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Abstract—This paper addresseghe problem of using thr eedisc-shaped
robotsto manipulate a polygonal object in the plane in the presenceof ob-
stacles. The proposedapproachis basedon the computation of maximal
discs (dubbed maximumindependentaptue discs or MICaDs) where the
robots can move independently while preventing the object from escaping
their grasp. It is shown that, in the absenceof obstacles,it is always pos-
sible to bring a polygonal object from any configuration to any other one
with robot motions constrainedto lie in a setof overlapping MICaDs. This
approachis generalizedto the casewhere obstaclesare presentby decom-
posing the correspondingmotion planning task into (1) the construction
of a collision-free path for a modified form of the object, and (2) the exe-
cution of this path by a sequenceof simultaneousand independentrobot
motions within overlapping MICaDs. The proposedalgorithm is guaran-
teed to generatea valid plan provided a collision-free path existsfor the
modified form of the object. It hasbeenimplementedand experimentswith
Nomadic Scoutmobile robotsare presented.

Keywords—capture regions,object manipulation, pushing, motion plan-
ning

|. INTRODUCTION

This paperaddressethe problemof usingthreedisc-shaped
robotsto manipulatea polygonalobjectin the planein the pres-
enceof obstaclesin practice therobotsmaybethefingertipsof
agripperor mobile platforms. The proposedapproachis based
on the computationof maximaldiscs(dubbedmaximuminde-
pendentcaptuie discs or MICaDs for short) of the workspace
wherethe robotscan move independentlywhile guaranteeing
thatthe objectcannotescapeheir grasp.

We shaw that, in the absenceof obstaclesthereis a neigh-
borhoodof any objectconfigurationsuchthatary otherconfig-
urationwithin it canbe reachedusing robot motionsconfined
to the associatediICaDs (a propertyakin to local controlla-
bility). This forms the basisfor an approachto manipulation
planningwherean objects trajectoryis divided into maximal
segmentssuchthatthe MICaDsassociateavith theendpointof
eachsggmentoverlap. We generalizethis approacho the case
whereobstaclesare presenby decomposinghe corresponding
motionplanningtaskinto (1) theconstructiorof acollision-free
pathfor a modifiedform of the object,and(2) the executionof
this pathby a sequencef simultaneousndindependentobot
motionswithin overlappingMICaDs. The proposedalgorithm
is guaranteedo generatea valid plan provided a collision-free
pathexists for the modified form of the object. In addition, it
doesnot assumehat contactis maintainedduring the execu-
tion of the manipulationtask,nor doesit rely on detailedanda
priori urnverifiablemodelsof friction or contactdynamicsput it
allowstheconstructiorof manipulatiorplansguaranteetb suc-
ceedunderthewealer assumptiorthatjammingdoesnot occur
during the task execution. We have implementedhe proposed
approachand presentexperimentswvith NomadicScoutmobile
robots.

The proposedapproachis basedon a few lemmas. Proofs
too lengthyto beincludedin the body of this presentatiorare

relegatedto anappendixalongwith the derivationof afew key
equationsA preliminaryversionof this work appearedh [1].

A. Badground

Whena handholdsanobjectat rest,the forcesandmoments
exertedby thefingersbalancesachotherto achieve equilibrium.
For the handto hold the objectsecurelyit shouldalsobe capa-
ble of preventingary motiondueto externalforcesandtorques.
This is capturedby the dual notionsof form and force closuie
that constitutethe traditional theoreticalbasisfor graspplan-
ning[2], [3], [4]. RecentlyRimonandBurdick haveintroduced
the notion of second-oder immobility [5], [6] and shavn that
certainequilibrium graspsof a partwhich do not achieve form
closureeffectively preventary finite motionof this partthrough
cunvatureeffectsin configurationspace.We introducedin [7],
[8] the moregeneralnotion of inescapableconfigumation space
region (or ICS): asshown in [5], [6], an objectis immobilized
whenit restsat anisolatedpoint of its free configurationspace;
moving the fingersin an appropriateway transformsthis iso-
lated point into a compactregion of free space(the ICS) that
cannotbe escapedby the object.

ICSregionswereintroducedn the context of in-handmanip-
ulationwith amulti-fingeredreconfigurableyripper[7], [8] (see
theworksof RimonandBlake [9] andDavidsonandBlake [10]
for the relatednotion of a cage in two- andthree-fingergrasp-
ing). We shaved in [11] thatICS regionscanalso be usedto
manipulateanobjectby pushingit with threedisc-shapedobots
moving oneat a time alongstraightlines with fixed directions.
Theobjectremainsatall timesin thelCS regionassociateevith
therobots,andthe manipulationwill succeedslongasthefric-
tion forcesassociatedvith contactsbetweertherobots,the ob-
jectandits supportingplanearenot large enoughto causgam-
ming.

The methodspresentedn [10], [9], [11] canonly be usedto
generatglanswhererobotsmove oneby onein afixeddirec-
tion. This severelylimits the extentof eachmanipulationstep,
forcingary complex motionto bedecomposedahto alargenum-
berof atomicelementsWe introducedn [12] anothetechnique
allowing the robotsto move oneby onein two-dimensionate-
gions.Herewe go further, shaving how to construcimaximum-
radiusworkspacediscswherethe robotscan move simultane-
ously and independentlywhile preventingthe objectfrom es-
capingtheir grasp,and usethesediscsas the basisfor a new
approacho motionplanningin the presencef obstacles.

