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Motion Planningfor Disc-shapedRobotsPushinga
PolygonalObjectin thePlane

Attawith Sudsang,FredRothganger, andJeanPonce

Abstract—This paper addressesthe problem of using thr eedisc-shaped
robots to manipulate a polygonal object in the plane in the presenceof ob-
stacles. The proposedapproach is basedon the computation of maximal
discs (dubbed maximumindependentcapture discs, or MICaDs) where the
robots can move independently while preventing the object fr om escaping
their grasp. It is shown that, in the absenceof obstacles,it is always pos-
sible to bring a polygonal object fr om any configuration to any other one
with robot motions constrainedto lie in a setof overlapping MICaDs. This
approach is generalizedto the casewhere obstaclesare presentby decom-
posing the correspondingmotion planning task into (1) the construction
of a collision-free path for a modified form of the object, and (2) the exe-
cution of this path by a sequenceof simultaneousand independentrobot
motions within overlapping MICaDs. The proposedalgorithm is guaran-
teed to generatea valid plan provided a collision-free path exists for the
modified form of the object. It hasbeenimplementedand experimentswith
NomadicScoutmobile robotsare presented.

Keywords—capture regions,object manipulation, pushing,motion plan-
ning

I . INTRODUCTION

This paperaddressestheproblemof usingthreedisc-shaped
robotsto manipulateapolygonalobjectin theplanein thepres-
enceof obstacles.In practice,therobotsmaybethefingertipsof
a gripperor mobileplatforms.Theproposedapproachis based
on the computationof maximaldiscs(dubbedmaximuminde-
pendentcapture discs, or MICaDs for short)of the workspace
wherethe robotscan move independentlywhile guaranteeing
thattheobjectcannotescapetheir grasp.

We show that, in the absenceof obstacles,thereis a neigh-
borhoodof any objectconfigurationsuchthatany otherconfig-
urationwithin it canbe reachedusing robot motionsconfined
to the associatedMICaDs (a propertyakin to local controlla-
bility). This forms the basisfor an approachto manipulation
planningwherean object’s trajectoryis divided into maximal
segmentssuchthattheMICaDsassociatedwith theendpointsof
eachsegmentoverlap. We generalizethis approachto thecase
whereobstaclesarepresentby decomposingthecorresponding
motionplanningtaskinto (1) theconstructionof acollision-free
pathfor a modifiedform of theobject,and(2) theexecutionof
this pathby a sequenceof simultaneousandindependentrobot
motionswithin overlappingMICaDs. The proposedalgorithm
is guaranteedto generatea valid plan provideda collision-free
pathexists for the modifiedform of the object. In addition, it
doesnot assumethat contactis maintainedduring the execu-
tion of themanipulationtask,nor doesit rely on detailedanda
priori unverifiablemodelsof friction or contactdynamics,but it
allowstheconstructionof manipulationplansguaranteedto suc-
ceedundertheweakerassumptionthatjammingdoesnot occur
during the taskexecution. We have implementedthe proposed
approachandpresentexperimentswith NomadicScoutmobile
robots.

The proposedapproachis basedon a few lemmas. Proofs
too lengthyto be includedin the body of this presentationare

relegatedto anappendix,alongwith thederivationof a few key
equations.A preliminaryversionof this work appearedin [1].

A. Background

Whena handholdsanobjectat rest,theforcesandmoments
exertedby thefingersbalanceeachotherto achieveequilibrium.
For thehandto hold theobjectsecurely, it shouldalsobecapa-
bleof preventingany motiondueto externalforcesandtorques.
This is capturedby the dual notionsof form and force closure
that constitutethe traditional theoreticalbasisfor graspplan-
ning [2], [3], [4]. Recently, RimonandBurdickhaveintroduced
the notion of second-order immobility [5], [6] andshown that
certainequilibriumgraspsof a partwhich do not achieve form
closureeffectively preventany finite motionof thispartthrough
curvatureeffectsin configurationspace.We introducedin [7],
[8] themoregeneralnotionof inescapableconfiguration space
region (or ICS): asshown in [5], [6], an objectis immobilized
whenit restsat anisolatedpoint of its freeconfigurationspace;
moving the fingersin an appropriateway transformsthis iso-
latedpoint into a compactregion of free space(the ICS) that
cannotbeescapedby theobject.

ICSregionswereintroducedin thecontext of in-handmanip-
ulationwith amulti-fingeredreconfigurablegripper[7], [8] (see
theworksof RimonandBlake [9] andDavidsonandBlake [10]
for the relatednotion of a cage in two- andthree-fingergrasp-
ing). We showed in [11] that ICS regionscanalsobe usedto
manipulateanobjectby pushingit with threedisc-shapedrobots
moving oneat a time alongstraightlineswith fixeddirections.
Theobjectremainsatall timesin theICSregionassociatedwith
therobots,andthemanipulationwill succeedaslongasthefric-
tion forcesassociatedwith contactsbetweentherobots,theob-
ject andits supportingplanearenot largeenoughto causejam-
ming.

Themethodspresentedin [10], [9], [11] canonly beusedto
generateplanswhererobotsmove oneby onein a fixeddirec-
tion. This severely limits theextentof eachmanipulationstep,
forcingany complex motionto bedecomposedinto alargenum-
berof atomicelements.Weintroducedin [12] anothertechnique
allowing therobotsto move oneby onein two-dimensionalre-
gions.Herewegofurther, showing how to constructmaximum-
radiusworkspacediscswherethe robotscanmove simultane-
ously and independentlywhile preventing the object from es-
capingtheir grasp,andusethesediscsas the basisfor a new
approachto motionplanningin thepresenceof obstacles.

The generalform of the manipulationplanningproblemis
discussedin [13], [14], and[15]. Theproposedapproachis re-
latedto anumberof othertechniquesfor manipulationplanning
wherethe uncertaintyin the position of the manipulatedpart
is reducedby exploiting the taskmechanics.Work in this area



2

waspioneeredby Inoue[16] andWhitney [17], andtechniques
for re-orientingpartsthroughpushingandgraspingoperations
havebeendevelopedby severalauthors,includingFearing[18],
Mason[19], Mani andWilson [20], Brost [21], Erdmannand
Mason[22], PeshkinandSanderson[23], Goldberg [24], Abell
andErdmann[25], RaoandGoldberg [26], Akella et al. [27],
andLeveroniandSalisbury [28]. Unlike thesemethods,thatall
assumesomepredictivemodelof thecontactmechanics,ourap-
proachdoesnot requirethatrobot/objectcontactbemaintained
during graspingor manipulation,nor doesit rely on detailed
modelsof friction andcontactdynamics.In addition,by decom-
posingtheconstructionof manipulationplansinto thecomputa-
tion of a collision-freepathfor (a modifiedform of) theobject,
followed by the constructionof elementaryrobot motion se-
quencesfor executingthis path,weobtainanefficientapproach
to manipulationplanningin thepresenceof obstaclesthatis ca-
pableof exploiting theeffectivealgorithmsthatareavailablefor
motionplanningin low-dimensionconfigurationspaces,suchas
the exactmotionplannerof Avnaimet al. [29], or the approx-
imate but very efficient plannersof Barraquandand Latombe
[30] andKavraki et al. [31].

I I . MAXIMUM INDEPENDENT CAPTURE DISCS

We characterizein this sectionthe configurationsof three
disc-shapedrobotsthatcapturea polygonalobject,i.e., prevent
it from escapingto infinity. We will assumethat all contacts
betweentheobject,therobotsandthesupportingplanearefric-
tionless.Althoughthisassumptionis notverifiedby mostphys-
ical systems,robotsthatcaptureanobjectwithout friction will
still captureit when friction is present,and the motion plan-
ning techniquespresentedin latter partsof this article will be
guaranteedto succeedaslongasthefriction forcesarenot large
enoughto causejamming.Weassumein thissectionthattheob-
jecthasbeengrown by therobots’radius,while therobotshave
beenshrunkinto theircenters.(This transformstheboundaryof
theobjectinto a generalizedpolygonwith straightandcircular
arcs.) We considerthe grown objectandthe point-like robots
to be workspaceobjects. We will restrict our analysisto the
studyof the constraintsimposedon the (point) robotsby three
arbitrarily chosenstraightedges

���
,
���

and
���

of the grown
object.

