Chapter 4
Manipulator Kinematics

4.1 Introduction

4.2 Coordinate Transformation
4.3 Forward Kinematics

4.4 Inverse Kinematics
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Manipulator
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Coordinate Transformation

Frame

Rotation in 2D
Rotation in 3D

Motion in 2D and 3D
Transformation Matrix
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Coordinate Transformation

FO

9 p H coordinates T F, 7@ x

aNy#Adn coordinates 1l £ el

X = [A]x +d
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|IP-Q]

([Alp +d) - ([Ala +d) |

[[Al(p—a)|

= J(p-9)'[AI[Al(p-q)

waz [P-0| Feawiniy |P-Q| wdudte
[A'][A]=[I]
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The constraint [A"J[A] =[1] ensures that
X =[A]Jx+d isarigid transformation.

Premultiply and postmultiply both sides of the
constraint by [A] and [A1], we obtain:

[AILA" ITAITA™ 1= [AI[1[A™]

Thatis, [AJ[A"]=[1]
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Matrix [A] such that: [AT][A]l=[1]
or  [AI[A"]=[I]

Is called orthogonal matrix.
Let [A]l=[a, a,...a,,]
| 1 5
This means a;°8; = T
0 1#]
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Using determinant identity det(A)=det(AT), we
obtain:

det([A"][A]) = det([A])* = det([1]) =1
This implies:  det([A]) ==+1

[A] corresponds to a rotation only when

det([A])=1. When det([A])= -1, the matrix
corresponds to a reflection.
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Coordinate transformation can also be viewed as a
displacement.

As we can see that the translation of the sum of two
vectors is not the sum of the translation of each vector
separately, displacement is not a direct linear
transformation.

So displacement in n dimensional space cannot be
represented by n x n matrix transformation.

To write the transformation in a matrix form, we use
homogeneous transformation.
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Homogeneous Transformation

Key: R" isembeded as a hyperplane in R

Displacement can then be represented by a matrix

X| |A d||x
11 |0 1]]|1
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Homogeneous transforms form a matrix group.

Let [T,] and [T,] be matrix of homogeneous
transforms, we can show that [T,][T,] is also a
matrix of homogeneous transform.

Likewise, inverse transform can be obtained from
the inverse of the matrix of the transform.
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Planar Displacements

X =[A]Jx+d  where

[A] = C.OSH —sinéd - d,
sing cosé d,
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We can see [A][AT] =
cosfd -—sin@|| cos@ sin@ B
sind cos@ || —sind cos@|

cos’ @ +sin’ @ cosgsing —singcosé |
sin@cos@ — cosfsin cos’ @ +sin* 6

1 0]_,
HMEC
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That is [A] is an orthogonal matrix and because
det([A])=1, we know that [A] is a rotation.

Now consider an orthogonal 2 x 2 matrix
which is not a rotation:

07 ¢
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What does [X] do?

x|y g

It reflects coordinates of points in the plane through
the line x = 0. For example,

i) ~{e )
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A reflection through a line at an angle « about the
origin is given by:

[S]=[A][X][AT]={

—C0S2a -SIn2«a
—sin2a  CO0S2«x
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What if several reflections are applied?

The determinant of a product of n reflections is
(-1)", therefore if n is an even number, the
product is a rotation, not a reflection.

For example, let [S] and [T] be reflections through
lines at the angles « and g about the origin
respectively, then the product [S][T] is the rotation:

[S][T]{

cos2(ax— ) -sin2(a-p)
sin2(a— ) cos2(a—p) }

Introduction to Robotics ss5aind qauma wnit 4 wih 21

Pole of a Planar Displacement

For a general planar displacement, there is a point
that does not move. This point is called the pole of
the displacement.