The generalform of the manipulationplanning problemis
discussedn [13], [14], and[15]. The proposedapproachs re-
latedto anumberof othertechniquegor manipulatiorplanning
wherethe uncertaintyin the position of the manipulatedpart
is reducedby exploiting the taskmechanics.Work in this area



waspioneeredy Inoue[16] andWhitney [17], andtechniques
for re-orientingpartsthroughpushingand graspingoperations
have beendevelopedby sereralauthorsjncluding Fearing[18],
Mason[19], Mani and Wilson [20], Brost[21], Erdmannand
Mason[22], Peshkinand Sandersofi23], Goldbeg [24], Abell
and Erdmann[25], Raoand Goldbeg [26], Akella et al. [27],
andLeveroniandSalishury [28]. Unlike thesemethodsthatall
assumeomepredictive modelof thecontactmechanicspurap-
proachdoesnot requirethatrobot/objectcontactbe maintained
during graspingor manipulation,nor doesit rely on detailed
modelsof friction andcontactdynamics.In addition,by decom-
posingtheconstructiorof manipulatiorplansinto the computa-
tion of a collision-freepathfor (a modifiedform of) the object,
followed by the constructionof elementaryrobot motion se-
guencedgor executingthis path,we obtainanefficientapproach
to manipulationplanningin the presenc®f obstacleshatis ca-
pableof exploiting the effective algorithmsthatareavailablefor
motionplanningin low-dimensiorconfiguratiorspacessuchas
the exactmotion plannerof Avnaimetal. [29], or the approx-
imate but very efficient plannersof Barraquandand Latombe
[30] andKavraki etal. [31].

Il. MAXIMUM INDEPENDENT CAPTURE DISCS

We characterizein this sectionthe configurationsof three
disc-shapedobotsthat capturea polygonalobject,i.e., prevent
it from escapingto infinity. We will assumehat all contacts
betweerthe object,therobotsandthe supportingplanearefric-
tionless.Althoughthis assumptiors not verifiedby mostphys-
ical systemsrobotsthat capturean objectwithout friction will
still captureit whenfriction is present,and the motion plan-
ning techniquegresentedn latter partsof this article will be
guaranteedo succeedslongasthefriction forcesarenotlarge
enoughto causgamming.We assumén this sectionthattheob-
jecthasbeengrown by therobots’radius,while therobotshave
beenshrunkinto their centers(This transformghe boundaryof
the objectinto a generalizegolygonwith straightandcircular
arcs.) We considerthe grown objectandthe point-like robots
to be workspaceobjects. We will restrict our analysisto the
study of the constraintdmposedon the (point) robotsby three
arbitrarily chosenstraightedgesE;, E> and E3 of the growvn
object.

Notation: Givensomefixed coordinatesystemfor the plane,
wewill denoteby g; = (z;,y:) (¢ = 1,2, 3) thepositionsof the
robots By, B2 and B3, andby p = (z,y, ) the configuration
of the polygonalobject B being manipulated. The edgesF;
areassociatedvith therobotsB; (i = 1,2, 3), andwe denote
by E;(8) thesetof configurationgz, y) for which therobot B;
touchegheedgeFE; whenthepolygonB is at orientationd.

A given configurationof the robotsdefinesthe set F of free
configurationsof the polygonin its configurationspacelR* x
S1. For polygonalobjects,the robotsimmobilize the objectat
equilibrium, which occurswhenthe edgenormalsat the three
contactpointsintersectat a singlepoint andpositively spanthe
plane[5], [6].

We saythattherobotscaptute the objectwhen F containsa
compactconnecteccomponentZ andp belongsto Z. In this
caseheobjectis freeto moveinsidetheinescapableonfiguia-
tion spacg(IC9) regionZ, but it cannotescapéherobots’grasp.
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Fig. 1. Contactbetweeranedgeandarobot: (a) theoriginal (ungravn) object
andthethreerobots;(b) thegrown object,the point-like robots,andthe c-space
obstaclenducedby the contact.Both (a) and(b) arein workspaceandrelevant

configuratiorspaceobjects(p andE ()) have beenprojectedontoworkspace.

It canbe shawvn [11], [12] thatthe robotscapturethe polygon
whenthe sgmentsE;(6) (¢ = 1,2, 3) enclosea trianglefor all
possibleorientationsof the polygon (we saythatthe enclosue
conditionis satisfiedFig. 2(a)).

Fig. 2. Enclosureconditionin the configurationspaceof the object: (a) three
segmentsenclosingatriangle;(b) acritical configurationjc) anopenedriangle
andanescapgath. Eachpictureis a slice of c-spaceat a different(decreasing)
valueof . Therobotsareprojectedontoeachsliceto shav how theirassociated
ruledsurfaceschangeasé changes.

Startingfrom a configurationrwheretheenclosureonditionis
satisfiedtherobotswill form aninescapableageaslongasthis
conditionremainssatisfied Whenit is violated,theremustexist
somevalue of the orientationd at which the segmentsE;(6)
no longerenclosea triangle (Fig. 2(c)), allowing the polygon
to escapethroughthe opening. Becauseof the continuity of
the motion of the sgmentsE;(0), there must exist a critical
orientationd = 6, for whichanendpointof sggmentE;(6,) lies
on sgmentE;(d,.) right beforethe conditionis violated (Fig.
2(b)). If (z¢,y.) is the positionof this endpointalong £;(6.),
we saythat(z., y., 8.) is acritical configurationof thepolygon.
We also saythat a configurationof the robotsis critical when
thereexists sucha critical object configuration. We have just
showvn that:

Lemmal: All pathsjoining a configurationof therobotsthat
satisfieshe enclosureconditionto a configurationthatviolates
this conditionmustcontaina critical configuration.