Notation: Givensomefixedcoordinatesystemfor theplane,
we will denoteby ���
	���
 ��������� ( ��	�� ������� ) thepositionsof the
robots � � � � � and � � , andby ��	 ��
 ���!�#"$� the configuration
of the polygonalobject � being manipulated. The edges

� �
areassociatedwith the robots � � ( �%	&� �'�(��� ), andwe denote
by
� � � "$� thesetof configurations��
 �#�)� for which therobot � �

touchestheedge
� � whenthepolygon � is atorientation" .

A givenconfigurationof the robotsdefinestheset * of free
configurationsof the polygon in its configurationspaceIR

�,+
- �

. For polygonalobjects,the robotsimmobilize the objectat
equilibrium, which occurswhenthe edgenormalsat the three
contactpointsintersectat a singlepoint andpositively spanthe
plane[5], [6].

We saythat therobotscapture theobjectwhen * containsa
compactconnectedcomponent. and � belongsto . . In this
casetheobjectis freeto moveinsidethe inescapableconfigura-
tion space(ICS) region . , but it cannotescapetherobots’grasp.
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Fig. 1. Contactbetweenanedgeanda robot: (a) theoriginal (ungrown) object
andthethreerobots;(b) thegrown object,thepoint-like robots,andthec-space
obstacleinducedby thecontact.Both (a)and(b) arein workspace,andrelevant
configurationspaceobjects(1 and 243�57698 ) havebeenprojectedontoworkspace.

It canbe shown [11], [12] that the robotscapturethe polygon
whenthesegments

� � � "$� ( �:	;� ������� ) enclosea trianglefor all
possibleorientationsof the polygon(we saythat theenclosure
conditionis satisfied,Fig. 2(a)).
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Fig. 2. Enclosureconditionin the configurationspaceof theobject: (a) three
segmentsenclosingatriangle;(b) acritical configuration;(c) anopenedtriangle
andanescapepath.Eachpictureis a sliceof c-spaceat a different(decreasing)
valueof 6 . Therobotsareprojectedontoeachsliceto show how theirassociated
ruledsurfaceschangeas 6 changes.

Startingfrom aconfigurationwheretheenclosureconditionis
satisfied,therobotswill form aninescapablecageaslongasthis
conditionremainssatisfied.Whenit is violated,theremustexist
somevalue of the orientation " at which the segments

� � � "$�
no longerenclosea triangle(Fig. 2(c)), allowing the polygon
to escapethroughthe opening. Becauseof the continuity of
the motion of the segments

� � � "$� , theremust exist a critical
orientation" 	 "=< for whichanendpointof segment

� � � "><'� lies
on segment

�:? � "><'� right beforethe condition is violated(Fig.
2(b)). If ��
 < ��� < � is the positionof this endpointalong

� ? � " < � ,
wesaythat ��
 <@����<A��"=<�� is acritical configurationof thepolygon.
We alsosaythat a configurationof the robotsis critical when
thereexists sucha critical object configuration. We have just
shown that:

Lemma1: All pathsjoining aconfigurationof therobotsthat
satisfiestheenclosureconditionto a configurationthatviolates
this conditionmustcontainacritical configuration.

Let �B	C��� � � � � � � � � be a configurationof the robots for
which the enclosureconditionis satisfied.Considerthe maxi-
mal (in thesenseof setinclusion)connectedsubsetof thecon-
figurationspaceof the robotsthat containsthe configuration�
andis freeof critical configurations.FromLemma1, it is easy
to seethatall configurationsin this region mustsatisfythe en-
closureconditionsincethereexistsapathfreeof critical config-
urationsjoining � to any configurationin theregion. Wewill not
attemptto characterizeexactly the maximalregion in the joint
six-dimensionalconfigurationspaceof the robots. Instead,we
will givesimplesufficientconditionsfor computingdisc-shaped
regionsguaranteedto befreeof critical configurationsandthus
satisfyingtheenclosurecondition.
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Definition1: Three discs D � � D � and D � are independent
capture discs(or ICaDs for short)when,for any configuration� in D � + D � + D � , the robotscapturethe object. A triple of
ICaDssuchthattheradiusof thesmallestdischasmaximalsize
is calleda triple of maximumindependentcapture discs, or MI-
CaDs.

A. ConstructingtheMICaDs

The restof this sectionpresentsa methodfor constructinga
triple of MICaDs. We assumethatan immobilizing configura-
tion �FE of therobotsexists for theselectedtriple of edges1 and
characterizetherangeof motionsthatrobotsstartingin �FE may
undergobeforereachingacritical configuration.

Whenthe robotsandthe polygonareat a critical configura-
tion, thereexist � and G ( �IHB� � GJH � and �LK	BG ) for which
an endpointof the segment

� ? � "$� lies on the segment
� � � "$� .

This event occurswhenthe robot � � touchesthe edge
� � and

the robot � ? is locatedat the endpoint M ? of the edge
�:?

that
is farthestfrom

� � . In sucha configuration,the objectwill ei-
thertouchtwo of therobots(Fig. 3(a))or all threeof them(Fig.
3(b)).

(a) Bi
Ei

Ej

Bj

Vj

d i,j

(b)

Fig. 3. Thetwo possibletypesof critical configurations:(a)doublecontact;(b)
triple contact.In eachcase,wemovefrom animmobilizingconfiguration(white
dots)to acritical one(blackdots).Thedotshererepresentthepoint robots.

The double-contactandtriple-contactcaseseachprovidesa
differentset of constraintsthat form the basisof a methodto
calculatethepositionsandradii of theMICaDs. Both methods
rely onexactsolutionsto threeequationsin threeunknowns,and
for the double-contactcasethe solutionis optimal in the sense
that the radii of the MICaDs are as large as possiblefor any
placementof thediscs.

The methodwe give for computingMICaDs in the triple-
contactcaseis lessthanoptimal.Wesacrificeoptimalityin favor
of easeof calculation.Its advantageis thata feasibleresultal-
waysexists,evenwhenafeasiblesolutionfor thedouble-contact
equationsdoesnot exist.

A.1 DoubleContact

Definition2: We denoteby N ��O ? the distancefrom the edge� � to thepoint M ? (of theedge
�:?

) thatis farthestfrom
� � , and

by P ��O ? 	QP ? O � thesmallestof the N �RO ? and N ? O � distances.
Thereis no critical configurationwhenthedistancebetween� � and � ? is shorterthan P ��O ? . More precisely, we have the

following result.
Lemma2: A sufficient conditionfor theenclosurecondition

to besatisfiedat theconfiguration� is that S ���UTV� ? S(HWP ��O ? for�XHY�[ZVG\H � .
3 A triple of edge-robotpairsimmobilizingtheobjectalwaysexists,andit can

befoundin time linearin thenumberof edges[32], [33].

Thislemmaassumesthatwhentherobotsarein configuration� , they arenotsocloseto eachotherthatthespacethey enclose
is empty. Sincewe start with an immobilizing configuration
andthenmovetherobotsawayfrom eachother, thisassumption
holds. This lemmagivesus a methodfor constructinga setof
ICaDsby imposingappropriateconstraintson thesizesof these
discs(Fig. 4).

Definition3: We denoteby D � the disc with center ] � 	�R^ �_��`a�b� andradius c �edgf that touchesthe edge
� � of the ob-

ject ���h	�� �'�(���$� , andby i ��O ? thediscwith center] � andradiusP �RO ? Tjc � for � and G suchthat �XHY�[ZVG\H � .
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Fig. 4. Constructionof independentcapturediscs.

Thefollowing resultis animmediatecorollaryof Lemma2.
Lemma3: Whentheradii c � ���k	l� ���(���$� arechosensothatD ��m i � O � , D �nm i � O � and D �nm i � O � , thediscs D � , D � and D �

form independentcapturediscs.
Positive radii satisfyingthehypothesesof Lemma3 maynot

exist, in which casethesolutionis not feasibleandwemustuse
the triple-contactmethod.Assumingthat they do exist, andlet
usaddresstheproblemof maximizingthesmallestof thethree
radii.

Lemma4: The independentcapturediscs maximizing the
smallestof their radii satisfy the following conditions: (a) D �
is tangentto i � O � , D � is tangentto i � O � and D � is tangenttoi � O � ; (b) therobotconfigurationwherethediscs D ��� �[	;� �'�(���
touchtheedge

� � mustimmobilizetheobject;and(c) thethree
discsmusthave thesameradius.

