Inclusion-Exclusion Principle

* Readings:
Rosen section 7.5-7.6
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Inclusion-Exclusion

 How many elements are in the union of finite

sets?
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|AL VA UA| = |A] + |Ay] + A,
- [ALNA] - [ANA] - [ANA] + [AINANA,|
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The Principle of Inclusion-Exclusion

« Let A}A,,...,A, be finite sets. Then

AUAU-UA|= D IA- YA NA|

I<i<n I<i<j<n

+ Y|ANANA]

1<i<j<k<n

_..._|_(_1)n+1‘AlmAzm...mA”‘
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» Examples:
AUAUAUA|=

Atiwong Suchato
Department of Computer Engineering, Chulalongkorn University Discrete Structures




Proof: Inclusion-Exclusion Principle

Showing that an element in the union is counted
exactly once.

Let x be an element of exactly r sets.

For example, x is an element of A, A,, ..., A,
But not of A1, Ao - A,
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* the r sets of which x is an element

QOO0 ~ O

all n sets
2 A

I<i<n

2|ANA|

1<il<i2<n

b YA NANA,

1<i1<i2<i3<n
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An Alternative Form

» Count the number of elements that have none of
n properties, Py, P,, ..., P,

° E_g_
P,: Got an ‘A’ from Physics |
P,: Got an ‘A’ from Physics Il

Number of students that never got any ‘A’s from
Physics in the first year.
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Elements with None of the Properties

» Let A, be the subset of elements with property P;.

« Let N(PP,---P)) denote the number of
elements with none of the properties P,,P,,..,P

N(PP;-P)=N—|AUA U-UA|

n

where N = the total number of elements.

Elements with None of the Properties
N(RP--R)=N—-[AUA U UA|

N(RP;-P)=N-(Y|Al- D|ANA|
+ YIANANA]

1<i< j<k<n

—“'+(—1)n+1‘A1mAzm"‘mAnD

m’ !
N(BP;--P)=N- Y N(P)+ .N(PP)
1<i<n 1<i<j<n
n
~ 2 N(PPP)++(-)"N(BP,---P,)
I<i<j<k<n
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IIl- Example: III
How many solutions does Xx;+X,+X3=11 have,
where  x; is a non negative integer < 3,
X, IS @ non negative integer < 4,
and X5 IS @ non negative integer < 6?
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The Number of Onto Functions

+ Example:
How many onto functions are there from a set
with 6 elements to a set with 3 elements?
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General Result

 Number of onto functions from a set of m
elements to a set of n elements.
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* Example:
How many ways are there to assign five different
jobs to four employees if every employee is

assigned at least one job?
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Derangements

A derangement is a permutation of objects that
leaves no object in its original position.

o Example:
Consider a sequence 12345.
21453
43512
42351
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Derangements

* The number of derangements of a set with n
elements, D, =7
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» Example: “The Hatcheck Problem”
An employee checks the hats of n people at a
restaurant. He forgot to put claim check numbers
on the hats. When customers return for their
hats, this checker gives hats chosen at random
to them.

What is the probability that no one receives the
correct hat?

P
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