$"	���,�&- ����&�?���(���#(	.���!�-�
�hasMajority  ��M� one-sided error

�$%� true (�'��#,��(�	�) ��M�$"	����'&.���!�-( � ) �
�$%� false (+�(�'��#,��(�	�) ��M�$"	����'&�'G��	���;

� Two-sided error : $"	����'&$%� �'G��	���;

Monte Carlo : AmplificationMonte Carlo : Amplification

� �+���$���!*�����'��/��2��/���������*��-#��
! �M t id d l ith� .!	��M� p-correct, one-sided error algorithm

� ��'��)*"	 k $��*- ��+;! 1 – (1 – p)k - correct 

$��*-�'& G��	���; G��	�.��
1 (1 – p) p

( )2 ( )22 (1 – p)2 1 – (1 – p)2

k (1 – p)k 1 – (1 – p)k

hasMajorityRepeat( d[1..n], k ) {
for (i = 1 to k) {

if ( hasMajority(d) ) return true
}
return false

}
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Monte Carlo AlgorithmsMonte Carlo Algorithms

� p-correct : Pr[%��'��/��2��/���] � p
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C = AC = A��B ?B ?

� %�� A, B, ��1 C ������*���-,���� n�n

� ����*���&� C �*&���� A�B ��3���&

� ���*��� �*�
� ,	 A�B �
!#���'����'����� C

�$B����;	 #(n3) ���'����'���'� O(n2)�$�B����;	 #(n ) ����������� O(n )
�?�!�	�$�B��- Coppersmith & Winograd O(n2.38)

� ?�! randomized algo � O(n2)� ?� randomized algo.  � O(n2)

C = AC = A��B ?B ?

� %�� D = C – A�B

� %�� X ���� 0/1 ���/��,���� 1�n

� �1��� XD �������/��,���� 1�n� �1�� XD ������/������ 1�n

� 2�� D = 0  �1��� XD = 0 ��& (��&&� X �1��'&�%�)

� 2�� D � 0   XD ����*&���3���&�*&���� 0 �0���

0  0  0  0  0 
0  0  0  0  0
0 0 2 -1 0

X1D
0 0 0 0 20 0 1 1 1

X1

0
0
1

1
0
1 0 0 2 -1 0
0  0  0  0  2
0  0 -2  1  01 0 1 0 1 0 0 0 0 0

1
1
1

1
0
1

DX2 X2D
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C = AC = A��B ?B ?

d1,1 ...   d1,j ... d1,nDx1 ... xk ... xnX x1
d2,1 ...   d2,j ... d2,n

d d d

x2.
.
x?,!�.#�'& k �' d � 0 dk,1 ...   dk,j ... dk,n

dn 1 ...   dn j ... dn n

xk.
.
xn

?,�.#� k � dk,j � 0

n,1 n,j n,n

x1d1 j + x2d2 j + + xkdk j + + x d j

n

Pr[� 0] � ½x1d1,j + x2d2,j +...+ xkdk,j +...+ xndn,j
x1d1,j + x2d2,j +...+ 0dk,j +...+ xndn,j

Pr[� 0] � ½ 
= 0

x1d1,j + x2d2,j +...+ 1dk,j +...+ xndn,j
.!	 dk,j ��0  �
��D(�?,! xk = 0 ,�%� 1   ,  Pr[ XD � 0 ]  � ½ 

= 0

.!	 D � 0 �D(�?,! X[1..n] = 0 ,�%� 1  ,  Pr[ XD � 0 ]  � ½ 

C = AC = A��B ?B ?
.!	 D � 0 �D(�?,! X[1..n] = 0 ,�%� 1 ,  Pr[ XD = 0 ] < ½ 

equalsMC( A[1..n][1..n], B[1..n][1..n],
C[1..n][1..n] ) {

D = C – A�B
for( i = 1 to n ) X[i] = random(0,1)
return XD == 0

}}

$%� false, ��&�?���(#(	+�(��(	 $%� true, ��&�?� � 50% #(	��(	

��	+�($"	�#B XD = X(C A�B) $"	�#B A�B ?�! O(n2 38)

one-sided error ½ - correct

��	+�$	�#B XD = X(C – A�B)   $	�#B A�B ?� O(n2.38) 
��(��$"	�#B XC ��� (XA)B  �
!#���'����'�� XC == (XA)B

#(n2) #(n2) #(n2) O(n2) 
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C = AC = A��B ?B ?

equalsMC( A[1..n][1..n], B[1..n][1..n],
C[1..n][1..n] ) {[ ][ ] ) {

for( i = 1 to n ) X[i] = random(0,1)
return XC == (XA)B

} ½ correct}

equalsMC_Repeat( A[1..n][1..n], B[1..n][1..n],

½ - correct

C[1..n][1..n], k ) {
for (i = 1 to k) {

if ( NOT equalsMC(A, B, C) ) return false( q ( , , ) )
}
return true

} (1 2 k)} (1 – 2–k) - correct

22--SATSAT

))()()()()(( 414232213121 xxxxxxxxxxxx ������ ))()()()()(( 414232213121 xxxxxxxxxxxx ������

2-SAT ( P2 SAT ( P

2-CNF

Implication Graph

Strongly Connected Components
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22--SAT_MCSAT_MC

� !(&� truth assignment,  x[i] I random(0,1)

�� 2������� clause *�������*0�
� �
%���	,�&- �
!#�D(��
%��,�&-?���- literal ��- clause ��*�
� �
��$(	��- literal ��*� �!�-�"	)*"	�'&$��*- ?