Let ¢ = (g1,92,95) be a configurationof the robots for
which the enclosureconditionis satisfied. Considerthe maxi-
mal (in the senseof setinclusion)connectedsubsebf the con-
figuration spaceof the robotsthat containsthe configurationg
andis free of critical configurations FromLemmal, it is easy
to seethatall configurationsn this region mustsatisfythe en-
closureconditionsincethereexistsa pathfreeof critical config-
urationgoining g to ary configurationin theregion. We will not
attemptto characterizeaxactly the maximalregion in the joint
six-dimensionaktonfigurationspaceof the robots. Instead,we
will give simplesufficientconditionsfor computingdisc-shaped
regionsguaranteedo be free of critical configurationsaandthus
satisfyingthe enclosurecondition.



Definition1: Three discs Q;,Q, and 23 are independent
capture discs(or ICaDs for short)when,for arny configuration
q in Q; x Q, x Q3, therobotscapturethe object. A triple of
ICaDssuchthattheradiusof thesmallestdischasmaximalsize
is calledatriple of maximumndependentapture discs or MI-
CaDs

A. Constructingthe MICaDs

The restof this sectionpresentsa methodfor constructinga
triple of MICaDs. We assumehatanimmobilizing configura-
tion g, of therobotsexists for the selectedriple of edges and
characterizeéherangeof motionsthatrobotsstartingin g, may
undego beforereachinga critical configuration.

Whenthe robotsandthe polygonareat a critical configura-
tion, thereexist s andj (1 < 4,5 < 3 andi # j) for which
an endpointof the segment E;(6) lies on the sggment E;(9).
This eventoccurswhenthe robot B; touchesthe edgeE; and
the robot B; is locatedat the endpointV; of the edgeE; that
is farthestfrom E;. In sucha configurationthe objectwill ei-
thertouchtwo of therobots(Fig. 3(a))or all threeof them(Fig.

3(b)).

@) (b)

Fig. 3. Thetwo possibletypesof critical configurations{a) doublecontact;(b)
triple contact.In eachcasewe move from animmobilizing configuration(white
dots)to acritical one(blackdots). Thedotshererepresenthe pointrobots.
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The double-contacandtriple-contactcaseseachprovidesa
differentsetof constraintsthat form the basisof a methodto
calculatethe positionsandradii of the MICaDs. Both methods
rely onexactsolutionsto threeequationsn threeunknavns,and
for the double-contactasethe solutionis optimalin the sense
that the radii of the MICaDs are as large as possiblefor ary
placemenbf thediscs.

The methodwe give for computingMICaDs in the triple-
contacttasds lessthanoptimal. We sacrificeoptimalityin favor
of easeof calculation. Its advantageis that a feasibleresultal-
waysexists,evenwhenafeasiblesolutionfor thedouble-contact
equationgloesnot exist.

A.1 DoubleContact

Definition2: We denoteby d; ; the distancefrom the edge
E; to thepointV; (of theedgekE)) thatis farthestfrom E;, and
by R; ; = R;,; thesmallestof thed; ; andd; ; distances.

Thereis no critical configurationwhenthe distancebetween
B; and B; is shorterthan R; ;. More precisely we have the
following result.

Lemma2: A sufficient conditionfor the enclosurecondition
to besatisfiedatthe configurationg is that|g; — g,| < R; ; for
1<i<yj<3.

LA triple of edge-robopairsimmobilizing the objectalwaysexists, andit can
befoundin time linearin the numberof edged32], [33].

Thislemmaassumeshatwhentherobotsarein configuration
g, they arenotsocloseto eachotherthatthe spacehey enclose
is empty Sincewe startwith an immobilizing configuration
andthenmovetherobotsaway from eachother, thisassumption
holds. This lemmagivesus a methodfor constructinga setof
ICaDsby imposingappropriateconstraintson the sizesof these
discs(Fig. 4).

Definition3: We denoteby Q; the disc with centeru; =
(us,v;) andradiusr; > 0 thattouchesthe edgeF; of the ob-
ject(i = 1,2,3), andby C; ; thediscwith centeru; andradius
R; ; —r; fori andj suchthatl <i < j < 3.

Fig. 4. Constructiorof independentapturediscs.

Thefollowing resultis animmediatecorollary of Lemma2.

Lemma3: Whentheradiir; (3 = 1,2, 3) arechosernsothat
0 C 0371, Qy C 01,2 andQs C 02’3, thediscsQq, Q2 andQ3
form independentapturediscs.

Positive radii satisfyingthe hypothesesf Lemma3 may not
exist, in which casethe solutionis not feasibleandwe mustuse
thetriple-contactmethod. Assumingthatthey do exist, andlet
usaddresghe problemof maximizingthe smallestof thethree
radii.

Lemmad: The independentcapture discs maximizing the
smallestof their radii satisfythe following conditions: (a)
is tangentto Cs 1, Q2 is tangentto C; » and Q3 is tangentto
C3,3; (b) therobotconfiguratiorwherethediscsQ;,¢ = 1,2,3
touchthe edgeE; mustimmobilizethe object;and(c) thethree
discsmusthave thesameradius.

Proof:
(a) £ is tangentto Cs 1, £, is tangentto C » and Q3 is tan-
gentto C» 3. It is easyto seefrom Figure4 thatwhenthis condi-
tion is not satisfied thereis spacefor the smallestdiscto grow.
Figure 5(a) shavs an exampleafter the radiusr; hasbeenin-
creasedintil this conditionis satisfied.
(b) TherobotconfiguationwherthediscsQ;,7 = 1,2, 3 touch
the edges E; mustimmobilizethe object. Evenwhencondition
1 is satisfied,t is still possiblefor the radii to increase.Figure
5(a)illustratesthis: conditionl is satisfiedbut thethreenormals
at the contactbetweenthe independentliscsandthe objectdo
notintersect.This impliesthatthe objectis notimmobilizedby
thediscs,thereforeit canmoveto a configurationrwhereit does
not touchthe discs(Fig. 5(b)), providing spacefor themto get
larger.
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Fig. 5. Proving Lemma4: (a) independentapturediscswhere condition 1
satisfied;(b) whenthe discsdo notimmobilize the object,thereis somespace
for the smallestiscto grow.