Proof:
(a) D � is tangent to i � O � , D � is tangentto i � O � and D � is tan-
gentto i � O � . It is easyto seefrom Figure4 thatwhenthiscondi-
tion is not satisfied,thereis spacefor thesmallestdiscto grow.
Figure5(a) shows an exampleafter the radius c � hasbeenin-
creaseduntil thisconditionis satisfied.
(b) TherobotconfigurationwherethediscsD � � �o	p� �'�(��� touch
theedges

� � mustimmobilizetheobject. Evenwhencondition
1 is satisfied,it is still possiblefor theradii to increase.Figure
5(a)illustratesthis: condition1 is satisfiedbut thethreenormals
at the contactbetweenthe independentdiscsandthe objectdo
not intersect.This impliesthattheobjectis not immobilizedby
thediscs,thereforeit canmoveto a configurationwhereit does
not touchthediscs(Fig. 5(b)), providing spacefor themto get
larger.
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Fig. 5. Proving Lemma4: (a) independentcapturediscswherecondition1
satisfied;(b) whenthe discsdo not immobilize the object,thereis somespace
for thesmallestdiscto grow.

(c) Thethreeradii are equal: c � 	qc � 	Cc � . ConsiderFig-
ure 6. We denoteby r ��O ? the line segmentjoining two points
in thedisc D � andthedisc D ? thatarefarthestfrom eachother.
Clearly, r ��O ? passesthroughthecentersof bothdiscs.For con-
dition 1 to be satisfied,the lengthof r ��O ? mustbe maintained
constantat P ��O ? . In Figure6(a), we assumethat the first two
conditionsaresatisfiedand c � is thesmallestradius.To increase
theradiusc � , wechangetheintersectionpointbetweenr � O � andr � O � (whichis thelocationof thecenterof D � ). For thediscsnot
to intersectwith the objectandto maintaintheconstantlength
of each r ��O ? , as c � increases,the objectmustmove toward D �
and D � andtheradii c � and c � mustdecrease(Fig. 6(b)). Since
this processcanalwaysbe appliedaslong asthe radiusof the
smallestdiscis strictly smallerthantheotherones,this radiusis
maximizedwhenall threeradii areequal.
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Fig. 6. Growing thesmallestdisc.

Lemma4 allowsusto computetheMICaDs.For agivencon-
figurationof theobject,thesediscsaredefinedby threeparam-
eters:theposition ��s ��t�� of theintersectionof thethreenormals
to theobjectedgesat thepointswherethediscstouchthem,and
thecommonradius c of thediscs. Lemma4 yieldsa quadratic
equationin c , s and t for eachdisc(AppendixA), andthemax-
imum capturediscscanbe foundby solving thecorresponding
systemof threeequationsin threeunknowns usinghomotopy
continuation[34] andpicking the solutionthatyields the max-
imum value of c . The centersof the correspondingdiscsare
easilydeterminedby theconditionthat they mustbetangentto
theselectedobjectedges.

A.2 Triple Contact

For the double-contactsolutionto be feasible:1) c , s and t
mustbe realnumbers(imaginarycomponentequalto zero),2)c mustbepositive,and3) ��s ��t�� mustbepositionedsothateach
disc is tangentto its respective edgeat a point that is actually
on the line segmentthat is part of the object. Failing that, we

cannotdeterminethe MICaDs using the double-contactequa-
tions. (Thereasonwhy this occurshasto do with the shapeof
the configurationspaceobstacles,and is beyond the scopeof
this paper.) However, we canusethefollowing method,which
is basedon constraintsderivedfrom thetriple-contactcase.

Let �FEI	u����E � � ��E � � ��E � � be an immobilizing configuration
for the object. Theremustexist some v dgf suchthat a criti-
calconfigurationoccurswhenthedistancebetweeneachpairof
robotsis increasedby v . This critical configurationis necessar-
ily associatedwith threecontacts(Fig. 3(b)) sincethereis no
two-contactsolution.

We calculatethe maximum distancethe robots can move
away from eachother before a critical configurationoccurs.
More precisely, if N ��O ? 	wS �FE��xTQ��E ? S ( �YHy�zZlG{H � ), we
seekv dWf suchthat

S ���|TV� ? S�	QN ��O ?[} v ��~R��� �XH��4ZIG�H ��� (1)

and,say, � � coincideswith thevertex M � of
���

farthestfrom the
edge
� �

while � � and � � lie on theedges
� �

and
� �

. This crit-
ical configurationis definedby the threeequations(1) in three
unknowns v , t � and t � , where t � and t � definethe positionsof� � and � � alongthe correspondingedges.The solutionyield-
ing the minimum positive valueof v is picked. The processis
repeatedfor eachpair

� � � � ? ( ��Hy� � G�H � and �VK	�G ) and
thesolutioncorrespondingto theminimumoverall v valueis re-
tained.Thediscsof radius v��=� touchingtheedgesof theobject
at ��E � � ��E � � ��E � arethedesiredMICaDs.

Ω13Ω δ/4 δ/4

q01

δ/4
2Ω

q02

q1

q03

q3

q2

t2

t3

Fig. 7. Constructionof MICaDsin three-contactcase.

The existenceof a physically-realizablesolution is guaran-
teedby the fact that ��E is an immobilizing configurationand
theremust exist a critical configurationat some v d�f . The
choiceof v��>� for theradiusof thediscsguaranteesthatthedis-
tancebetweenany pair of robotscannotbe increasedby more
than v .

I I I . MOTION PLANNING WITHOUT OBSTACLES

Without lossof generality, wewill continueto assumein this
sectionthattheobjecthasbeengrown by theradiusof therobots
andthe robotshave beenshrunkinto points. The MICaDs are
rigidly attachedto theboundaryof this object,andwe consider
them as a single (if disconnected)rigid workspaceobject D ,
whosereferenceframecoincideswith theframeattachedto the
object.Thereis a uniquepointon theboundaryof eachMICaD
wherethedisctouchestheedgeof thegrown object.

Notation: From now on, we will denoteby D � the MICaD
associatedwith

� � ( ��	�� ������� ), by D � ��� � the region of the
workspaceoccupiedby D � atconfiguration� . Wewill denoteby� � thepoint on theboundaryof D � whereit touchesthegrown
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object,andby � �#��� � the point in workspaceoccupiedby � � at
configuration� .

The threerobotsform an inescapablecageif thereexists a
configuration� of D such that ��� belongsto D � ��� � for �I	� �'�(��� . Accordingto Lemma4, whenthepositionsof therobots
are ���%	 � ����� � ( �%	�� ������� ), the object is immobilizedin the
correspondingconfiguration� .

Lemma5: Givensomeobjectconfiguration� andassuming
that the radius c of the capturediscsis positive, therealways
existsaneighborhood� of � for which D � ��� �!� D � ���4� � K	{� for��	�� �'�(��� andany configuration�h� in � .

Figure8 illustratesthis lemma,which follows directly from
the fact that the mapping] ��� IR��+L� �\� IR

�
thatassociates

with aconfiguration� of theobjectthecenterof thecorrespond-
ing disc D � ��� � is continuous.Thusthe pre-imageof the open
ball centeredin ] � ��� � with radius � c is alsoanopenset � � ��� � ,
not emptysinceit contains� . Theset �l	 � ���� � � � ��� � is also
openandnonempty, andit definesa neighborhoodof � whereD � ��� �U� D � ��� � � K	J� for ��	p� �'�(��� andany � � in � .

∩Ω2(p) Ω2(p’)

Ω1(p) Ω1(p’)∩

Ω1(p)

Ω1(p’) Ω3(p’)

Ω3(p)

∩ Ω3(p’)Ω3(p)

Ω2(p’)

Ω2(p)

Fig. 8. An object in two differentconfigurations1 and 1�� , with overlapping
MICaDsdueto thefactthat 1 � is in theneighborhood� of 1 .

Lemma6: Given an object configuration � and any other
configuration�h� in the neighborhood� definedin Lemma5,
andsomeconfiguration� in D � ��� � + D � ��� � + D � ��� � , thereex-
ists a trajectoryof the threerobotsstartingin � that will bring
theobjectto theconfiguration�h� .

The proof of this corollary is constructive: if � 	��� � � � � � � � � , moveeachrobotfrom � � to somepoint in D � ��� ���D � ���h� � for �[	;� ������� , thenmove therobotsagainto theimmo-
bilizing configuration�!�!	 � ���h� � in D � ���h� � + D � ���h� � + D � ���x� �
(Fig. 9). Of course,oneshouldmake surethat therobotsnever
leave their correspondingdiscs.Sincethediscsareconvex, we
caneasilyachieve this by limiting themotionsof the robotsto
translations.Note that Lemma6 statesa propertyakin to lo-
cal controllability in manipulationplanning[35]. Since,in the
absenceof obstacles,the configurationspaceof the object is
connectedandtheconfiguration� canbearbitrarily chosen,we
caniteratively applythis procedureto bring theobjectfrom any
initial configurationto any final one.

