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Sets | Sets

» A setis an unordered collection of objects.

* Objects in a set are called “members” or
“‘elements” of that set.

» Two sets are equal < they have the same
elements

* Are {1,2,3} and {3,2,1} equal?

» Are {0,1,2} and {0,0,0,1,1,2} equal?
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Set Builder Notation Subset
+ Stating the properties that all elements must AcBeo VVx(xeA—-xeB) |
have to be members.

Proper Subset

AcB— (AcB)A(A=B)

O = {x | x is a prime number less than 100}
R ={x| x is a real number}
U = {x | x is any of the objects

under consideration}

For any set S, ‘D - S”and “S C S”
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Proof: ¥ — Sand 5 — 5

» Show that Vx(xed — xeS)

— Since xed is always false, then xe @ — xeS
is always true no matter what x is.
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Cardinality

» For aset S, if there are exactly n distinct
elements in S, where n is a nonnegative interger,
we say that Sis a
cardinality

and that n is the

Power Set

» Given a set S, the power set of S, P(S), is the set
of all subsets of S

* |If S has n elements, then P(S) has 2" elements.

P(S)
{©.{0},{1},{2}.{0,1},{0,2},{1,2}.{0,1,2}}
{<}

{@{}}
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Ordered n-tuple

» The ordered n-tuple (a,,a,,..,a,) is the ordered
collection that has a, as its first element, a, as its
second element,..., and an as its n’ element.

Two ordered n-tuples are equal «» each
corresponding pair of their elements is equal




Cartesian Products

AxB={(a,b)]ae Anb e B}

A XAX ... XA, =
{(ay,ay,...,a,,) | a; € A;fori=1,2,..,n}

AxBxC={(0,j.x),(0.},).(0.},2),(0,k,x),(0,k,y),(0,k.2),
(1 ’j’X)’(1 ’j’y)’(1 ,j,Z),(1 ’k’X)’(1 ’k’y)’(’I ’k’Z)
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Using Set Notation with Quantifiers

» Specify the universe of discourse .

“for every real number x2>0”

Set Operations

* Union (V)
* Intersection (M)

(6]
Symmetric Difference

+ A®@B is the set containing those elements in
but

Example:
A={13,5},B={1,23}, A@B ={2,5}
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Principle of Inclusion-Exclusion

|A U B| = |Al+|B|-|A N B |

Af AU LLLUA =
+-1)" A, NAN L N A

(2)
Set Identities

e Distributive Laws

An(BuC)=(AnB)u(AnC)
Au(BnC)=(AuB)n(AuC)
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Showing that two sets have the same ™#
elements
}) Show that each set is a subset of the other.

2 | Use set builder notation and logical

| |
Proving Set Equality

Showing that each is a subset of the other

9

» Example (Rosen p.89): Prove that (A N B)’=A’UB’

2) De Morgan’s = —(xe A)v —(xe B) is true.
Then, xe A’ v xe B’

3)  Definition of Union = xe AU B’
xe (ANnB) > xe A’uB’

This shows (A "B)'cA’u B’
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Proving Set Equality \ [
Showing that each is a subset of the other

*  Example (Rosen p.89): Continued

—(xe A)v —(xe B) is true.

5) Then, —(xe A n B) is true.
xgANB.So,xe (AnB)’.

6) xeA’UB’—xe(ANB)’

This shows A”UB’c (A nB)’
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Proving Set Equality
Showing that each is a subset of the other

Example (Rosen p.89): Continued

(AnB)’cA’uB’
and —(ANB)'=A"UB’
A’/uUBc(AnB)’

s
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Proving Set Equality N
Using set builder notation and logic equivalances

* Example (Rosenp.89): Prove that (A N B)’=A"u B’

(AnB)" ={x|xgAnB}

Proving Set Equality
Using membership table

Example Prove that (A N B)’=A"uB’




Proving Set Equality L

Use set identities

S Example (Rosen p.91).
Show that Av (B C))’=(C’uB’) nA”’

(Au(BnC) =A"n(BNC)’
=A’'n(B"vC)
=(B"vC)nA’
=(C’'uB)nA”’

Y

Generalized Union and Intersection

A uA,U...UuA = UA

Functions

) %
Functions
Definition:
» A function ffrom Ato Bis
 assigns exactly to

A: Domain

B: Codomain

b is the image of a.
ais a pre-image of b.
Range of fis the set of
all images.

*Function cannot be “one-to-many”.
* Ya €A, f(a) must be assigned to some b.




Adding and Multiplying Functions

* Two real-valued functions
can be added and multiplied.

f,, f, are functions from A to R
— f,+f, and f,f, are also functions from A to R.

(f1+1))(x) = £1(x)+f5(x)
(Fif)(x) = F(x)f5(x)

Adding and Multiplying Functions

+ Example (Rosen p.99):

- f,, f, are functions from R to R. f;(x)=x?, fy(x)=x-
x2. What are the functions f,+f,and f.f,?

(F1+f2 )(x) = F1(x)+f2(x) = X2 + X - X2 = X

(f172 )(x) = f1(x)f2(x) = x2 (x - x2 ) = x3 — x4

One-to-one Functions

A function f is one-to-one or injective
< VxVy (f(x)=f(y) — x=y )
Determine whether these functions are one-to-one.

f,(x) = x? from the set of integers to the set of integers
Since f(1) = f(-1) = 1, f,(x) is not one-to-one.

fo(x) = x+1
x+1 =y+1 when x =y, then f,(x) is one-to-one.
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Conditions Guaranteeing One-to-one

« Strictly increasing function:
Vx Yy ( (x<y) — (()<f(y)) ) |

Vx Vy ((x<y) — (f(x)>f(y)) )

Strictly increasing function
or — one-to-one

Strictly decreasing function




Onto Functions

A function f is onto or surjective
< Vyax (f(x) =y)

Examples (Rosen p.101)
Determine whether these functions are onto.

f,(x) = x? from the set of integers to the set of integers

No, since there is no integer x that f,(x)=-1

fo(x) = x+1
Yes, for every f,(x)=y, there is an integer x=y-1

) O
One-to-one Correspondence

AND

Examples

1-to-1, not onto not 1-to-1,onto 1-to-1,onto

o 3
\4

neither 1-to-1,nor onto not a function
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Inverse Functions

 Letfbea function
from A to B.

Fi(b)=a < f(a)=b

A function that is NOT one-to-one
correspondent is NOT invertible.




Composite Functions
* (feg)(a) =f(g(a))

» f e g cannot be defined unless

o
Some Important Functions

« Floor function | |

[ x]= the smallest integer > x

1-1/2 ] [1]
[-1/2] 1]

Examples

+ Example (Rosen p.106):
» Each byte is made up of 8 bits. How many bytes

[100/8]1 = [12.5]=13 bytes

o
Factorial Function

* f(n) = n!is the product of the first n positive
integers, so that

and f(0) = 0! = 1




Functions: Key Terms