(b)

(c) Thethreeradii areequal:r; = ro = r3. ConsiderFig-
ure 6. We denoteby L; ; the line segmentjoining two points
in the disc?; andthe discQ2; thatarefarthestfrom eachothet
Clearly, L; ; passeshroughthe centersof bothdiscs. For con-
dition 1 to be satisfied the length of L; ; mustbe maintained
constantat R; ;. In Figure 6(a), we assumethat the first two
conditionsaresatisfiedandr, is thesmallestadius.To increase
theradiusr,, we changeheintersectiorpointbetween’, » and
L, 3 (whichis thelocationof thecenterof Q). For thediscsnot
to intersectwith the objectandto maintainthe constantength
of eachL; ;, asrs increasesthe objectmustmove toward €2,
andQ3 andtheradii r; andr; mustdecreaséFig. 6(b)). Since
this processcanalways be appliedaslong asthe radiusof the
smallestiscis strictly smallerthanthe otherones this radiusis
maximizedwhenall threeradii areequal.

Fig. 6. Growing thesmallestisc.

Lemma4 allows usto computethe MICaDs. For agivencon-
figurationof the object,thesediscsaredefinedby threeparam-
eters:theposition(s, t) of theintersectiorof thethreenormals
to theobjectedgesatthe pointswherethediscstouchthem,and
the commonradiusr of the discs. Lemma4 yields a quadratic
equationin r, s andt for eachdisc (AppendixA), andthe max-
imum capturediscscanbe found by solving the corresponding
systemof threeequationsin three unknavns using homotopy
continuation[34] andpicking the solutionthatyields the max-
imum value of ». The centersof the correspondingliscsare
easilydetermineddy the conditionthatthey mustbe tangentto
theselectedbjectedges.

A.2 Triple Contact

For the double-contactolutionto be feasible: 1) r, s andt
mustbe real numberg(imaginarycomponenequalto zero),2)
r mustbe positive, and3) (s, t) mustbepositionedsothateach
discis tangentto its respectie edgeat a point that is actually
on theline sggmentthatis part of the object. Failing that, we

cannotdeterminethe MICaDs using the double-contacequa-
tions. (Thereasorwhy this occurshasto do with the shapeof
the configurationspaceobstaclesandis beyond the scopeof
this paper) However, we canusethe following method,which
is basedon constraintslerivedfrom thetriple-contactcase.

Let gy = (o1, 902, 03) be animmobilizing configuration
for the object. Theremustexist someé > 0 suchthat a criti-
cal configurationoccurswhenthedistancebetweereachpair of
robotsis increasedy §. This critical configurationis necessar
ily associatedvith threecontacts(Fig. 3(b)) sincethereis no
two-contactsolution.

We calculatethe maximum distancethe robots can move
away from each other before a critical configurationoccurs.
More precisely if di; = |go; — go;| 1 < i < j < 3), we
seekd > 0 suchthat
for 1<i<j<3, (1)
and,say g, coincideswith thevertex V; of E; farthesfrom the
edgeE, while g, andg, lie ontheedgesE, and E5. This crit-
ical configurationis definedby the threeequationg1) in three
unknownsé, t; andts, wheret, andts definethe positionsof
g, andg, alongthe correspondingdges. The solutionyield-
ing the minimum positive value of ¢ is picked. The procesds
repeatedor eachpair E;, E; (1 < 4,5 < 3 and¢ # j) and
thesolutioncorrespondingo the minimumoverall § valueis re-
tained. Thediscsof radiusd /4 touchingthe edgesof the object
atqo;, 9oz, 903 arethedesiredviiCaDs.
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Fig. 7. Constructiorof MICaDsin three-contactase.

lg; — g;] = di,; + 6,

The existenceof a physically-realizablesolution is guaran-
teedby the fact that g, is animmobilizing configurationand
theremust exist a critical configurationat someé > 0. The
choiceof §/4 for theradiusof the discsguaranteethatthe dis-
tancebetweenary pair of robotscannotbe increasedby more
thané.

I1l. MOTION PLANNING WITHOUT OBSTACLES

Withoutlossof generalitywe will continueto assumen this
sectionthattheobjecthasbeengrown by theradiusof therobots
andthe robotshave beenshrunkinto points. The MICaDs are
rigidly attachedo the boundaryof this object,andwe consider
them as a single (if disconnectedy)igid workspaceobject (2,
whosereferencdramecoincideswith the frameattachedo the
object. Thereis a uniquepoint on the boundaryof eachMICaD
wherethedisctoucheghe edgeof thegrown object.

Notation: From now on, we will denoteby 2; the MICaD
associatedvith E; : = 1,2,3), by Q;(p) the region of the
workspaceccupieddy 2; atconfigurationp. We will denoteby
g, the point on the boundaryof €2; whereit toucheshe grown



object,andby g, (p) the pointin workspaceoccupiedby g, at
configurationp.

The threerobotsform an inescapableageif thereexists a
configurationp of © suchthat g, belongsto Q;(p) for i
1,2, 3. Accordingto Lemmad4, whenthe positionsof therobots
areq; = g;(p) (¢ = 1,2,3), the objectis immobilizedin the
correspondingonfigurationp.

Lemma5b: Givensomeobjectconfigurationp andassuming
that the radiusr of the capturediscsis positive, therealways
existsaneighborhood’ of p for which Q;(p) N Q;(p') # 0 for
1 = 1, 2,3 andary configurationp’ in U.