))()()()()(( 414232213121 xxxxxxxxxxxx ������

0 1 1 0 ( 0 0 )( 0 1 )( 1 1 )( 0 0 )( 0 1 )( 0 1 )

x1, x2, x3, x4

0    1 1 0 ( 0 0 )( 0 1 )( 1 1 )( 0 0 )( 0 1 )( 0 1 )

1    1     1     0     ( 1       0 )( 1      1 )( 0      1 )( 0       0 )( 0       1 )( 1       1 )

1    0     1     0     ( 1       1 )( 1      1 )( 0      0 )( 1       0 )( 1       1 )( 1       1 )

0    0     1     0     ( 0       1 )( 0      1 )( 1      0 )( 1       0 )( 1       1 )( 1       1 )

22--SAT_MCSAT_MC

� ��/���� n /�,  x1, x2, ..., xn

� 2���� satisfying truth assignment
� ?,! k $%��"	�#���- x �'&�'$(	.���!�-

�.!	����'* k = 0,  ���,�!	 k = 1
�.!	����'* k � 0,  ���,�!	 k �'$(	�>�&�,�&- ,�%�+�(�<
;,�&-

k = 0  1  2  3  4  5  6  7  8  9
random walk

� ?,! s(k) $%��"	�#��!	#�'&�!�-�;����%&����(�'&�"	�,�(- k
�s(n) = 0,  s(0) = 1 + s(1)( ) , ( ) ( )
�s(k) � 1 + ½( s(k+1) + s(k – 1) )
���! recurrence �'* ��+;! s(0) = n2��� recurrence � ��+; s(0)  n
�$(	$	;,#�-��-�"	�#��!	#�'&�!�-�;��$%� n2
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22--SAT_MCSAT_MC

� 2�� 2-SAT_MC '3� true  ���2��/�����&

� 2�� 2-SAT_MC '3� false 
� random walk ��$���
!# +�(>� satisfying assignment

��>�	�#(	 unsatisfiable ���- @
�,�%� satisfiable ��(��-�;��+�(.-

� 2�� satisfiable  ��1%������ 2n2 '��#�
� �	� Markov's inequality : Pr[X � a] � E(X) / a� �	� Markov s inequality :  Pr[X � a]  � E(X) / a
� Pr[�"	�#��!	#�'&�!�-�;�� � 2n2]  � n2 / 2n2 = ½

2 SAT MC �� ½ 3� % � � 2 2 �� 2-SAT_MC  ���� ½ - correct  ��3�%������ 2n2 ���

� ����'����&����$��*��-#�� k '��#�
� (1 – 2–k) - correct

PrimalityPrimality TestingTesting

� PRIMES ( P AKS = Agrawal-Kayal-Saxena

� 2002 : AKS Primality Test  � O( log12+3(n) )

� ���������������� � O( log6+3(n) )� ������������(�      � O( log (n) )

� Miller-Rabin test � O( log3 (n) )
¾ d d� ¾ - correct,  one-sided error
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Fermat  TestFermat  Test

.!	 n ��M��"	�#���>	� an–1 mod n = 1 �"	,��� 1 � a � n – 1

23–1 mod 3 = 1,   47–1 mod 7 = 1 � prime
29–1 mod 9 = 4,   225–1 mod 25 = 16 � composite
415–1 mod 15 = 1  ��( 15 = 3�5 � false witness

����� ����� false witness
561 381

1105 766

1729 1294

�'�"	�#��	��	��'&�' false witness �	�

+�(��M� p correct+���� p-correct

Miller Miller -- RabinRabin

� �� �0 2

.!	 n ��M��"	�#���>	�, an–1 mod n = 1 �"	,��� 1 � a � n – 1
� �� �
� �� �/1

/
2
0
�

ddknnaa

knnana
k

k
k

oismodmod

evenismodmodmod 22/

22/

MillerRabinTest( n ) { // Is n prime ?
a = random(2, n-2) // +�(�
%�� 1 ��� n-1
return powerMod(a n-1 n) == 1return powerMod(a, n-1, n) == 1

}
powerMod(a, k, n) {

if (k 0) t 1

�' false witness 
+�(���� (n-9)/4 ��#if (k == 0) return 1

d = powerMod(a, k/2, n)
x = d2 % n

+���� (n-9)/4 �#

¾ - correct
if ( x == 1 AND d � 1 AND d � n-1) return 0
if (k % 2 == 1) d = x * a % n
return d; .!	 n ��M��"	�#���>	� �
� 1 � d � n 1

}
.	 n ����	�#���>	� �
� 1 � d � n – 1,

 d 2 mod n = 1 �<�(���%&� d = 1 ��� d = n – 1 
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Amplification : Amplification : 	������0
�	������0
�

isProbablePrime( n, k ) { // Is n prime ?
for (i = 1 to k) {
if (MillerRabinTest(n) � 1) return false

}
return true;

}

G��	���;  (¼)k

(1 – (¼)k) - correct

Las VegasLas Vegas

� '3�'��/��*��2��/����!��  
% + ( < � ( + ( ' "� ,�%�+�(�<������#(	+�(�'$"	���

� ��%&�+�(�'$"	��� �<
�-?,�(

�� %"����!(&��+3��/��!��%��1�&�����*�����

� ���*�����"�� (���'���&��1����*��/���)� ���*����"� (��'�����1���*/�)

� /���&�� : 
� Randomized Quicksort
� Randomized Quickselect
� ...
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�

isProbablePrime( n, k ) { // Is n prime ?
for (i = 1 to k) {
if (MillerRabinTest(n) � 1) return false

}
return true;

}

G��	���;  (¼)k

(1 – (¼)k) - correct

Las VegasLas Vegas

� '3�'��/��*��2��/����!��  
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RandomiRandomizzed Sequential Searched Sequential Search

� '��/�����������-�������%������� (��)�+�)
! ( � ! ? ) � ' ' �*� �!	�D; (>���#�!	��D;?��	��	�) ���'����'�� n $��-

� ��
'&� (�!���
�D���#?��	��	�) ���'����'�� (n+1)/2 $��*-

� Las Vegas
� G���,�'�W

(1+2+3+...+n)/n = (n(n+1)/2) / n

1 n

W
����,�# : $!��	�)!	�+��#	
�����!�� : $!��	��#	�	)!	� k

� �!�-�	�$!���#�'& k ?��	��	�
����,�# : ���'����'�� k $��*- k (n – k + 1)

�����!�� : ���'����'�� (n – k + 1) $��*-
� expected #cmps = ½ k + ½(n – k + 1)� expected #cmps  ½ k  ½(n k  1)

= (n+1)/2   (+�(#(	��$!���#?;�<�	�)

#��2����6 #��2����6 ((TreapTreap))

� �����'�����5���+���%�/�����'�������*�]�'

� �/&�1����������!��/�
� ��#�!���
���- ��-�!�+�!$!�,	����#�=	$
� �!���
����� ��%&���-�!�+�!�'*��M�©'�����!���D;

� /������8�$'��!�������/�����%��'�')!���/�� /����8�$'��!������/���%�'�'()!��/
� �!���
���-��-�!�+�!)!	��!���#(	�	� ��-�!��#	�	��#(	�	�
� �!��
�������-��>(��!�-�!���#(	��-
�� ����
������-��>���-����#	��-
��
� ?�!�	�,�D��� �
��$#	���M�>(�
��+;!