Implicit in moving theobjectfrom � to ��� is thatoneor more
of therobotswill make contactwith andpushtheobject.How-
ever, we do not needto explicitly planany push.In essence,we
aremoving a bubble (the ICS) aroundin configurationspace,

andtheobjectmustremainin thatbubble.A wall of thebubble
representscontactbetweena robotandanedgeof theobject.If
theobject’sconfigurationlieson thatwall asit moves,therobot
is pushingtheobject.

q1

q’1

Fig. 9. Close-upof arobotmoving from somepoint � 3 in ��3'5�1)8 to somepoint
in � 3 5 1F8$¡�� 3 5 1��¢8 andfinally to �=� 3¤£\¥ 3 5 1��78 .
A. GeneratingPathsfor theRobots

Let usnow addresstheproblemof commandingtherobotsso
that the manipulatedobject follows somepre-specifiedpath ¦
parameterizedby � �[§ f)� �9¨ � IR

�©+ - �
. To reducethe possi-

bility of jammingdueto (unmodeled)friction, we will not at-
temptto immobilize theobjectexceptat its goalconfiguration.
The threerobotscanbe thoughtof asa moving cagealongthe
path. To simplify the notation,we will use D � � t�� for D � ���k� t��ª�
and
� � � t�� for the location of the edge

� � associatedwith the
objectconfiguration�k� t�� . Supposethat therobots � � areat the
configurations� � in D � � t�� ( �[	«� �'�(��� ) andthuscapturetheob-
ject. FromLemma5, therealwaysexistssomev d¬f for whichD � � t��x� D � � t } v � is not empty (we will seein a minutehow
to computethemaximumpossiblevaluefor v ). To progressbyv alongthe path,we commandeachrobot to move from � � to
thepoint �|­� � t�� v � in D � � t��
� D � � t } v � that is closestto theline� � � t } v � (Fig. 10). This approachallows the robotsto move
independentlyduring a single step,which greatly reducesthe
precisionof controlrequiredto executeamotionplan.

q1
q*1

Fig. 10. Close-upof a robotmoving from somepoint � 3 in � 3 5�®�8 to thepoint�$¯ 3 closestto the line 2h3'5�®)°²±'8 (drawn hereusinga thick brush)in ��3'57®�8F¡��3'57®$°©±'8 .
Any point in D � � t��4� D � � t } v � could have beenchosenfor�|­� � t�� v � . However, the proposedchoicekeepseachrobot as

closeto the objectaspossible,which, asdiscussedin Section
IV-A, will allow larger stepsizesin the presenceof obstacles.
It is alsoeasyto compute:Figure11 shows the threepossible
cases. They involve four points: the two intersectionsof the
circles, and the point on eachcircle that is closestto the line� � � t } v � . We only considerthosepointsthatarecontainedin
bothdiscs,andchoosetheonethatis closestto theline.

To move theobjectalongthechosenpath,we first command
therobots � � to move to D � � f$� for �k	l� ������� , so that they can
capturetheobjectat theinitial configuration�k� f$� . Thestepde-
scribedabove is thenrepeateduntil the robots � � arein D � �ª� �
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(a) (b) (c)

Fig. 11. Thepoint in theintersectionof two discsthatis closestto agivenline.

andtheobjectcanbeimmobilizedandbroughtto thegoalcon-
figuration �k��� � . To find an efficient plan, we mustdetermine
themaximumvalue v�­ of v for eachstepin thesequence.This
problemis addressedin thenext section.

B. ComputingMaximumStepsAlonga Path

Let us fix somevalue t³E for t . When vY	 f , the two MI-
CaDs Dn� t E � and Dn� t E } v � obviously coincide.As v increases,
theremustexist somecritical value v�­� of v for which the two
discs D � � t³E=� and D � � t³E } v � ( �\	´� �'�(��� ) are tangentto each
other beforetheir intersectionbecomesempty. Let v ­ denote
the smallestof thesethreevalues;it is thenclear that the MI-
CaDswill overlapfor f H;vLH;v�­ andthat at leastof onethe
correspondingpairsof discswill getdisconnectedwhen v d v�­ .

Given an object configuration��EQ	��k� t³E=� , computingthe
maximumallowable step v�­ along the path ¦ is thus equiva-
lent to computingthe threevaluesv�­� ( �µ	¶� �'�(��� ), i.e., solving
threeinstancesof thefollowing problem:Givena fixeddisc · E
with centeŗ E andradiusc , find all objectconfigurations� such
thata disc · with centeŗ andradius c rigidly attachedto the
objectremainstangentto · E (Fig. 12). Here · E and · standfor
a pair of maximuminescapablediscsassociatedwith the same
edgeof theobjectin configurations�oE and � .

a

φ

r
r

D

A

c(  )θ

C(  )θ

θ

a0 0

0

x

a a
A

x

Fig. 12. Objectconfigurationssuchthat theassociatedMICaD is tangentto a
fixedMICaD. Left: the two discsandtheobject. Right: thecircle ¹[5�698 swept
by thepositionof the referencepoint º as » varieswhile 6 remainsfixed,and
thecircle ¼ sweptby thecenter½>57698 of ¹[5�698 as 6 varies.

We parameterizethis problemby two angles:theorientation¾
of theline joining ¸ E and ¸ , andtheorientation" of theobject

at configuration� . If ¿ denotesthe position of the reference
pointof theobjectin thisconfiguration,it is easyto seethat,for
a fixed valueof " , ¿ describesa circle i©� "$� with center ÀF� "$�
(Fig. 12), suchthat for any valueof

¾
, we have À�� "$� TW¸ E 	¿�T�¸ . As " varies,thepoint À�� "$� describesacircle Á centered

in ¸ E with radius S ¿�Tj¸µS .
In configurationspace,this meansthat the configurations�

suchthat · E and · remaintangentto eachotherform theheli-
coidalsurfaceÂ sweptby thecircles i©� "$� as " variesbetween
0 and �=Ã . This surfaceactsasa boundarythatlimits thelargest
singlestepthatwe cantake alongthepath ¦ . Its shapeis inde-
pendentof the objectandrobot configurations,but its position
in theconfigurationspaceof theobjectdependson � E .

To determinev�­� ( �\	u� �'�(��� ), we searchfor the first inter-
sectionbetweenthepath ¦ andthecorrespondinghelicoid Â � ,
startingin t 	 t³E . This is a simpleone-dimensionalnumerical
searchthat canbe implementedefficiently. The value t ­� of t
correspondingto thefirst intersectiondeterminesv�­� 	 t ­� T t E .
Theparameterv�­ is thendeterminedasthesmallestof thethree
valuesfound.

IV. MOTION PLANNING WITH OBSTACLES

We canadaptour approachto the casewhereobstaclesare
presentby addingthe constraintthat the objectandthe robots
shouldnevercollidewith anobstacleduringany stepof thepath.
To achieve this, we mustfirst find a collision-freepath ¦ for a
modifiedform of theobject(Fig. 13). We will thenmodify the
strategy outlinedin the previous sectionto follow that path in
stepsthatareaslargeaspossibleyet areguaranteedto prevent
any collision.

Themodifiedform of theobjectis essentiallytheunionof the
objectwith thethreerobots(having theirnaturalnon-zeroradius
this time) locatedat the referenceimmobilizing positions.The
robotsmustbetakeninto accountby themotionplanningalgo-
rithm becausethey mustpassthroughfreeworkspacealongwith
theobject.Furthermore,theremustbeenoughroomaroundthe
objectfor Lemma6 to applyandfor therobotsto beableto push
it in arbitrarydirections.

(a) (b)

Fig. 13. Two differentobjectsthat may be passedto the motion planner: (a)
the polygonalobject is grown by Ä�Åµ°ÇÆ , where Å is the robots’ radius; (b)
outerpolygonalapproximationsof therobotsaresweptto adistanceÆ from the
relevantedges,andtheunionof thesweptregion with thecorrespondingobject
envelopeis computed.