Figure 8 illustratesthis lemma,which follows directly from
the factthatthe mappingu; : R? x 8! — R? thatassociates
with aconfiguratiornp of the objectthe centerof thecorrespond-
ing disc Q;(p) is continuous. Thusthe pre-imageof the open
ball centeredn u;(p) with radius2r is alsoanopensetU;(p),
not emptysinceit containsp. ThesetU = n2_, U;(p) is also
openandnonempty andit definesa neighborhoodf p where
Qi(p) N Q;(p') # B fori =1,2,3andary p’' inU.

@ Q(p) N Q(p")
\

Q3(p) n Qyp")

Fig. 8. An objectin two differentconfigurationgp and p’, with overlapping
MICaDsdueto thefactthatp’ is in theneighborhood of p.

Qi(p) N Qu(p’)

. —
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Lemma6: Given an object configurationp and ary other
configurationp’ in the neighborhoodJ definedin Lemmas,
andsomeconfigurationg in Q4 (p) x Q2(p) x Q3(p), thereex-
ists a trajectoryof the threerobotsstartingin g thatwill bring
the objectto the configurationp’.

The proof of this corollary is constructve: if q
(g1, 45, 45), moveeachrobotfrom g, to somepointin Q;(p) N
Q;(p') fori = 1,2, 3, thenmove therobotsagainto theimmo-
bilizing configurationg’ = g(p') in Q1 (p') x Qx(p') x Q3(p’)
(Fig. 9). Of course pneshouldmake surethattherobotsnever
leave their correspondingliscs. Sincethe discsarecorvex, we
caneasilyachieve this by limiting the motionsof the robotsto
translations. Note that Lemma6 statesa propertyakin to lo-
cal contwllability in manipulationplanning[35]. Since,in the
absenceof obstaclesthe configurationspaceof the objectis
connectedindthe configurationp canbearbitrarily chosenwe
caniteratively applythis procedureo bring theobjectfrom ary
initial configuratiorto ary final one.

Implicit in moving the objectfrom p to p’ is thatoneor more
of therobotswill make contactwith andpushthe object. How-
ever, we do not needto explicitly planany push.In essencewe
aremoving a bubble (the ICS) aroundin configurationspace,

andthe objectmustremainin thatbubble. A wall of the bubble
representsontactbetweerarobotandanedgeof the object. If
theobjects configurationies onthatwall asit moves,therobot
is pushingthe object.

Fig.9. Close-upof arobotmoving from somepointq, in Q1 (p) to somepoint
in Q1(p) N Q1(p') andfinally to ¢} = g, (p").

A. Geneating Pathsfor the Robots

Let usnow addresshe problemof commandingherobotsso
that the manipulatedobjectfollows somepre-specifiedpath P
parameterizethy p : [0,1] — R? x S'. To reducethe possi-
bility of jammingdueto (unmodeled)riction, we will not at-
temptto immobilize the objectexceptat its goal configuration.
The threerobotscanbe thoughtof asa moving cagealongthe
path. To simplify the notation,we will useQ;(t) for Q;(p(¢t))
and E;(t) for the location of the edge E; associatedvith the
objectconfigurationp(¢). SupposehattherobotsB; areatthe
configurationsy; in Q;(t) (@ = 1, 2, 3) andthuscapturethe ob-
ject. FromLemmab, therealwaysexistssomed > 0 for which
Q;(t) N Q;(t + §) is not empty (we will seein a minute how
to computethe maximumpossiblevaluefor §). To progressy
¢ alongthe path, we commandeachrobotto move from g, to
thepointg} (¢,d) in Q;(t) N Q;(¢ + 6) thatis closesto theline
E;(t + 6) (Fig. 10). This approachallows the robotsto move
independentlyduring a single step, which greatly reducesthe
precisionof controlrequiredto executea motionplan.

N\

Fig. 10. Close-upof arobotmoving from somepointq, in £1(¢) to thepoint
g7 closestto theline E1(t + &) (dravn hereusinga thick brush)in 1(t) N
Q1 (t + 9).

/ i \

Any pointin Q;(t) N Q;(¢ + ) could have beenchosenfor
q;(t,8). However, the proposedchoice keepseachrobot as
closeto the objectaspossible,which, asdiscussedn Section
IV-A, will allow larger stepsizesin the presencef obstacles.
It is alsoeasyto compute:Figure 11 shows the threepossible
cases. They involve four points: the two intersectionsof the
circles, and the point on eachcircle that is closestto the line
E;(t + 8). We only considerthosepointsthatare containedn
bothdiscs,andchooseheonethatis closesto theline.

To move the objectalongthe chosernpath,we first command
therobots B; to moveto ;(0) for i = 1,2, 3, sothatthey can
capturethe objectattheinitial configurationp(0). The stepde-
scribedabove is thenrepeatedintil the robots B; arein Q;(1)
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Fig. 11. Thepointin theintersectiorof two discsthatis closesto agivenline.

andthe objectcanbeimmobilizedandbroughtto the goal con-
figuration p(1). To find an efficient plan, we mustdetermine
the maximumvalued* of ¢ for eachstepin the sequenceThis
problemis addresseth the next section.

B. ComputingMaximumStepsAlonga Path

Let us fix somevaluety for t. Whend§ = 0, the two MI-
CaDs(tg) andf(to + &) obviously coincide.As § increases,
theremustexist somecritical valued; of ¢ for which the two
discsQ;(to) andQ;(to + d) (¢ = 1,2,3) aretangentto each
other beforetheir intersectionbecomesempty Let §* denote
the smallestof thesethreevalues;it is thenclearthat the MI-
CaDswill overlapfor 0 < § < ¢* andthatat leastof onethe
correspondingairsof discswill getdisconnectedvhend > §*.