11
00 55

�!���
�������-©'�+;!�	�	�
�	��D(��"	�#����-�����!	-��

33 88

�	���������
������
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� ��#�!���
���- ��-�!�+�!$!�,	����#�=	$
� �!���
����� ��%&���-�!�+�!�'*��M�©'�����!���D;

� /������8�$'��!�������/�����%��'�')!���/�� /����8�$'��!������/���%�'�'()!��/
� �!���
���-��-�!�+�!)!	��!���#(	�	� ��-�!��#	�	��#(	�	�
� �!��
�������-��>(��!�-�!���#(	��-
�� ����
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����6
$����	����6
$����	

� /�������+��� x
�& � ? ( < % �& ? ! + ! ! �� �>����?,�(��<� x �,�%���	��>��?��!�+�!$!�,	����#�=	$

� �D(��"	�#����-��M��!���
������"	�����?,�(
� * +� %& ( + ( � � � '�� ,�D��� x ��+���%�� @ ���#(	��+�(��;���;�����©'�

1 1111
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#��2����6#��2����6 : Randomi: Randomizzed  BSTed  BST

� �+��� �� '�� %"���� O(log n)  - expected time

�>�&��!���
�	�
"	;�� �>�&��!���
�	�
"	;�� 11,,22,,33,...,,...,500500�� ,, ,, , ,, ,

Content  ResolutionContent  Resolution

� Q1, Q2, ..., Qn ��&����%"� R �&���� 
! ? ! R ! �� ,!	�?�! R >�!�����

� ��(
� Q �'#��'��!	?�! R ��(	-+�  �D� Q .-+;!?�! R ?
Q Q Q + ( �� ,�	��,�D : Q1, Q2, ..., Qn +�($D����

. . .

#(	- #(	-
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LV-NQueen( col[1..n]) {
for (i = 1; i <= n; i++) col[i] = i;for (i 1; i < n; i++) col[i] i;
while ( Randomized-NQueen(col) == false ) {}
print( col )

}}
Randomized-NQueen(col[1..n]) {

shuffle( col )
f (k 2 k < k++) {for(k = 2; k <= n; k++) {

j = k + 1
while (!isValid(col, k)) {

if (j > n) return false
col[k] � col[j];
j++

}
}
return truereturn true

}
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HamitonianHamitonian Path : RandomiPath : Randomizzed ed 

Randomized-HamiltonianPath( G=(V,E) ) {
u = ��,�&- (�
%����(	-�(�) ��- Vu ��,�- (�
����	-�D�) ��- V
path = < u >
while ( |path| < |V| ) {

v = ���
	���- pathv = ���
	���- path
if (�'���'&��;��� v �'&+�(���(?� path ) {

u = ���'&��;��� v �'&+�(���(?� path  (�
%������D(�)
th d( )path.append( u )

} else if (�'���'&��;��� v) {
u = ���'&��;��� v (�
%������D(�)
rotatePath( path, u )

} else {
return FAIL

}
}

}}
1 2 3 4 5

6 . . .
1 2 3 4 5

6 . . .

HamitonianHamitonian Path : Las VegasPath : Las Vegas

LV-HamiltonianPath( G=(V,E) ) {
do {do {
path = Randomized-HamiltonianPath( G )

} while( path == FAIL )
return path

}
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Exact Exact String MatchingString Matching

You are the fairest of your sex You are the fairest of your sexYou are the fairest of your sex,
Let me be your hero;

You are the fairest of your sex,
Let me be your hero;

I love you as one over x,
As x approaches zero

I love you as one over x,
As x approaches zeroAs x approaches zero.

Positively.
As x approaches zero.
Positively.

you

text

you

pattern

Input Output
text pattern

Approximate Approximate String MatchingString Matching

You are the fairest of your sex You are the fairest of your sexYou are the fairest of your sex,
Let me be your hero;

You are the fairest of your sex,
Let me be your hero;

I love you as one over x.
As x approaches zero

I love you as one over x,
As x approaches zeroAs x approaches zero.

Positively.
As x approaches zero.
Positively.

heero
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Input Output
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��!�� ��!�� String MatchingString Matching

� Finite alphabet : �
� � = {a b c z}� � = {a, b, c, ..., z}
� � = {0, 1}
� � {A C G T}

�!�-�	�,	
all valid shifts
fi t lid hift� � = {A,C,G,T},  ...

� Text : T[1..n]
first valid shift
last valid shift

� Pattern : P[1..m]
T[s+1 s+m]

0 � s � n – m  

a b c a b a a b c a b T
T[s+1 .. s+m]

s = 3a b a P
P[1..m]

s ��M� valid shift ��%&� P[1..m] = T[s+1 .. s+m]
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Brute Force (Brute Force (NaïveNaïve) ) AlgorithmAlgorithm

a b c a b a b aT a b c a b a b aT

a b a a b as = 0 s = 3

a b c a b a b aT a b c a b a b aT

a b a a b as = 1 s = 4

a b c a b a b aT

a b a

a b c a b a b aT

a b as = 2 s = 5a b a a b as = 2 s = 5

Brute Force (Brute Force (NaïveNaïve)) ) AlgorithmAlgorithm

Naive-String-Matching( T[1..n], P[1..m] ) {
for( s = 0 to n-m ) { #(n–m)( ) {
for( i = 1 to m ) {
if (T[s+i] � P[i]) break;

}
O(m)
#(n–m)

}
if (i > m) print( s )

}
}} O(nm)

worst case : T = AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAZworst case : T = AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAZ
P = AAAAZ

average # of comparisons : (random text and random pattern)
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mnmnd m
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� � mnmn

d
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Random T&P : Random T&P : AvgAvg ##CmpsCmps
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Naive-String-Matching( T[1..n], P[1..m] ) {
for( s = 0 to n-m ) {( ) {
for( i = 1 to m ) {
if (T[s+i] � P[i]) break;
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RabinRabin--Karp MatcherKarp Matcher

1 2 3 1 2 1 2 1T

1 2 1 ���'����'�� 1 ��� 1, 
2 ��� 22 �� 2,
3 ��� 1

1 2 3 1 2 1 2 1T

123
���'����'���"	�#� 123 ��� 121121

123

1 2 1

RabinRabin--Karp Karp AAllgorithmlgorithm

1 2 3 1 2 1 2 1T 1 2 3 1 2 1 2 1T

1 2 1 123 � 121 1 2 1121 = 121

1 2 3 1 2 1 2 1T 1 2 3 1 2 1 2 1T

1 2 1 231 � 121 1 2 1212 � 121

1 2 3 1 2 1 2 1T

1 2 1 312 � 121

1 2 3 1 2 1 2 1T

1 2 1121 = 1211 2 1 312 � 121 1 2 1121  121

.!	 pattern ��M���#����� ,�%�
" ( + ?

