Recurrence Relations (continue)

» Readings:
Recurrence Relations

Rosen section 7.1-7.2
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Solutions to Linear Homogeneous
Repurrence Relations

J

{ Sufficient Condition
. . _ n n n
Any sequences in the form: a, =K, +K,r, +..+K.n

is a solution to: a, =0, + C10,—» + ...+ CrQp—k

{ Necessary Condition |
All solutions to: a, =c¢,a,—4 tca, ,+.+ca,_,

must be in the form: a, = Klrl” + Kzrzn + ..+ Kkrk”

when the characteristic equation of the recurrence relation
k k—1 k—2
ro=cyr T Cyr +..tc,

has k distinct roots which are Rooly el
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Proof of the Necessary
Condition
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Solving: Linear Homogeneous
Recurrence Relations

Recurrence Relation

follow a specific
method

Characteristic Equation K

solve equation
polynomial=0

\

General Solution

solve linear
equations for
|| arbitrary variables

initial conditons—

Unique Solution
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« Example:
What is the solution of the recurrence relation:

a, =6a,, -11a,, + 63,5
witha, =2,a, =5anda, =157

2110200 Discrete Structures

Department of Computer Engineering Faculty of ENGINEERING | Chulalongkorn University

Repeated Roots

» Suppose the characteristic equation has t distinct
roots ry, r,, ..., I, with multiplicities m;, m,, ..., m,.

e Solution:

— mi-1\r N
a,= (ot ap N+ ... +ag "™

m2-1 n
Hapgt ap N+ ..+ NN,
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« Example :
What is the solution of the recurrence relation:

an = 'Ban-l - 3an-2 - an3
witha,=1,a,=-2anda, =-17
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Solving: Linear Nonhomogeneous Recurrence Relations

an = C1an-1 + Czan-z .t Ckan-k + F(n)
N J
Y

Associated homogeneous
recurrence relation

SIS
fa," .}

{a.} = {a,"} + {a,"}
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Solving: Linear Nonhomogeneous Recurrence Relations

* Key:
1 — Solve for a solution of the associated
homogeneous part.

2 — Find a particular solution.
3 — Sum the solutions in 1 and 2

» There is no general method for finding the
particular solution for every F(n)

» There are general techniques for some F(n) such
as polynomials and powers of constants.
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Particular Solutions

F(n) = (bnt+ b nt1+ ... + b;n +by) sn

where by, by, ..., b, and s are real numbers.
When s is not a root of the characteristic equation:
The particular solution is of the form:

(pnt+ pntt+ .+ pn+py)s”

When s is a root of multiplicity m:
The particular solution is of the form:

n™(pnt+pntt+ o+ pn+py) s
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« Example:
Find the solutions of a,, = 3a,;+2n with a; = 3
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« Example:
Find the solutions of a,, = 5a,,, - 6a,.,+7"
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S umm ary Linear Recurr.Rel. w/ Const. Coeff. Solutlonh
a,=C,a,,+C,a, ,+...+ca, +F(n) d a,=a"+ap

» Example:
What form does a particular solution of Find the homogeneous solution

a, = 6an-l - gan-2 + F(n)

an = C1an—1 + CZan—Z oot Ckan—k

have when: Write characteristic equation Find the particular solution

F(n)=3n, F(n)= n3", F(n)= n?2", F(n)= (n?+1)3"? ocydl-ck2- . -c, =0 || F(n)=(ont+b,nt+.. +byn+bys” |

—l—h(»Root: My, Mo oo Iy ]
<4 b

h = ml-1\r n

a" = (ot N+ ...+ ™)
21

oo+ oy N+ ...+ 0 NN

=

s equal a root w/ multiplicity m (m=0 if N/A) |

Find all variables that makes a,P
a solution of the recurr. rel.

General form of all solutions | g =g h+g P

Use Initial Conditions The unique solution
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« Example : 0
Find the solution of a, = Z k
k=1
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