Given an object configurationp, = p(tg), computingthe
maximumallowable step§* alongthe path P is thus equiva-
lent to computingthe threevaluess; (i = 1,2, 3), i.e., solving
threeinstance®f thefollowing problem:Givenafixeddisc Aqg
with centera andradiusr, find all objectconfigurationg such
thata disc A with centera andradiusr rigidly attachedo the
objectremaingangento 4, (Fig. 12). Here Ay and A standfor
a pair of maximuminescapableliscsassociateavith the same
edgeof theobjectin configurationg, andp.

Fig. 12. Objectconfigurationssuchthatthe associatedICaD is tangentto a
fixedMICaD. Left: thetwo discsandthe object. Right: thecircle C(0) swept
by the positionof the referencepoint  as¢ varieswhile  remainsfixed, and
thecircle D sweptby thecentere(8) of C(0) asé varies.

We parameterizé¢his problemby two angles:the orientation
¢ of theline joining a¢ anda, andtheorientationd of theobject
at configurationp. If & denotesthe position of the reference
point of theobjectin this configurationjt is easyto seethat,for
afixedvalueof 8,  describesa circle C(8) with centere(6)
(Fig. 12), suchthatfor ary valueof ¢, we have ¢(6) — ag =
x — a. As 0 varies,thepoint¢(8) describescircle D centered
in ao with radius|z — a.

In configurationspace this meansthat the configurationgp

suchthat 4y and A remaintangentto eachotherform the heli-

coidalsurfaceH sweptby thecirclesC(8) asf variesbetween
0 and2x. This surfaceactsasa boundarythatlimits the largest
singlestepthatwe cantake alongthe pathP. Its shapds inde-
pendenbf the objectandrobot configurationsput its position
in the configuratiorspaceof the objectdependon p,,.

To determined; (i = 1,2,3), we searchfor the first inter
sectionbetweerthe path? andthe correspondindnelicoid #;,
startingin ¢ = t¢. Thisis a simpleone-dimensionahumerical
searchthat can be implementedefficiently. The valuet} of ¢
correspondingo thefirst intersectiordetermines; = t7 — to.
Theparameteb* is thendeterminedasthe smallestof thethree
valuesfound.

IV. MOTION PLANNING WITH OBSTACLES

We can adaptour approachto the casewhereobstaclesare
presentby addingthe constraintthat the objectandthe robots
shouldnevercollide with anobstacleduringary stepof thepath.
To achieve this, we mustfirst find a collision-freepathP for a
modifiedform of the object(Fig. 13). We will thenmodify the
stratgyy outlinedin the previous sectionto follow that pathin
stepsthatareaslarge aspossibleyet areguaranteedo prevent
ary collision.

Themodifiedform of theobjectis essentiallftheunionof the
objectwith thethreerobots(having their naturalnon-zeraadius
this time) locatedat the referencemmobilizing positions. The
robotsmustbetakeninto accountby the motion planningalgo-
rithm becaus¢éhey mustpasghroughfreeworkspacelongwith
theobject. Furthermoretheremustbe enoughroomaroundthe
objectfor Lemma6 to applyandfor therobotsto beableto push
it in arbitrarydirections.

@) (b)

Fig. 13. Two differentobjectsthat may be passedo the motion planner: (a)
the polygonalobjectis grovn by 2r + €, wherer is the robots’ radius; (b)
outerpolygonalapproximation®f therobotsaresweptto adistances from the
relevantedgesandthe union of the sweptregion with the correspondingbject
ervelopeis computed.

Variousforms canbe chosen(Figure13). Smalleroneswiill
resultin pathsthattendto bring the objectcloserto obstacles,
which forcesareductionin stepsizeto avoid collisions. Larger
onesmay preventthe plannerfrom finding feasiblepaths. We
have conductedxperimentswith two approacheguaranteedo
yield valid plans. The first one, discussedn [1], is to grow
the objectby the diameterof the robotsplus somesmall clear
ancee (Fig. 13(a)). However, this createsan unnecessarily
large object, which keepsthe plannerfrom finding otherwise
feasiblepaths.The secondapproachwhichis currentlyusedin
our implementationjs to constructthe polygonalregion swept
by (outer) polygonalapproximationsof the robotsasthey are
movedto a distanceof ¢ from the relevantedgesand compute
its unionwith the correspondingenvelope” of the object(Fig.



13(b)). This ervelopeis itself the union of all the regions of
workspacethat the object may occupy while it is capturedby
the robotsin a given configuration. We will defineervelopes
moreformally in SectionlV-B.

We modify the stratgy outlined in the previous sectionto
follow the pathoutputby the plannerin stepghatareaslargeas
possiblebut at the sametime small enoughto avoid collisions.
More precisely we useAlgorithm 1, which segmentsthe path
foundby theplannerandoutputsa sequencef stepgfor eachof
thethreerobotsto follow.

Algorithm 1
Input: Theobject,the obstaclesandthe pathof the objectout-
putby themotionplanner
Output: The path P. Eachstepof P is a configurationg =
(g1,92,q5) of thethreerobots.
q = g(0);// g(0) = (g1(p(0)), g2(p(0)), g5(p(0)))
P« {q};
t+0;
repeat
6* + MaxDelta (t);
Usebisectionto find the maximumvalued in [0, §*] such
thatCLEARGgq, t, §) returnsTRUE
g + Closest (t,9);
P+ PuU{q};
t—t+9;
until ¢ = 1;
P+ PU{g(1)}.

ThefunctionMaxDelta (¢) implementghecalculationof the
maximumstepsizein the absencef obstaclesasdescribedn
the previous section. The function Closest  (t, §) implements
the methodof selectingthe pointin the intersectionof two MI-
CaDsdiscussedn Sectionlll-A anddepictedn Figurell. The
predicateCLEARGg, t, §) returnsTRUE:If it is not possiblefor
the objectto collide with the obstaclesvhenthe robotsmove
from ¢q to Closest (t,d) and FALSE otherwise. The rest of
this sectionshavs how to efficiently implementthis predicate.