.	 pattern ����#����  ,��

.!	��M���#�
� ��(�'��	;?,W(���� int ���� long ���"	��(	-+� ? 
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HashingHashing a b aP

a b c a b a b aT
h("aba")

348 � 78h("abc") 78

b b ba b c a b a b aT

h("b ") 519 � 78

a b c a b a b aT

hh("bca") 519 � 78

a b c a b a b aT

h("bab")

78 = 78
spurious hit

h("cab") 13 � 78 ;�-��*� .!	 hit �!�-
��'����(
� char ;!#�

a b c a b a b aT
������
� char ;#�

�'��VW,	 : �	�$"	�#B h(p) 

h("aba") 78 = 78 �'&?�!�#
	�	���	;��- p

���,����],%� ���,����],%� h : incrementalh : incremental

� h(s) = (��� s ��������� %��1�����~��)

h(" b ") (1 372 2 371 3 370) 1446� h("abc") = (1�372 + 2�371 + 3�370) = 1446

� h("bce") = (2�372 + 3�371 + 5�370) = 2853

=      (1�372 + 2�371 + 3�370)

= 37�( h("abc") – 1�372 ) + 5�370

+ 5�37037�

= 37�( h( abc ) 1�37 ) + 5�37

�
%&���"	�,�(- "bc" 
� "a" �>�&� "e"
+��	-)!	�

a e... ......a e

h("...e") = 37�( h("a...") – 1�37m–1 ) + 5�370

... ......a e
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RabinRabin--Karp Karp AlgorithmAlgorithm

Rabin-Karp-Matching( T[1..n], P[1..m], d ) {
ht = 0; hp = 0p
for ( i = 1 to m ) {

ht = d*ht + T[i]
hp = d*hp + P[i]

d = |®|

hp  d hp + P[i]
}
for ( s = 0 to n – m ) {

if (ht == hp) { P

s
T

if (ht == hp) {
for ( i = 1 to m )
if (T[s+i] � P[i]) break

if (i > ) i t( )

P
i

if (i > m) print( s )
}
if (s < n-m) {

1

.!	 m �'$(	�	� ��	;
��- ht �
� hp �<?,W(

ht = d*(ht – T[s+1]*dm-1) + T[s+m+1]
}

}
} h("...e") = 37�( h("a...") – 1�37m–1 ) + 5�370

RabinRabin--Karp Karp AlgorithmAlgorithm

Rabin-Karp-Matching( T[1..n], P[1..m], d, ) {
ht = 0; hp = 0; dm1 = dm-1

q
% qp

for ( i = 1 to m ) {
ht = (d*ht + T[i])
hp = (d*hp + P[i]) worst case #(nm)

q

% q
% qhp  (d hp + P[i])

}
for ( s = 0 to n – m ) {

if (ht == hp) {

worst case  #(nm)

avg case  O(n + m)

% q

if (ht == hp) {
for ( i = 1 to m )
if (T[s+i] � P[i]) break

if (i > ) i t( )if (i > m) print( s )
}
if (s < n-m) {

ht = (d*(ht – T[s+1]*dm1) + T[s+m+1])
}

}

% q

} h("...e") = 37�( h("a...") – 1�37m–1 ) + 5�370
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RabinRabin--Karp Karp AlgorithmAlgorithm
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}
for ( s = 0 to n – m ) {

if (ht == hp) { P

s
T

if (ht == hp) {
for ( i = 1 to m )
if (T[s+i] � P[i]) break

if (i > ) i t( )

P
i

if (i > m) print( s )
}
if (s < n-m) {

1

.!	 m �'$(	�	� ��	;
��- ht �
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q

% q
% qhp  (d hp + P[i])
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if (ht == hp) {

worst case  #(nm)

avg case  O(n + m)

% q

if (ht == hp) {
for ( i = 1 to m )
if (T[s+i] � P[i]) break

if (i > ) i t( )if (i > m) print( s )
}
if (s < n-m) {

ht = (d*(ht – T[s+1]*dm1) + T[s+m+1])
}

}

% q

} h("...e") = 37�( h("a...") – 1�37m–1 ) + 5�370
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Finite Automaton MatcherFinite Automaton Matcher

a b c a b a b aT a b c a b a b aT

state 0 1 2 0 1 2 3 2 3

0 1 2 3a b a
a b

0 1 2 3

a

a b aP

��!	- state transition diagram �	� pattern��	- state transition diagram �	� pattern

Finite Automaton MatcherFinite Automaton Matcher

a b a b a c aP

0 7
a

a

1 2 3 4 5 6
a a a

a a acbb0 71 2 3 4 5 6a a acbb
b

b

1 2 3 4 5 4 5 6 0 1 2 3 4 5 6 7
a b a b a b a cT b a b a b a c a

0q =

Finite-Automaton-Matching(T[1..n], G, m ) {
q = 0
for( i = 1 to n ) { transition function( ) {
q = G(q, T[i])
if (q == m) print( i–m )

}

transition function

}
}

��!	- transition function  ��(	-+� ?
#(n)

�	���������
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Finite Automaton MatcherFinite Automaton Matcher

a b c a b a b aT a b c a b a b aT

state 0 1 2 0 1 2 3 2 3

0 1 2 3a b a
a b

0 1 2 3

a

a b aP

��!	- state transition diagram �	� pattern��	- state transition diagram �	� pattern