Let D=(A,d) be the displacement, the its pole p
satisfies the equation Dp=p, or

p=[Alp+d
Solving for p yields
p=-[A-1]"d , or
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_d;sin(@/2)—-d,cos(6/2)
2sin(81/2)

1

_d,cos(8/2)-d,sin(6/2)
2sin(8/2)

2

The only case for which this does not have a solution is
when 0=0 (pure translation). In this case the
coordinates of the pole move to infinity along the line
perpendicular to d.
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Any general planar displacement can be
written in the form of a rotation around a pole.

Pole = Center of Rotation
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cosd -—sing d,
T(9,d)=|singd cos¢d d,
0 0 1

q=T(0,d)p

Introduction to Robotics ss5aind qauma wnit 4 wih 25

3D Rotation

A three-dimensional rotation can be represented by
the transformation equation

X =[A]x

Introduction to Robotics ss5aind qauma unit 4 wih 26

13



Because X and x must be on a sphere, we must have
XX =x"x

This requires  [A]'[A]l=[I]

Which means [A] is an orthogonal matrix.

Rotations are orthogonal matrices with determinant
of 1. They form the matrix group called SO(3).
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Orthogonal matrices with determinant —1 are
reflection. An example is

100
[X]=|0 1 0
0 01

Which reflects coordinates through the plane X=0.
Like in 2D case, a general reflection is obtained as

the product [A][X][AT] where [A] is a rotation
matrix.
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Fundamental Rotation (Euler Angles)
Yaw: counterclockwise rotation « about z axis

cosa —sina 0]
R,(a)=|sina cosa O
0 0 1]
Pitch: counterclockwise rotation £ about y axis
cosfp 0 sing]
R(B)=| 0 1 0
—-sing 0 cosp|

Roll: counterclockwise rotation y about x axis

1 0 0
R,(¥)=|0 cosy —siny

0 siny cosy
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Rotation around an arbitrary axis

1. Rotate v to make it
coincide with z

2. Rotate about z

3. Inverse step 1

[R,(€,)R.(6)]"R,(OIR,(6,)R,(6,)]
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Forward Kinematics

¥
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Anvua b

cosd -—singd 0
R(@)=|sind cosé O
0 0 1

D(a,b) =

o O
o~ O
= T Q@

Frame F; & X; uaz Y; luunu
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Forward Kinematics

¥
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rotation axes

s —
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1 0 0 a,, || cosd, —sing,

T - 0 cosa,, -sing,, O ||sind cosé,
"M 10 sing, cose,, O O 0
0 0 0 1 0 0
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1 0 0 a,,|[cosg -—sing 0 O
|0 cosq;, -—sing, 0 [[sing cosg O O
"0 sing, coseg, O 0 0 1 d
0 0 0 1 0 0 0 1

cos 6, -sinég, 0 a,

sing, cose;, ;, cosé cose,, -sSing;, -d;sing,,
singsing, ;, cosésing,, cosg,, d .cose,
0 0 0 1
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PUMA 560
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PUMA 560
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PUMA 560

i L2} @ d; &
1 0 0 0 8
2 i . &;
. . ar d; &
. i 3 d, &,
. 7i2 . Y &
. i . &
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[cosg, —sing, 0 O] cosd, -sing, 0 0
o _|sing cosg 0 0 |0 0 10
““l o 0 10 Y271 —sing, —cosd, 0 O
o 0 0 1] 0 0 01
[cosg, -sing, 0 a,]| cos@, -—sinfd, 0 a,|
sing, cosg, 0 O 0 0 1 d,
T2.3 = T3,4 = .
0 0 14 -sing, -cosd, 0 O
Lo o o0 1] 0 o 0 1]
[cosg, -sing, 0 O cosd, -sing, 0 O]
0 0 -1 0 0 0 10
T4,5 =1 Ts,s = .
sing, cosg, 0 O —-sing; —cosg, 0 O
0 0 01 0 0 o0 1]
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i h Ny Py
— — | T . I.
TO,6 - T0,1T1,2T2,3T3.4T4,5T5,6 =" T2 T Py
fy I I P,
0 0 0 1