A. ImplementingCLEAR

At eachstepin theplan,thethreerobotsmove simultaneously
andindependentlyfrom eachotheralongline sgments.Thus,
implementingCLEARrequiregheability to testwhethertheob-
jectmaycollide with theobstaclegor ary positionof eachrobot
along the correspondindine seggment. The following lemma
simplifiesthe calculations.

Lemmar: If ICS(g,, g, g;) denoteghesetof free configu-
rationsof the objectassociatedvith the robotconfigurationsy;
(t=1,2,3),then

U 105(41,112743): U ICS(Q1a‘12a¢13)

q; € dtq a; € {d},q}'}
i=1,2,3 i=1,2,3
for ary two configurationsqg’ = (qi,g5,q%) and q" =

(¢¥,d%,q%) in thesametriple of MICaDs.
The proof of this lemmais elementanbut lengthy andit is
relegatedto AppendixB. Lemma7 shaws that despitethe fact

thateachrobot canbe arywhereon a line segmentin the asso-
ciatedMICaD, testingwhetherthe object can collide with the
obstacleseducesto performingthe collision test at the eight
configurationswhereeachrobot is fixed at one of the endsof

theassociatedine sggment.

Given oneof theseconfigurationswe wantto testfor possi-
ble collisionsof the capturedobjectwith an obstacle.Directly
testingtheintersectiorof theICS with a configuratiorspaceob-
stacleis complicatedand computationallyexpensve. Instead,
we reformulateour problemin the workspaceof the robots. If
we definethe ernvelopeof an objectasthe region of the plane
thatit sweepsasits configurationvarieswithin the ICS, testing
for potentialcollisionsreducedo testingwhetherthe objecten-
velopeintersectgheseobstaclesSincewe dealwith polygonal
obstaclesthis only requiresknowing how to testtheintersection
betweerthe ervelopeandaline sggment.

B. Collision Chedking

To simplify thediscussionwe will assumdor thetime being
that our robotshave zeroradius,so thereis no needfor a dis-
tinction betweerthe original objectandthe grown one. We will
comebackto the generakaseat the endof this section.

Ratherthanexplicitly constructhe envelopefor eachconfig-
urationof the robots,we directly testwhetherit is possiblefor
ary edgeor vertex of the objectto collide with aline sggment
boundingoneof the obstaclesSupposehe objectis in theICS
determinecby a configurationof the threerobots. Eachrobot
is associatedvith oneof the edgesof the object,andthe object
canonly touchthe robotsalongthoseedges. The boundaryof
the ervelopeof an objectcorrespondso its configurationsfor
which two of the edgesarein contactwith the corresponding
robots, andit is thereforecomposedf three partsassociated
with the correspondingloublecontactsFig. 14). Whenaline
segmentintersectghe envelope,it mustintersectat leastone of
theseparts,or lie insidetheervelope.

(b) ()

Fig. 14. The ervelope of a hexagon: (a) the first of the threearcsformed
by a doublecontactbetweenthe hexagonand point robots; (b) the complete
ervelope;(c) thetrue envelopewhenthe non-zeroradiusof the robotsis taken

into accountasexplainedat the endof this section(the hexagonis shavn atone
of its extremeorientationsin this case). Note that the envelopes boundaryis

composef smoothcurved sggments.

Let usfirst focusontestingthe intersectiorof aline sggment
with the part of the ervelopeboundaryassociatedavith the in-
finite line supportingoneof the objectedges.More concretely
let usconsidetthe objectconfigurationgor whichtherobotsB;
and B, touchtheedgesFE; andE,. Let L, betheline support-
ing someotheredgeFE, of the polygon. We have thefollowing
lemma,whichis provedin AppendixC.

Lemma8: As the object rotateswhile maintainingcontact
with B; and B,, L, rotatesaswell and remainstangentto a
fixedcircle C,,.



The object configurationsthat maintain contact with the
robotsB; and B, have a singledegreeof freedomandthey can
be parameterizethy the objectorientationd. But sincethe ob-
ject cannotescaped mustbein somerange[fr, 6x] whereér
and @y correspondo two configurationsfor which the object
toucheghethreeedges Figurel5(a)shovstheregion S, swept
by L,, astheobjectrotatesin therange[6r, 0x].

() (b) (©)
Fig. 15. Regionssweptby (a) theline L,, (b)-(c) the half spacesoundedby

a-

Let us pretendfor a momentthat L,, is the only edgeof the
object. In this case the objectervelopeis the region sweptby
oneof the half-planesboundedby L, asthis line rotateswhile
remainingtangentto thecircle C,. Therearetwo possibilities,
illustratedby Fig. 15(b)-(c): the ervelopes boundaryis either
composeadf two line sggmentgFig. 15(b)),or of two line seg-
mentsanda circular arc (Fig. 15(c)). In thefirst case,testing
theintersectiorof aline sgmentwith the boundaryreducedo
testingits intersectionwith the line L, at orientationsd; and
0m. In the secondcase an additionalintersectiontestwith the
circularpartof the ervelopeboundarymustalsobe performed.

Of course,the edgesboundingthe objectonly have a finite
extent. To take this into accountwe now considerthe edgeE,
itself insteadof its supportindine L,. Theregion sweptby this
edgeasthe objectrotatesunderthe double-contactonstraints
a subsetof theregion S, sweptby theline L,. It is bounded
by quarticcurvestracedby the endpointsof the edgeFE, asit
rotatesaroundthe circle C,. Computingthe intersectiorof the
curve tracedby an objectvertex and a given line segmentre-
ducesto solvinga trigonometricequationin the objectorienta-
tion @ (which canbedonein closedform), thentestingwhether
this orientationis in the range[6r, 0], andfinally checking
whetherthe correspondingntersectionpoint is within the ex-
tentof theline segment(seeAppendixD for details).