Finite Automaton MatcherFinite Automaton Matcher

a b a b a c aP

0 7
a

a

1 2 3 4 5 6
a a a

a a acbb0 71 2 3 4 5 6a a acbb
b

b

1 2 3 4 5 4 5 6 0 1 2 3 4 5 6 7
a b a b a b a cT b a b a b a c a

0q =

Finite-Automaton-Matching(T[1..n], G, m ) {
q = 0
for( i = 1 to n ) { transition function( ) {
q = G(q, T[i])
if (q == m) print( i–m )

}

transition function

}
}

��!	- transition function  ��(	-+� ?
#(n)
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Transition FunctionTransition Function

a b aP 0 1 2 3a b a
a b

a b aP 0 1 2 3

a
� {a b c}

t t

input
� = {a, b, c}

|�|

�	�	-�'��	; 

state a  b  c
0

1

1  0  0

1 2 0(m+1)|�| 1

2

1  2  0

3  0  0
m+1

3 1  2  0

G(state, input)

Transition FunctionTransition Function

a b a b a c aP

00 77
a

a

11 22 33 44 55 66
a a a

a a acbb
bb

b

a b c a b a b aT ...b
1 2 0 1 2 30q = 4 5

1..5
4

X1,2,3,   ..., q
a b a b a

b b

? 1,2,..., k

a b a b a ba b a b a a

a b a b a c
1 4

a b a b a c
1 1

a b a b a c
1 6

a b a b a c

1..41..1 1..6

G(q, x) = max{ k : (P[1..q]+x).endsWith(P[1..k]) }
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#����%�� #����%�� Transition FunctionTransition Function

G(q, x) = max{ k : (P[1..q]+x).endsWith(P[1..k]) }

a b aP b a c astate a  b  c
0 1  0  0

G(5 "b") 41

2

3

1  2  0

3  0  0

1 4 0

G(5,"b") = 

P[1..5]+"b" = ababab

4

3

4

5

1  4  0

5  0  0

1 4 6

P[1..5]+ b   ababab
a
ab5

6

7

1  4  6

7  0  0

1  2  0

aba
abab
b b

P[1..k] P[1..4]
ababa
ababac
ababaca

��!	-�����-+���-�	?�!�#
	 O(m3|�|)
�'#��'��!	-�'&?�!�#
	 O(m|�|) ababaca�#���	-�?��#
	 O(m|�|)

�#��	�$!�;!#� ?�!�#
	  O(n + m|�|)

KnuthKnuth--MorrisMorris--Pratt MatcherPratt Matcher

� ������� (transition function)
� G(q x) = max{ k : (P[1 q]+x) endsWith(P[1 k]) }� G(q, x) = max{ k : (P[1..q]+x).endsWith(P[1..k]) }
� �	�	-�'��	; (m+1)|�|
� ?�!�#
	��!	- O(m|�|)

X1,2,3,   ..., q
1 2 k

� ���%��& (prefix function)
� J(q) = max{ k : k<q and (P[1 q]) endsWith(P[1 k]) }

1,2,..., k

� J(q) = max{ k : k<q  and  (P[1..q]).endsWith(P[1..k]) }
� match �	+;! q ��# ��( mismatch ��#�'& q+1  ?,!�"	�(��'& P[J(q)+1]
� �	�	-�'��	; m 1 2 3 q
� ?�!�#
	��!	- ¯(m)

� !���� J ��1'�� %"������ #(n+m)
1,2,...,k

1,2,3,   ... , q

� !��� J ��1'� %"����� #(n+m)
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#����%�� #����%�� Transition FunctionTransition Function

G(q, x) = max{ k : (P[1..q]+x).endsWith(P[1..k]) }

a b aP b a c astate a  b  c
0 1  0  0

G(5 "b") 41

2

3

1  2  0

3  0  0

1 4 0

G(5,"b") = 

P[1..5]+"b" = ababab

4

3

4

5

1  4  0

5  0  0

1 4 6

P[1..5]+ b   ababab
a
ab5

6

7

1  4  6

7  0  0

1  2  0

aba
abab
b b

P[1..k] P[1..4]
ababa
ababac
ababaca

��!	-�����-+���-�	?�!�#
	 O(m3|�|)
�'#��'��!	-�'&?�!�#
	 O(m|�|) ababaca�#���	-�?��#
	 O(m|�|)

�#��	�$!�;!#� ?�!�#
	  O(n + m|�|)

KnuthKnuth--MorrisMorris--Pratt MatcherPratt Matcher

� ������� (transition function)
� G(q x) = max{ k : (P[1 q]+x) endsWith(P[1 k]) }� G(q, x) = max{ k : (P[1..q]+x).endsWith(P[1..k]) }
� �	�	-�'��	; (m+1)|�|
� ?�!�#
	��!	- O(m|�|)

X1,2,3,   ..., q
1 2 k

� ���%��& (prefix function)
� J(q) = max{ k : k<q and (P[1 q]) endsWith(P[1 k]) }

1,2,..., k

� J(q) = max{ k : k<q  and  (P[1..q]).endsWith(P[1..k]) }
� match �	+;! q ��# ��( mismatch ��#�'& q+1  ?,!�"	�(��'& P[J(q)+1]
� �	�	-�'��	; m 1 2 3 q
� ?�!�#
	��!	- ¯(m)

� !���� J ��1'�� %"������ #(n+m)
1,2,...,k

1,2,3,   ... , q

� !��� J ��1'� %"����� #(n+m)
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���./� ���./� Prefix FunctionPrefix Function
1 2 3 4 5 6 7

0 0 1J 2 3 0 1a b aP b a c a

a b a b a a b aT b a b a c a
a b a b a c a

J[5] = 3
a b a b a c a

a b a b a c a
a b a b a a b aT b a b a c a J[3] = 1

a b a b a c a

a b a b a c a
a b a b a a b aT b a b a c a J[1] = 0

a b a b a c a

a b a b a c a
a b a b a a b aT b a b a c a J[5] = 3

a b a b a c a

a b a b a a
a b a b a a b aT b a b a c a

a b a b a c a

KMPKMP--MatcherMatcher

KMP-Matcher( T[1..n], P[1..m] ) {
J = Compute Prefix Function(P) // �(m)J = Compute-Prefix-Function(P)  // �(m)
q = 0
for ( i = 1 to n ) {

hil ( > 0 AND P[ +1] T[i]) {while (q > 0 AND P[q+1] � T[i]) {
q = J[q]