I, = c0s 6, [cos(6, + 6,)(cos 8, cos 6; cos O, —sin 6, sin 6;) —sin(6, + 6,) sin 6; cos b, | +
sin 6, [sin 6, cos 6, cos 6, +c0s b, sin 6 |

I, =sin 6, [cos(d, + 0, )(cos 6, cos 6, cos G —sin 6, sin §;) — sin(6, + 6,) sin 6, cos g | -

cosé, [sin 6, cos 6, cos f; +cos 6, sin 4, |

I, =—sin(6, + 6,)(cos 8, cos g, cos g, —sin 6, sin g;) —cos(6, + 6,) sin & cos G,
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I, = €05 6, [c0s(6, + 6,)(—cos 8, cos b cos f; —sin 6, cos ;) +sin(d, + 6;) sin 6, sin G | +
sin 6, [cos , €os §; —sin 6, cos 6, sin 6 |

r,, =sin6;[cos(6, + 6,)(—cos b, cos 6, cos 6, —sin 6, cos b;) +sin(6, + 6,)sin 6, sin ;| -
cosd; [cos 6, cos g, —sin 6, cos 6, sin 6; |

r,, =—sin(6, + &,)(—cos &, cos g, sin g, —sin 6, cos &) + cos(, + 6,) sin g, sin G,

I,y =—C0s 6, (€0s(6, + ;) cos b, sin &, +sin(d, + 6,) cos 6, ) —sin 4, sin 6, sin 6
s =—sin g, (cos(6, + ;) cos b, sin 6, +sin(6, + 6,) cos 6, ) —cos 4, sin 6, sin 4

r,; =sin(6, + 6,) cos g, sin 6, — cos(8, + 6;) cos b,
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p, =C0s6,[a, cos b, +a, cos(6, +6,)—d, sin(d, +6,) |- d;sin 4,
p, =sing, [a, cos, +a, cos(6, +6,) —d, sin(6, + 6;)] +d, cos 6,

p, =—a,sin(6, + 6,)—a,sin g, —d, cos(b, + 6;)
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Inverse Kinematics

o a o ¥ ' dl o U 1 a o dl o
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Inverse Kinematics

Solution:
(1) Not necessarily unique

(2) May not exist
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Inverse Kinematics: Example

i g i d; &
1 0 0 0 8
2 0 ] D 8,
3 0 3 D 8
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Inverse Kinematics: Example

cos(6,+6,+6,) —sin(g,+6,+6;,) 0 1 cosd, +l,cos(b,+0,)
sin(6,+0,+6,) cos(@,+6,+60;) 0 | sing +1,sin(6, +6,)

e 0 0 1 0
0 0 0 1
cos¢g —sing 0 x
sing cos¢g 0 y
Tos =
0 0 10
0 0 01
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Inverse Kinematics: Example

Wy x=1,cosé, +1,cos(6,+6,) uaz

y =1l,sing, +1,sin(6, +6,)
Aaddan X2 +y? =12 +12 +211,cos6,

2 2 2 2
XF+y =1 -1
LAZ cos 92 — #
211,

sin@, = +4/1-cos’ 6,

daide 6, =atan2(sin 6,,c0s6,)
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Inverse Kinematics: Example

Angilluslaes X =1 cosd, +1,cos(6, +6,) waz y=Ising +1,sin(6, +6,)
% x=k cosd —k,sing, waz Y=k sing +k,cosé,
ne k=1 +1,cos6, waz  k,=1,sing,
deswuald 1= kS +k2 uaz y=atan2(k,/r,k /r)
16k =rcosy we  k,=rsiny
agld X/r =cosycosd, —sinysiné@ =cos(y +6,)
HaT y/r =cosysing, +sinycosé, =sin(y +0,)
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Inverse Kinematics: Example

wHlE  y+6 =atan2(y/r,x/r)
war O =atan2(y/r,x/r)—atan2(k,/r,k, /r)
[N Cos¢ = cos(é, + 6, + 6,)
uay sing =sin(6, + 6, + 6;)

el 0,0, A 6, &
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