Variousformscanbe chosen(Figure13). Smalleroneswill
result in pathsthat tendto bring the objectcloserto obstacles,
which forcesa reductionin stepsizeto avoid collisions.Larger
onesmay prevent the plannerfrom finding feasiblepaths. We
haveconductedexperimentswith two approachesguaranteedto
yield valid plans. The first one, discussedin [1], is to grow
theobjectby the diameterof the robotsplus somesmall clear-
ance È (Fig. 13(a)). However, this createsan unnecessarily
large object, which keepsthe plannerfrom finding otherwise
feasiblepaths.Thesecondapproach,which is currentlyusedin
our implementation,is to constructthepolygonalregion swept
by (outer)polygonalapproximationsof the robotsas they are
moved to a distanceof È from the relevantedgesandcompute
its unionwith thecorresponding“envelope”of theobject(Fig.
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13(b)). This envelopeis itself the union of all the regionsof
workspacethat the objectmay occupy while it is capturedby
the robotsin a given configuration. We will defineenvelopes
moreformally in SectionIV-B.

We modify the strategy outlined in the previous sectionto
follow thepathoutputby theplannerin stepsthatareaslargeas
possiblebut at thesametime small enoughto avoid collisions.
More precisely, we useAlgorithm 1, which segmentsthe path
foundby theplannerandoutputsasequenceof stepsfor eachof
thethreerobotsto follow.

Algorithm 1
Input: Theobject,theobstacles,andthepathof theobjectout-
put by themotionplanner.
Output: The path É . Eachstepof É is a configuration�{	��� � � � � � � � � of thethreerobots.
�²	 � � f�� ; // � � f�� 	�� � � ���k� f$�#��� � � ���k� f��ª�'� � � ���k� f$�#�ª�ÉpÊ�Ëa��Ì ;t Ê f ;
repeatv�­�Ê MaxDelta ( t );

Usebisectionto find the maximumvalue v in § f)� v�­'¨ such
thatCLEAR( � ��t�� v ) returnsTRUE;�zÊ Closest ( t�� v );É�Ê&ÉWÍzËa��Ì ;t Ê t } v ;

until t 	�� ;ÉpÊ&ÉWÍÇË � ��� � Ì .
ThefunctionMaxDelta ( t ) implementsthecalculationof the

maximumstepsizein theabsenceof obstacles,asdescribedin
the previoussection.The functionClosest ( t�� v ) implements
themethodof selectingthepoint in theintersectionof two MI-
CaDsdiscussedin SectionIII-A anddepictedin Figure11. The
predicateCLEAR( � ��t�� v ) returnsTRUEif it is not possiblefor
the object to collide with the obstacleswhen the robotsmove
from � to Closest ( t�� v ) andFALSE otherwise. The rest of
this sectionshowshow to efficiently implementthis predicate.

A. ImplementingCLEAR

At eachstepin theplan,thethreerobotsmovesimultaneously
andindependentlyfrom eachotheralongline segments.Thus,
implementingCLEARrequirestheability to testwhethertheob-
jectmaycollidewith theobstaclesfor any positionof eachrobot
along the correspondingline segment. The following lemma
simplifiesthecalculations.

Lemma7: If ICS(� � � � � � � � ) denotesthesetof freeconfigu-
rationsof theobjectassociatedwith therobotconfigurations���
( �o	�� ������� ), then

Î
Ï�Ð)Ñ Ï�ÒÐ Ï#Ò ÒÐÐ=ÓkÔ³Õ�ÖªÕR×

Ø i - ��� � � � � � � � � 	 Î
Ï Ð ÑhÙbÏ ÒÐ Õ Ï Ò ÒÐ$ÚÐ>Ó�Ô_Õ�ÖªÕ¢×

Ø i - ��� � � � � � � � �

for any two configurations �!�l	 ������ � ���� � �!�� � and �!� �l	����� �� � �!� �� � �!� �� � in thesametriple of MICaDs.
The proof of this lemmais elementarybut lengthy, andit is

relegatedto AppendixB. Lemma7 shows thatdespitethe fact

thateachrobotcanbeanywhereon a line segmentin theasso-
ciatedMICaD, testingwhetherthe objectcancollide with the
obstaclesreducesto performingthe collision test at the eight
configurationswhereeachrobot is fixed at oneof the endsof
theassociatedline segment.

Givenoneof theseconfigurations,we want to testfor possi-
ble collisionsof the capturedobjectwith anobstacle.Directly
testingtheintersectionof theICSwith aconfigurationspaceob-
stacleis complicatedandcomputationallyexpensive. Instead,
we reformulateour problemin theworkspaceof the robots. If
we definethe envelopeof an objectas the region of the plane
that it sweepsasits configurationvarieswithin theICS, testing
for potentialcollisionsreducesto testingwhethertheobjecten-
velopeintersectstheseobstacles.Sincewe dealwith polygonal
obstacles,thisonly requiresknowinghow to testtheintersection
betweentheenvelopeanda line segment.

B. CollisionChecking

To simplify thediscussion,wewill assumefor thetimebeing
that our robotshave zeroradius,so thereis no needfor a dis-
tinctionbetweentheoriginalobjectandthegrown one.We will
comebackto thegeneralcaseat theendof this section.

Ratherthanexplicitly constructtheenvelopefor eachconfig-
urationof the robots,we directly testwhetherit is possiblefor
any edgeor vertex of the objectto collide with a line segment
boundingoneof theobstacles.Supposetheobjectis in theICS
determinedby a configurationof the threerobots. Eachrobot
is associatedwith oneof theedgesof theobject,andtheobject
canonly touchthe robotsalongthoseedges.The boundaryof
the envelopeof an objectcorrespondsto its configurationsfor
which two of the edgesare in contactwith the corresponding
robots,and it is thereforecomposedof threepartsassociated
with thecorrespondingdoublecontacts(Fig. 14). Whena line
segmentintersectstheenvelope,it mustintersectat leastoneof
theseparts,or lie insidetheenvelope.

(a) (b) (c)

Fig. 14. The envelope of a hexagon: (a) the first of the threearcsformed
by a doublecontactbetweenthe hexagonand point robots; (b) the complete
envelope;(c) thetrueenvelopewhenthenon-zeroradiusof therobotsis taken
into accountasexplainedat theendof thissection(thehexagonis shown atone
of its extremeorientationsin this case).Note that the envelope’s boundaryis
composedof smoothcurvedsegments.

Let usfirst focuson testingtheintersectionof a line segment
with the part of the envelopeboundaryassociatedwith the in-
finite line supportingoneof theobjectedges.More concretely,
let usconsidertheobjectconfigurationsfor whichtherobots� �
and � � touchtheedges

���
and
�Û�

. Let rxÜ betheline support-
ing someotheredge

� Ü of thepolygon.We have thefollowing
lemma,which is provedin AppendixC.

Lemma8: As the object rotateswhile maintainingcontact
with � � and � � , r[Ü rotatesaswell and remainstangentto a
fixedcircle i Ü .
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The object configurationsthat maintain contact with the
robots � � and � � havea singledegreeof freedomandthey can
beparameterizedby theobjectorientation" . But sincetheob-
ject cannotescape," mustbe in somerange § "aÝ
�#"aÞ ¨ where "aÝ
and "=Þ correspondto two configurationsfor which the object
touchesthethreeedges.Figure15(a)showstheregion

- Ü swept
by r Ü astheobjectrotatesin therange§ " Ý �#" Þ ¨ .

(b)(a) (c)

Sa

θH

θL

Fig. 15. Regionssweptby (a) the line ß�à , (b)-(c) thehalf spacesboundedbyß�à .
Let us pretendfor a momentthat rxÜ is the only edgeof the

object. In this case,theobjectenvelopeis the region sweptby
oneof thehalf-planesboundedby r Ü asthis line rotateswhile
remainingtangentto thecircle i Ü . Therearetwo possibilities,
illustratedby Fig. 15(b)-(c): the envelope’s boundaryis either
composedof two line segments(Fig. 15(b)),or of two line seg-
mentsanda circular arc (Fig. 15(c)). In the first case,testing
the intersectionof a line segmentwith theboundaryreducesto
testingits intersectionwith the line rxÜ at orientations"aÝ and"aÞ . In thesecondcase,an additionalintersectiontestwith the
circularpartof theenvelopeboundarymustalsobeperformed.