}
if (P[q+1] == T[i]) q++
if (q == m) {

print( i - m ) �(n + m)p ( )
q = J[q]

}
}

�(n m)

a b a b xT
i

}
}

a b a b aP

... a b a b x ...T
a b a b aP

J[ 4 ] = 2

a b a b aP
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���./� ���./� Prefix FunctionPrefix Function
1 2 3 4 5 6 7

0 0 1J 2 3 0 1a b aP b a c a

a b a b a a b aT b a b a c a
a b a b a c a

J[5] = 3
a b a b a c a

a b a b a c a
a b a b a a b aT b a b a c a J[3] = 1

a b a b a c a

a b a b a c a
a b a b a a b aT b a b a c a J[1] = 0

a b a b a c a

a b a b a c a
a b a b a a b aT b a b a c a J[5] = 3

a b a b a c a

a b a b a a
a b a b a a b aT b a b a c a

a b a b a c a

KMPKMP--MatcherMatcher

KMP-Matcher( T[1..n], P[1..m] ) {
J = Compute Prefix Function(P) // �(m)J = Compute-Prefix-Function(P)  // �(m)
q = 0
for ( i = 1 to n ) {

hil ( > 0 AND P[ +1] T[i]) {while (q > 0 AND P[q+1] � T[i]) {
q = J[q]

}
if (P[q+1] == T[i]) q++
if (q == m) {

print( i - m ) �(n + m)p ( )
q = J[q]

}
}

�(n m)

a b a b xT
i

}
}

a b a b aP

... a b a b x ...T
a b a b aP

J[ 4 ] = 2

a b a b aP
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JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a b a b a c a
J[ 1 ] = 0a b a b a c aq = 1

a b a b a c a
J[ 2 ] = 0

J[ 3 ] = 1

a b a b a c a

a b a b a c a

q = 2

q = 3
a b a b a c a

J[ 3 ] = 1

J[ 4 ] = 2

a b a b a c a

a b a b a c a

q = 3

q = 4
a b a b a c a

a b a b a c a
J[ 5 ] = 3a b a b a c a

q

q = 5
a b a b a c a

a b a b a c a
J[ 6 ] = 0a b a b a c aq = 6

a b a b a c a
J[ 7 ] = 1a b a b a c aq = 7

P[1..q] P[1..k],  k < q

JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a J[ 1 ] = 0

a t c a c a t c a t c a J[ 2 ] = 0
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 3 ] = 0
a t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {

...

if (P[k+1] == P[q]) k++
J[q] = k

}
return J
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JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a b a b a c a
J[ 1 ] = 0a b a b a c aq = 1

a b a b a c a
J[ 2 ] = 0

J[ 3 ] = 1

a b a b a c a

a b a b a c a

q = 2

q = 3
a b a b a c a

J[ 3 ] = 1

J[ 4 ] = 2

a b a b a c a

a b a b a c a

q = 3

q = 4
a b a b a c a

a b a b a c a
J[ 5 ] = 3a b a b a c a

q

q = 5
a b a b a c a

a b a b a c a
J[ 6 ] = 0a b a b a c aq = 6

a b a b a c a
J[ 7 ] = 1a b a b a c aq = 7

P[1..q] P[1..k],  k < q

JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a J[ 1 ] = 0

a t c a c a t c a t c a J[ 2 ] = 0
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 3 ] = 0
a t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {

...

if (P[k+1] == P[q]) k++
J[q] = k

}
return J
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JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a J[ 4 ] = 1
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 5 ] = 0
a t c a c a t c a t c a

a t c a c a t c a t c a
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 6 ] = 1
a t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {
while (k > 0 and P[k+1] � P[q]) {

k = J[k]
}}
if (P[k+1] == P[q]) k++
J[q] = k

}
return J

JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a J[ 7 ] = 2
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 8 ] = 3
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 9 ] = 4
a t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {
while (k > 0 and P[k+1] � P[q]) {

k = J[k]
}}
if (P[k+1] == P[q]) k++
J[q] = k

}
return J
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JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a J[ 4 ] = 1
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 5 ] = 0
a t c a c a t c a t c a

a t c a c a t c a t c a
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 6 ] = 1
a t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {
while (k > 0 and P[k+1] � P[q]) {

k = J[k]
}}
if (P[k+1] == P[q]) k++
J[q] = k

}
return J

JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a J[ 7 ] = 2
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 8 ] = 3
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 9 ] = 4
a t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {
while (k > 0 and P[k+1] � P[q]) {

k = J[k]
}}
if (P[k+1] == P[q]) k++
J[q] = k

}
return J
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JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a
a t c a c a t c a t c a

J[ 9 ] = 4 � P[1..4] = P[6..9] � �;��� P[4+1] = P[10] ? 
J[ 4 ] = 1 � P[1..1] = P[4..4] � �;��� P[1+1] = P[10] ? 

a t c a c a t c a t c a J[ 10 ] = 2
a t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {
while (k > 0 and P[k+1] � P[q]) {

k = J[k]
}}
if (P[k+1] == P[q]) k++
J[q] = k

}
return J

JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a J[ 11 ] = 3
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 12 ] = 4
a t c a c a t c a t c aa t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {
while (k > 0 and P[k+1] � P[q]) {

k = J[k]
}}
if (P[k+1] == P[q]) k++
J[q] = k

}
return J #(m)
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JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a
a t c a c a t c a t c a

J[ 9 ] = 4 � P[1..4] = P[6..9] � �;��� P[4+1] = P[10] ? 
J[ 4 ] = 1 � P[1..1] = P[4..4] � �;��� P[1+1] = P[10] ? 

a t c a c a t c a t c a J[ 10 ] = 2
a t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {
while (k > 0 and P[k+1] � P[q]) {

k = J[k]
}}
if (P[k+1] == P[q]) k++
J[q] = k

}
return J

JJ((q) = max{ k : k<q  and  (P[q) = max{ k : k<q  and  (P[11..q])...q]).endsWithendsWith(P[(P[11..k]) }..k]) }

a t c a c a t c a t c a J[ 11 ] = 3
a t c a c a t c a t c a

a t c a c a t c a t c a J[ 12 ] = 4
a t c a c a t c a t c aa t c a c a t c a t c a

Compute-Prefix-Function( P[1..m] ) {
J[1] = 0;  k = 0
for ( q = 2 to m ) {for ( q = 2 to m ) {
while (k > 0 and P[k+1] � P[q]) {

k = J[k]
}}
if (P[k+1] == P[q]) k++
J[q] = k

}
return J #(m)
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BoyerBoyer--Moore MatcherMoore Matcher

Knuth-Morris-Pratt (left-to-right)

STING
A STRING SEARCHING EXAMPLE CONSISTING OF ...