Of course,the edgesboundingthe objectonly have a finite
extent. To take this into account,we now considertheedge

� Ü
itself insteadof its supportingline r[Ü . Theregionsweptby this
edgeastheobjectrotatesunderthedouble-contactconstraintis
a subsetof the region

- Ü sweptby the line r Ü . It is bounded
by quarticcurvestracedby the endpointsof the edge

� Ü asit
rotatesaroundthecircle i:Ü . Computingthe intersectionof the
curve tracedby an objectvertex anda given line segmentre-
ducesto solvinga trigonometricequationin theobjectorienta-
tion " (which canbedonein closedform), thentestingwhether
this orientationis in the range § "aÝ
��"=Þ ¨ , and finally checking
whetherthe correspondingintersectionpoint is within the ex-
tentof theline segment(seeAppendixD for details).

To summarize,we test the intersectionof the envelope’s
boundarywith a givenline segmentby testing,for eachpair of
contactswith two robots,the intersectionof this segmentwith
(1) theedgesof theobjectatorientations" Ý and " Þ , (2) thecir-
culararcsof theenvelopeboundary, and(3) thecurvessweptby
the objectvertices(Fig. 16). This processtakestime linear in
thesizeof thepolygon,andit mustberepeatedfor everyobsta-
cleedge(or until someintersectionis found). It is of coursealso
possiblefor anobstacleto beentirelycontainedin theenvelope.
This canbe testedby checkingwhetherthe line segmenteither
lies inside(1) the objectwhen " 	 "=Ý or " 	 "aÞ , or (2) the
region sweptby the edgesas they rotatefrom " Ý to " Þ . The
secondtestis similar to theintersectiontestbetweena segment
andthecurve sweptby an objectvertex, andit alsoreducesto
solvinga trigonometricequation.Theenvelopemayalsolie in-
sidetheobstacle,which canbe testedby checkingwhetherthe

threerobotsthemselvesareinsidetheobstacle.

(a) (b) (c)

Fig. 16. The varioustypesof boundaryarcsof anenvelope: (a) edgesof the
objectat theextremeorientations;(b) curvestracedby verticesof theobject;(c)
acirculararctracedout by anedgetangentto it.

As notedearlier, we have assumedin this sectionthat the
threerobotshave zeroradius. It is easilyshown that collision
checkingfor robotswith non-zeroradiuscanbecarriedout ex-
actly asdescribedabove, exceptthat (1) the angles"aÝ and "aÞ
arecomputedusingthegrown objectandtheshrunkrobots,(2)
thestraightandcircularpartsof theenvelope’sboundaryareof
courseconstructedusingtheedgesof theoriginal object,not of
its grown version,and(3) the intersectionsbetweenthe curves
sweptby objectverticesandtheobstacleedgesarefound(again
in closedform) by solvingamodifiedversionof thetrigonomet-
ric equationderivedin thezero-radiuscase(seeAppendixD for
details).

C. Optimization

We can improve the efficiency of the approachproposedin
the previous sectionby limiting collision checkingto obstacle
edgesin the vicinity of the envelope: we computea bounding
rectanglefor theenvelopeandtesttheintersectionbetweenthis
rectangleandeachobstacleedge.To constructa boundingrect-
anglefor theenvelope,wefirst computetheradiusof thesmall-
estcircle thatcontainstheobject(Fig. 17(a)): this is known as
thesmallestenclosingcircle problemin computationalgeome-
try, andtheradiuscanbefoundin time linear in thesizeof the
polygonby arandomizedalgorithm[36]. Weplacethreecircles
with this radiusin theworkspacesothateachonetouchesapair
of therobotsandits centeris outsidethetriangleformedby the
threerobots(Fig. 17(b)). Theboundingrectangleis computed
asthesmallestisotheticrectangle(i.e.,with sidesparallelto the
coordinateaxes)thatcontainsthethreecircles.It is easyto show
thattheenvelopeis containedin this rectangle.

(a)

R

(b)

R
R

R

Fig. 17. Constructinga box boundingthe envelope: (a) the smallestcircle
containingtheoriginalobject,and(b) asimpleboundingbox of theenvelope.

We usea quadtreeto avoid testingedgesthat are far away
from therectangleboundingtheobject. Theobstacleedgesin-
tersectinga quadtreeleaf arestoredalongwith this leaf, which
allows theretrieval of theedgesintersectingthequadrantof the
workspaceassociatedwith any leaf in logarithmictime. An al-
ternative would be to encloseevery obstacleedgeinto an iso-



9

theticrectangle,andretrieveall rectanglesintersectingtherect-
angle boundingthe object. In computationalgeometry, this
problemis referredto asorthogonal intersectionsearching and
it canbesolvedwith querytime á©��â }äã ��åhæ¤� andpreprocess-
ing time á©� æ ã �$åhæ¤� , where â is thenumberof edge-enclosing
rectanglesintersectingthe object-enclosingrectangle,and æ is
thenumberof obstacleedges[37], [38].

V. IMPLEMENTATION AND RESULTS

Wehaveimplementedtheconstructionof MICaDsfor polyg-
onal objects. The implementationdoesnot includethe triple-
contactcase(discussedin SectionII-A.2), but is still capable
of handlingmostpolygonsin which we areinterested.Figure
18 shows someexamplesof polygonsandtheir associatedMI-
CaDs.

(a) (b)

(c) (d)

Fig. 18. Examplesof MICaDs: (a) theobjectusedin theexperiments,(b)-(d)
otherexamples.In eachexample,thepolygonalobjectandthethreerobotsare
portrayedwith shadedregions, while the grown generalizedpolygon and the
correspondingMICaDsareportrayedwith blacklines.

We have alsoimplementedtheproposedmotionplanningal-
gorithm,andconductedexperimentsusingthreeNomadicScout
robotsanda styrofoamtriangleon casters(Fig. 19). We use
the motion planning library containedin the Move2D pack-
agefrom LAAS to computecollision-freepathsfor ourobjects.
Move2D is a graphicalmotion planningpackagewhich con-
tainsa potential-fieldplannerbasedon the navigation function
methoddiscussedin [39].2 For obstacleswe have usednatu-
rally occurringobjectsin ourbuilding,suchaschairsandpillars,
modeledassimplepolygons.

Figure20 showsstill imagesof two experimentsandthecor-
respondingmotion plans. Animationsof theseplansand ac-
tual video footageareavailable from our web site, http://
www-cvr.ai.uiuc.edu/ponce_grp/demos/m icad .

A. Closed-LoopControl

As mentionedabove, we have conductedexperimentswith
bothopen-andclosed-loopcontrol,usingdeadreckoningin the
first case,and visual feedbackfrom overheadcamerasin the
secondone.Theopen-loopapproachhasproveninsufficient for
pathswhoselengthis greaterthanabout5 meters,dueto imper-
fect odometryanddrift dueto friction andslipping.For closed-
loop control,we have implementeda visual localizationsystemç

Seethewebsite[40] for detailson thesoftwareandits implementation.

Fig. 19. Therobotsandthepolygonalobjectusedin theexperiments.

Fig. 20. Snapshotsof two experimentsusing(left) deadreckoning and(right)
closed-loopcontrol.

basedontheLocext softwarefrom LAAS [41]. Our localization
systemusesthreeoverheadcameras(Fig. 21(a)),fitted with IR
passfilters,andtherobotsarefitted with circularpatternsof IR
LEDs (Fig. 21(b)-(c)). Locext producesvery accurateposition
information(within 5mmand0.02degrees)by finding thecen-
troid of the imageof a given LED to sub-pixel accuracy, and
combiningthe informationfrom all the visible pointsto local-
ize a givenrobot. Theuseof multiple LEDs on eachrobotalso
servesto distinguishthatrobotfrom theothers.