. . .

Boyer Moore (right-to-left)

A STRING SEARCHING EXAMPLE CONSISTING OF ...
STING

BoyerBoyer--Moore : Two heuristicsMoore : Two heuristics

a b a b a b a cT b d c a c a

a b aP a c a c

bad character ���?,!bad-character ���?,
�
%&�� 3 �"	�,�(-

a b a b a b a cT b d c a c a

Bad character

��3��/����

a b a b a b a cT b d c a c a

a b aP a c a c

good-suffix ���?,!
�
%&�� 2 �"	�,�(-Good suffix �
�� 2 �	�,�-

a b a b a b a cT b d c a c a

a b aP a c a c
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BoyerBoyer--Moore MatcherMoore Matcher

Knuth-Morris-Pratt (left-to-right)

STING
A STRING SEARCHING EXAMPLE CONSISTING OF ...

. . .

Boyer Moore (right-to-left)

A STRING SEARCHING EXAMPLE CONSISTING OF ...
STING

BoyerBoyer--Moore : Two heuristicsMoore : Two heuristics

a b a b a b a cT b d c a c a

a b aP a c a c

bad character ���?,!bad-character ���?,
�
%&�� 3 �"	�,�(-

a b a b a b a cT b d c a c a

Bad character

��3��/����

a b a b a b a cT b d c a c a

a b aP a c a c

good-suffix ���?,!
�
%&�� 2 �"	�,�(-Good suffix �
�� 2 �	�,�-

a b a b a b a cT b d c a c a

a b aP a c a c
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BadBad--Character HeuristicsCharacter Heuristics

a c aa b a b a b a cT b d c a c a

bad-character ���?,!�
%&��
5 – 2 = 3 �"	�,�(-

a b aP a c a c

2 7651 3 4

a b a b a b a cT b d c a c a a c a

a b aP a c a c
K['b'] = 2

K[x] = P[1..m].lastIndexOf(x)

K[ b ]  2

, a  b  c  d

K 6 2 7 0
a b aP a c a c
1 2 3 4 5 6 71 2 3 4 5 6 7

BadBad--Character HeuristicsCharacter Heuristics
a b a b a b a cT b d c a c a

&

a c a

a b aP a c a c bad-character ���?,!�
%&��
5 – 2 = 3 �"	�,�(-1 2 3 4 5 6 7

bad-character ���?,!�
%&��

a b a b a b a cT b d c a c a a c a

�
%&�� 3 �(�-
6 – 0 = 6a b aP a c a c�
�� 3 ��-

1 2 3 4 5 6 7

a b a b a b a cT b d c a c a

a b aP a c a c�
%&�� 6 �(�-

c a c

, a  b  c  d bad-character ���?,!�
%&��

a b aP a c a c�
�� 6 ��-
1 2 3 4 5 6 7

K 6  2  7  0
bad-character ���?,�
��

3 – 7 = –4 (ignored)
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BadBad--Character HeuristicsCharacter Heuristics

a c aa b a b a b a cT b d c a c a

bad-character ���?,!�
%&��
5 – 2 = 3 �"	�,�(-

a b aP a c a c

2 7651 3 4

a b a b a b a cT b d c a c a a c a

a b aP a c a c
K['b'] = 2

K[x] = P[1..m].lastIndexOf(x)

K[ b ]  2

, a  b  c  d

K 6 2 7 0
a b aP a c a c
1 2 3 4 5 6 71 2 3 4 5 6 7

BadBad--Character HeuristicsCharacter Heuristics
a b a b a b a cT b d c a c a

&

a c a

a b aP a c a c bad-character ���?,!�
%&��
5 – 2 = 3 �"	�,�(-1 2 3 4 5 6 7

bad-character ���?,!�
%&��

a b a b a b a cT b d c a c a a c a

�
%&�� 3 �(�-
6 – 0 = 6a b aP a c a c�
�� 3 ��-

1 2 3 4 5 6 7

a b a b a b a cT b d c a c a

a b aP a c a c�
%&�� 6 �(�-

c a c

, a  b  c  d bad-character ���?,!�
%&��

a b aP a c a c�
�� 6 ��-
1 2 3 4 5 6 7

K 6  2  7  0
bad-character ���?,�
��

3 – 7 = –4 (ignored)
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GoodGood--Suffix HeuristicsSuffix Heuristics

b a cT .. .. .. .. .. b a cT .. .. .. .. .. ..

a a cP a d a c

.. .. ..

L[ 5 ] = 4 

mismatch �"	�,�(-�'& 5
good-suffix ���?,!�
%&�� 

4 �"	�,�(-

1 2 3 4 5 6 7

bT

4 �	�,�-

a a cP a d a c

.. .. .. .. .. b a cT .. .. .. .. .. .. .. .. ..

GoodGood--Suffix HeuristicsSuffix Heuristics

T
s s+j

... ...T

j1 m
P

L[j]
P

1 mk

... ? ? ? x a ...T
a b a b aP

a b a b aP

L[4] = 2

a b a b a

L[ j ] = m – max { k : 0 � k < m  and  P[1..k].endsWith(P[j+1...m]) }
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GoodGood--Suffix HeuristicsSuffix Heuristics

b a cT .. .. .. .. .. b a cT .. .. .. .. .. ..

a a cP a d a c

.. .. ..

L[ 5 ] = 4 

mismatch �"	�,�(-�'& 5
good-suffix ���?,!�
%&�� 

4 �"	�,�(-

1 2 3 4 5 6 7

bT

4 �	�,�-

a a cP a d a c

.. .. .. .. .. b a cT .. .. .. .. .. .. .. .. ..

GoodGood--Suffix HeuristicsSuffix Heuristics

T
s s+j

... ...T

j1 m
P

L[j]
P

1 mk

... ? ? ? x a ...T
a b a b aP

a b a b aP

L[4] = 2

a b a b a

L[ j ] = m – max { k : 0 � k < m  and  P[1..k].endsWith(P[j+1...m]) }
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GoodGood--Suffix HeuristicsSuffix Heuristics

T
s s+j

... ...T

j1 m
P

L[ j ]
P

1 mk

... x b a b a ...T
a b a b aP

a b a b aP

L[1] = 2

a b a b a

L[ j ] = m – max { k : 0 � k < m  and  P[j+1...m].endsWith(P[1..k]) }

L[ j ] = m – max { k : 0 � k < m  and  P[j+1...m] ~ P[1..k] }

.. .. .. .. .. .. Gj=6

L[ 7 ] = 1A G A G G A GP

A G A G G A G L[ 6 ] = 7 – 5 = 2 

A G A G G A G
.. .. .. .. .. A Gj=5

[ 5 ] 7 4 3A G A G G A G L[ 5 ] = 7 – 4 = 3 

A G A G G A G
.. .. .. .. G A Gj=4

L[ 4 ] = 7 – 4 = 3A G A G G A G L[ 4 ] = 7 – 4 = 3 

A G A G G A G
.. .. .. G G A Gj=3

L[ 3 ] = 7 – 2 = 5 L[ 3 ] 5

A G A G G A G
.. .. A G G A Gj=2

L[ 2 ] = 7 – 2 = 5 

.. G A G G A Gj=1
A G A G G A G L[ 1 ] = 7 – 2 = 5 

A G A G G A Gj=0
A G A G G A G L[ 0 ] = 7 – 2 = 5 
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GoodGood--Suffix HeuristicsSuffix Heuristics

T
s s+j

... ...T

j1 m
P

L[ j ]
P

1 mk

... x b a b a ...T
a b a b aP

a b a b aP

L[1] = 2

a b a b a

L[ j ] = m – max { k : 0 � k < m  and  P[j+1...m].endsWith(P[1..k]) }

L[ j ] = m – max { k : 0 � k < m  and  P[j+1...m] ~ P[1..k] }

.. .. .. .. .. .. Gj=6

L[ 7 ] = 1A G A G G A GP

A G A G G A G L[ 6 ] = 7 – 5 = 2 

A G A G G A G
.. .. .. .. .. A Gj=5

[ 5 ] 7 4 3A G A G G A G L[ 5 ] = 7 – 4 = 3 

A G A G G A G
.. .. .. .. G A Gj=4

L[ 4 ] = 7 – 4 = 3A G A G G A G L[ 4 ] = 7 – 4 = 3 

A G A G G A G
.. .. .. G G A Gj=3

L[ 3 ] = 7 – 2 = 5 L[ 3 ] 5

A G A G G A G
.. .. A G G A Gj=2

L[ 2 ] = 7 – 2 = 5 

.. G A G G A Gj=1
A G A G G A G L[ 1 ] = 7 – 2 = 5 

A G A G G A Gj=0
A G A G G A G L[ 0 ] = 7 – 2 = 5 
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BoyerBoyer--Moore MatcherMoore Matcher

Boyer-Moore-Matcher(T[1..n],P[1..m], ,)
K = LAST-OCCURRENCE(P, m, ,)  // O(|,|+m)
L = GOOD-SUFFIX(P, m)         // O(m)
s = 0
while( s � n – m ) {while( s � n m ) {

j = m
while( j > 0 and P[j] = T[s+j]) j--
if (j==0) {if (j==0) {

print( s )
s = s + L[0]

} l {} else {
s = s + max(L[j], j - K[T[s+j]])

}
}

}
worst : O((n – m + 1)m + |,|) best : O(n/m + m + |,|)

BoyerBoyer--Moore MatcherMoore Matcher

Boyer-Moore-Matcher(T[1..n],P[1..m], ,)
K = LAST-OCCURRENCE(P, m, ,)
L = GOOD-SUFFIX(P, m)   
s = 0
while( s � n – m ) {while( s � n m ) {

j = m
while( j > 0 and P[j] = T[s+j]) j--
if (j==0) {if (j==0) {

print( s )
s = s + L[0];

} l {
1

} else {
s = s + max(L[j], j - K[T[s+j]]);

}
1

}
}
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BoyerBoyer--Moore MatcherMoore Matcher

Boyer-Moore-Matcher(T[1..n],P[1..m], ,)
K = LAST-OCCURRENCE(P, m, ,)  // O(|,|+m)
L = GOOD-SUFFIX(P, m)         // O(m)
s = 0
while( s � n – m ) {while( s � n m ) {

j = m
while( j > 0 and P[j] = T[s+j]) j--
if (j==0) {if (j==0) {

print( s )
s = s + L[0]

} l {} else {
s = s + max(L[j], j - K[T[s+j]])

}
}

}
worst : O((n – m + 1)m + |,|) best : O(n/m + m + |,|)

BoyerBoyer--Moore MatcherMoore Matcher

Boyer-Moore-Matcher(T[1..n],P[1..m], ,)
K = LAST-OCCURRENCE(P, m, ,)
L = GOOD-SUFFIX(P, m)   
s = 0
while( s � n – m ) {while( s � n m ) {

j = m
while( j > 0 and P[j] = T[s+j]) j--
if (j==0) {if (j==0) {

print( s )
s = s + L[0];

} l {
1

} else {
s = s + max(L[j], j - K[T[s+j]]);

}
1

}
}
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HorspoolHorspool MatcherMatcher

Boyer-Moorea b a b a b c aT a c c a c a

bad-char

last occurence of bad-charb a bP b c c a

a b a b a b a cT a c c a c a

b a bP b c c ab a bP b c c a

T[s+m]

a b a b a b c aT a c c a c a

b a bP b c c a

Horspool

last occurence of T[s+m]

a b a b a b c aT a c c a c a

b a bP b c c a

b a bP b c c a

HorspoolHorspool MatcherMatcher

ST
B A RP B E R

B A R B E R
B A RP B E R

B A R B E R

BT
B A RP B E R

B A R B E R

M E RT

L E A D E R
L E AP D E R

M E RT
B A RP B E R

B A R B E R
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B A R B E R
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Algorithms for 
string searchingstring searching, 
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