Eachrobotrunsa serverprogramthat is responsiblefor both
executingmotioncommandsanddeterminingthecurrentloca-
tion of thatrobot.Robotsdeterminetheirpositionby combining
two unreliablesourcesof information: odometryandvisual lo-
calization.Theaccuracy of odometrydegradesin proportionto
the distancethe robotstravel. The accuracy of the visual lo-
calizationsystemis quite good, and it is independentof how
far therobotstravel. However, whenonerobot is partially hid-
denfrom thecamerasby oneof theobstaclesor theobject,the
visual localizationsystemmay get confusedand returnan in-
correctvalue. Sucherrorsaretransitory, but thecorresponding
readingsshouldof courseneverbeusedto guideamotion.This
haspromptedusto usea very simplemodelof uncertainty:As
it moves,eachrobot maintainsa moving disc Á � ( �%	è� ������� )
whosecenterrepresentsits nominalpositionandwhoseradius
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(a)

(b)

(c)

Fig.21. Robotlocalization:(a) thefieldsof view of thethreeoverheadcameras,
overlaid on thefloor planof our laboratory, minusthechairsusedasobstacles
in Figure20; (b) animageof thethreerobotswith theIR LEDs turnedon; and
(c) thecorrespondingIR image.

is an upperboundon the currentlocalizationerror. After each
motion step, the position of Á � is updatedusing the robot’s
odometry, and its radiusis grown usingboundson the odom-
etryerror. As longasthis radiusis below somepresetthreshold,
the motion proceedsusingodometryalone. Whenthe thresh-
old is exceeded,a positionandorientationreading ��
 � ��� � ��" � � is
requestedfrom the visual localizationsystem. If ��
 �#�#�$��� falls
within Á � , this readingis accepted,the centerof Á � is set to��
 �#�#���b� , andits radiusis resetto zero.Otherwise,thereadingis
ignored,andonemorestepis taken usingodometrybeforere-
questinga new reading.As mentionedearlier, theerrorsof the
visual localizationsystemarenormally transitory, andin prac-
tice this simpleapproachworksquitewell, allowing the robots
to movefreelywithoutbeinglimited by thespeedor coverageof
thevisual localizationsystem,while maintainingaccurateposi-
tion informationduringextendedmotionsequences.

B. ComputationalCost

Wecanmeasurethesizeanddifficulty of aproblemindirectly
by observingthe pathlengthandnumberof stepsoutputfrom
the planner. We have generatedplanswith over 400 stepsin
fairly complicatedsimulatedenvironments.The plan depicted
in the right portion of Figure20 has129 steps.We computed
the plan on a 500MHz CeleronPC systemrunningLinux, and
thetime costfor variousphasesare:generateMICaDs= 2.02s;
generatemodifiedobject= 293.44s;run Move2Dmotionplan-
ner= 2.71s;runAlgorithm 1 = 23.31s.

Generatingthemodifiedobjecttakesupaninordinateamount
of time. Thefocusof ourimplementationeffortshasbeenonthe
efficient constructionof MICaDs andmotion plans,so no par-
ticular carehasbeengivento this partof theprocess.We have
implementedthe constructionof the modifiedobjectusingthe
LEDA package[42], specificallythe rationalgeometrykernel.
Becausethesizeof therepresentationincreaseswith eachratio-
nal operation,this particularstepeffectively requiresexponen-
tial space.It couldbesolved in muchlesstime with a floating
point implementation.LEDA providessuchanimplementation,
but our objectsaretoo complex for it to handle.

We canusethe ratio of pathlengthto serialstepcountasa
measureof the efficiency of this planningmethod. Our previ-
ouswork [43] produceda planwith anefficiency of é#êµë_ìRë�í�îï é�î³ìRë³ð9î 	f�ñòf$ó�ô�ô . Theplandepictedin theright portionof Figure20 has
an efficiency of

�ª�Aõ E ï E�ö êµë_ìRë�í�î�ª�#÷ î³ìRëbðøî 	 f�ñ � f �ø� , or abouttwice asef-

ficient asour previousapproach.Thereexistswork [44] where
threemobile robotscagean objectandmove continuously, for
an efficiency of ð Ü ì�ù!ú�ë�û=ü�ì�ù� . The differenceis that [44] works
on-lineasa controllaw, while themethodpresentedhereworks
off-line, doesexplicit motionplanning,anddeterminesa whole
classof motionsthatcanachievethesameplan.

VI . DISCUSSION AND CONCLUSIONS

We have introducedin this paperthe conceptof maximum
independentcapturediscs (MICaDs), where three robotscan
move independentlywhile guaranteeingthat an object cannot
escapetheir grasp. We have given a simple methodfor con-
structingthe MICaDs associatedwith a polygonalobject,and
shown that they canbe usedasa basisfor motion planningin
the presenceof obstacles.We have presentedan implementa-
tion of theproposedapproach,alongwith experimentalresults.

Friction may in principle causethe robotsto jam during the
executionof a motionplan. We have tried to minimize therisk
of jammingby avoidinga completegraspof theobjectuntil the
endof the manipulationtask: indeed,graspingrequiresestab-
lishing threesimultaneouscontacts,with a muchhigherchance
for jammingthanwhenonly oneor two contactsoccuratagiven
time[43]. Nonetheless,wefeel thatfriction shouldbedealtwith
explicitly, andplanto addressthemoredifficult problemof con-
structingjam-freeplansin thenearfuture.

Theapproachproposedin this articleonly considerscontacts
betweenthe robotsand threefixed edgesof the object. This
limits thesizeof thecorrespondingMICaDs. We arecurrently
working on an extensionthat will allow multiple edgesto be
consideredwhendeterminingthecaptureregionof eachrobot.
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APPENDICES

I . DOUBLE-CONTACT EQUATIONS

Let usdenoteby c thecommonradiusof thethreediscsand
by �bs ��t�� theintersectionof thethreenormalsto theobjectedges
(Fig. 22). Without lossof generality, assumethatedge

���
is on

the 
 -axis. Let ��ý � ��f$� betheintersectionof theline supporting� �
andthe 
 -axis,andlet ��ý � ��f$� bethe intersectionof theline

supporting
� �

and the 
 -axis. Denoteby þ � � �Ç	ÿ� ���(��� the
orientationsof thenormalsrelative to the 
 -axis.

We write that thedistancebetweenthecentersof D � and D �
is P � O � T � c andusethelaw of cosinesto obtain

��P � O � T � c � � 	�� t } c � � } �#��sÛTjý � ���A��� þ �x} t������ þ �:} c � �T � � t } c � �#��s�TVý � �	�A�
� þ �[} t������ þ �[} c ���A��� ��þ � TVþ � ��ñ
Theremainingtwo casesyield two similar equations.TheMI-
CaDscanbe computedby solving thesethreeequationsin the
unknowns c , s and t usinghomotopy continuation[34].
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I I . PROOF OF LEMMA 7

The setICS��� � � � � � � � � is a volumeboundedby threeruled
surfaces,eachof which correspondsto thesetof configurations
for which the robot � � at ��� is in contactwith edge

� � of the
object.

When � � is at the point �!�� , the correspondingruled surface
is:

M �� 	���
\T�
 �� �	�9��� � " } þ �³� } � � Tjc �� �	����� � " } þ �³� } N ���ÿf�ñ
Likewise,when � � is at thepoint �!� �� , thecorrespondingruled

surfaceis:

M � �� 	���
©T�
 � �� �	�9��� � " } þ �b� } � � T c � �� �	����� � " } þ �b� } N ���ÿf�ñ
For � � }�� � 	B� � � ��� � ���«f , we have M\��� �ª� � �³� 	�� � M%�� }� � M%� �� 	 f .
TheequationM���� � � � � � 	 f definestheruledsurfaceassoci-

atedwith having robot � � at � � � �� }�� � � � �� (which is a point on
theline segment � �� � � �� ). Clearly, this ruledsurfaceis alwaysbe-
tweenthe ruled surfacesM%�� 	 f and M%� �� 	 f . Therefore,we
canwrite � � ��� �ª� � �³� m � �� Í�� � �� � wherewe denoteby � � ��� ��� � �b�
thevolume M � ��� �ª� � �b����f , by �:�� thevolume M%�� ��f , andby �:� ��
thevolume MX� �� ��f .

Usingtheabovestatementandconsidering�o	�� ������� , wecan
write: � � ��� � � � � �U� � � ��� � � � � �U� � � ��� � � � � �m ���µ�� Í��:� �� �U� ���µ�� Í��µ� �� �U� ���µ�� Í��µ� �� ��ñ

The left hand side of the statement above defines
ICS(� � � � � � � � ) where �!� canbeanywhereon the line segment� �� � � �� (dependingon � � and

� � ). Thattheabovestatementis true
independentof thevaluesof � � and

� � implies:�� �"!
Ð$#&%'Ð ÓkÔ!
Ð Õ %'Ð('*)Ð=Ó�Ô_Õ¢ÖªÕ�× � � ��� � � � � � Í�� � ��� � � � � � Í+� � ��� � � � � �-,.

m ��� �� Í+� � �� �¤� ��� �� Í�� � �� �|� ��� �� Í+� � �� �'ñ
(2)

The right-handsideof thestatementabove canbeexpanded
astheunionof eightsets.Eachsetis theICS for theconfigura-
tion having therobot � � locatedateitherendof theline segment� �� � � �� . For example,theset �:�� � �:�� � �:� �� is ICS��� � 	J���� � � � 	�!�� � � � 	Q��� �� � .

Becausetheterm �µ�� canbewritten as � � ���Ç	 � � � 	 f�� and
theterm �:� �� canbewritten as � � ( �²	 f)� � 	;� ), thereverseof
theinclusionin statement(2) holdsaswell.

I I I . PROOF OF LEMMA 8

(q  ,r  )
1  1

(x,y)

(s,t)
L

1

L 2

L
3

d

θ+α 2

(q  ,r  )

(q  ,r  )

2  2

3  3

Fig. 23. Theline ß0/ astheobjectrotates.

ConsiderFigure 23. The three lines r � , r � and r � sup-
port edges

���
,
���

and
���

thatbelongto the object; the points� � 	p�1
 � � c � � and � � 	p�1
 � � c � � arefixed,and � � 	p�1
 � � c � � is a
non-fixedpointon r � . Thenormalsat � � , � � and � � intersectat��s ��t�� . Wewantto show thatwhentheobjectrotateswhile main-
tainingsimultaneouscontactsbetween� � and r � andbetween� � and r � , thepoint � � will tracea circle i andthe line r � is
alwaystangentto this circle.

Wegiveonly abrief sketchof theproofhere.Wedenoteby "
theorientationof theobjectandby 2 � , 2 � and 2 � the internal
normalsof thethreeedges.Westartby listing sixequations.The
first threeequationsdefinethelines r � , r � and r � : 2 ��3 ��� � T��
 �#�)�-4�� 	 f ; 2 � 3 ��� � TI��
 �#�)��4
� 	 f ; 2 � 3 ��� � TI��
 �#�)��4o� 	JN .
The other threeequationsareof similar form, but expressthe
fact that the threeinternal normalsat the contactsintersectat
thepoint ��s ��t�� (immobilizing theobject).

We applysomealgebraicmanipulationto eliminate 
 , � , s , t
and" from thesix equations,andobtainanequationof theform:

��5 � 
 �x} 5 � � � } ��5 � c �[} 5 � � � 	65 �� N � �
wherethe 5 � summarizeconstantterms. This shows that � �
tracesout a circleof radius N .

To show that the line r � is alwaystangentto thecircle for a
givenvalueof " , we performfurtheralgebraicmanipulationto
determinethecenterÀ of thecircleandto deriveanequationfor� � asa functionof " . We alsoexpresstheunit tangent7 � of the
line r � asa functionof " . It thenfollowsthat ��� � T À � 3 7 � 	 f .
IV. INTERSECTIONS BETWEEN THE CURVE TRACED BY A

VERTEX AND A L INE SEGMENT

Let usconsidertheline definedby:

^ �A�
� þ } `8����� þ } N�	 f)� (3)

where þ and N aresomeconstants,anddefinethe curve �&	Ë���^o� "$����` � "$�ª� 4 �#" Ý H " H " Þ Ì where �R^�� "$�'�#` � "$�#� 4 is anend-
point of theedge

� Ü whentheobjectis at orientation" (Figure
24).

Writing that thedistancesfrom �R^�� "$�'�#` � "$�#� 4 to thelines r �
and r � (the linessupportingtheedges

���
and
���

) arethecon-
stantsN � and N � yields:

�R^�� "$� T�
 � �	�9��� � " } þ � � } � ` � "$� Tjc � �	����� � " } þ � � 	QN � ��R^�� "$� T�
 � �	�9��� � " } þ � � } � ` � "$� Tjc � �	����� � " } þ � � 	QN � ñ
(4)
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Fig. 24. Parameterizingthe endpoint 5:9)5�698<;>==5�698�8@? . The object is drawn as
dottedpolygonhere.

We want to computethe intersectionof the curve � andthe
line r . Supposetheintersectionoccursat �R^ �#`�� 4 . We canthen
set ^o� "$� 	Q^ and ` � "$� 	 ` in (4),andusetheresultingequations
to eliminatê and ` in (3). Weobtainaftersomesimplification:

��c � Tjc � �	�9��� ��þ TVþ � Tjþ � T �="$�} �1
 � TA
 � �	����� ��þ TVþ � Tjþ � T �="$�T � N � ����� ��þLTjþ � T "$� } � N � ����� ��þ TVþ � T "$� } 5è	 f)�
(5)

where

5y	CBD E c � �A�
� ��þLTjþ � } þ � � Tjc � �9��� ��þ } þ � Tjþ � �} � N ����� ��þ � TVþ � � } 
 � ����� ��þ } þ � Tjþ � �TF
 � ����� ��þLTjþ �4} þ � ��ñ
Findingtherootsof Eq. (5) amountsto solvinga trigonomet-

ric equationin " which canbedonein closedform. The inter-
sectionof � and r arethepoints �R^ �#`��-4 at theroot valuesof "
thatarewithin the range § " Ý �#" Þ ¨ . To computethe intersection
of a line segmentsupportedby the given line r , an extra step
is neededfor testingwhetherany of the obtainedintersection
pointsis betweentheendpointsof theline segment.

Note that the derivation of (5) assumesthat the robotshave
zeroradius.To handlenon-zeroradii,wesimplyusethelines r �
and r � supportingtheedgesof the grownobjectin thederiva-
tion, andusefor N � and N � thedistancesbetweenthevertex of
interestof theoriginal, ungrown objectandtheselines.Therest
of thederivationremainsunchanged.

REFERENCES

[1] A. SudsangandJ. Ponce,“A new approachto motionplanningfor disc-
shapedrobotsmanipulatinga polygonalobjectin theplane,” in IEEE Int.
Conf. on Roboticsand Automation, SanFrancisco,CA, 2000,pp. 1068–
1075.

[2] R.S.Ball, A treatiseon thetheoryof screws, CambridgeUniversityPress,
1900.

[3] M.S. Ohwovoriole, An extensionof screw theoryand its applicationto
theautomationof industrialassemblies, Ph.D.thesis,StanfordUniversity,
Stanford,CA, 1980.

[4] F. Reulaux,Thekinematicsof machinery, MacMillan, NY, 1876,Reprint,
Dover, NY, 1963.

[5] E. Rimon andJ. W. Burdick, “Mobility of bodiesin contact—i: A newÄHGJI ordermobility index for multiple-fingergrasps,” IEEE Transactions
onRoboticsandAutomation, vol. 14,no.5, pp.696–708,1998.

[6] E. Rimon andJ. W. Burdick, “Mobility of bodiesin contact—ii: How
forcesaregeneratedby curvatureeffects,” IEEETransactionsonRobotics
andAutomation, vol. 14,no.5, pp.709–717,1998.

[7] A. Sudsang,J.Ponce,andN. Srinivasa,“Graspingandin-handmanipula-
tion: Experimentswith areconfigurablegripper,” AdvancedRobotics, vol.
12,no.5, pp.509–533,December1998.

[8] A. Sudsang,J. Ponce,andN. Srinivasa, “Graspingandin-handmanip-
ulation: Geometryandalgorithms,” Algorithmica, vol. 26, pp. 466–493,
January2000.

[9] E. Rimon and A. Blake, “Caging 2D bodiesby one-parametertwo-
fingeredgrippingsystems,” in IEEE Int. Conf. on RoboticsandAutoma-
tion, Minneapolis,MN, April 1996,pp.1458–1464.

[10] C. Davidson and A. Blake, “Caging planarobjectswith a three-finger
one-parametergripper,” in IEEE Int. Conf. on RoboticsandAutomation,
Leuven,Belgium,June1998,pp.2722–2727.

[11] A. SudsangandJ. Ponce,“On graspingandmanipulatingpolygonalob-
jectswith disc-shapedrobotsin theplane,” in IEEEInt. Conf. onRobotics
andAutomation, Leuven,Belgium,June1998,pp.2740–2746.

[12] A. SudsangandJ.Ponce,“On manipulatingpolygonalobjectswith three
2-dofrobotsin theplane,” in IEEEInt. Conf. onRoboticsandAutomation,
Detroit,MI, 1999,pp.2227–2233.

[13] Y. Koga, On ComputingMulti-Arm Manipulation Trajectories, Ph.D.
thesis,StanfordUniversity, 1994.

[14] R. Alami, J.P. Laumond,andT. Siméon, “Two maipulationplanningal-
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