To summarize,we test the intersectionof the ervelopes
boundarywith a givenline segmentby testing,for eachpair of
contactswith two robots,the intersectionof this segmentwith
(1) theedgesf theobjectatorientationd);, andég, (2) thecir-
culararcsof theernvelopeboundaryand(3) the curvessweptby
the objectvertices(Fig. 16). This procesdakestime linearin
the sizeof the polygon,andit mustberepeatedor every obsta-
cle edge(or until someintersectionis found). It is of coursealso
possiblefor anobstacleo beentirely containedn theervelope.
This canbe testedby checkingwhetherthe line sggmenteither
lies inside (1) the objectwhend = 61, or § = 8y, or (2) the
region sweptby the edgesasthey rotatefrom 6 to 8. The
secondestis similar to the intersectiontestbetweera sggment
andthe curve sweptby an objectvertex, andit alsoreducego
solvingatrigonometricequation.The ervelopemayalsolie in-
sidethe obstaclewhich canbe testedby checkingwhetherthe

threerobotsthemselesareinsidethe obstacle.

@) (b) (©)

Fig. 16. The varioustypesof boundaryarcsof an ervelope: (a) edgesof the
objectatthe extremeorientations{b) curvestracedby verticesof the object;(c)
acirculararctracedout by anedgetangento it.

As noted earlier we have assumedn this sectionthat the
threerobotshave zeroradius. It is easily shavn that collision
checkingfor robotswith non-zeroradiuscanbe carriedout ex-
actly asdescribedabove, exceptthat (1) the anglesfr, andfy
arecomputedusingthe grown objectandthe shrunkrobots,(2)
the straightandcircular partsof the ervelopesboundaryare of
courseconstructedisingthe edgesof theoriginal object,not of
its grown version,and (3) the intersectiondetweerthe curves
sweptby objectverticesandthe obstacleedgesarefound(again
in closedform) by solvingamodifiedversionof thetrigonomet-
ric equationderivedin the zero-radiusase(seeAppendixD for
details).

C. Optimization

We canimprove the efficiency of the approachproposedn
the previous sectionby limiting collision checkingto obstacle
edgesin the vicinity of the ernvelope: we computea bounding
rectanglefor the ervelopeandtesttheintersectiorbetweerthis
rectangleandeachobstacleedge.To constructa boundingrect-
anglefor theervelope,we first computethe radiusof the small-
estcircle thatcontainsthe object(Fig. 17(a)): thisis known as
the smallestenclosingcircle problemin computationajeome-
try, andtheradiuscanbe foundin time linearin the size of the
polygonby arandomizedalgorithm[36]. We placethreecircles
with thisradiusin theworkspacesothateachonetouchesa pair
of therobotsandits centeris outsidethetriangleformedby the
threerobots(Fig. 17(b)). The boundingrectangleis computed
asthesmallestsotheticrectanglgi.e., with sidesparallelto the
coordinateaxes)thatcontainghethreecircles. |t is easyto shov
thatthe ervelopeis containedn this rectangle.

' R

(a) (b) e

Fig. 17. Constructinga box boundingthe envelope: (a) the smallestcircle
containingthe original object,and(b) a simpleboundingbox of theervelope.

We usea quadtreeto avoid testingedgesthat are far away
from the rectangleéboundingthe object. The obstacleedgesn-
tersectinga quadtredeaf arestoredalongwith this leaf, which
allows theretrieval of the edgesntersectinghe quadranof the
workspaceassociateavith ary leaf in logarithmictime. An al-
ternative would be to encloseevery obstacleedgeinto aniso-



theticrectangleandretrieve all rectanglesntersectingherect-
angle boundingthe object. In computationalgeometry this
problemis referredto asorthogonalintersectionsearching and
it canbe solvedwith querytime O(m + logn) andpreprocess-
ing time O(n logn), wherem is the numberof edge-enclosing
rectanglesntersectingthe object-enclosingectangle andn is
thenumberof obstacleedgeq37], [38].

V. IMPLEMENTATION AND RESULTS

We have implementedhe constructiorof MICaDsfor polyg-
onal objects. The implementationdoesnot include the triple-
contactcase(discussedn Sectionll-A.2), but is still capable
of handlingmost polygonsin which we areinterested.Figure
18 shovs someexamplesof polygonsandtheir associatedl-

CabDs.

(a) : (b) :

(©) i (d) i
Fig. 18. Examplesof MICaDs: (a) the objectusedin the experiments(b)-(d)
otherexamples.In eachexample,the polygonalobjectandthe threerobotsare

portrayedwith shadedregions, while the grovn generalizecdpolygon andthe
correspondingiCaDsareportrayedwith blacklines.

We have alsoimplementedhe proposednotion planningal-
gorithm,andconductedxperimentaisingthreeNomadicScout
robotsand a styrofoamtriangle on castergFig. 19). We use
the motion planning library containedin the Move2D pack-
agefrom LAAS to computecollision-freepathsfor our objects.
Move2D is a graphicalmotion planning packagewhich con-
tainsa potential-fieldplannerbasedon the navigation function
methoddiscussedn [39].2 For obstaclesve have usednatu-
rally occurringobjectsin ourbuilding, suchaschairsandpillars,
modeledassimplepolygons.

Figure20 shows still imagesof two experimentsaandthe cor-
respondingmotion plans. Animationsof theseplansand ac-
tual video footageare available from our web site, http://
Www-cvr.ai.uiuc.edu/ponce_grp/demos/m icad .

A. Closed-LoopContmol

As mentionedabove, we have conductedexperimentswith
bothopen-andclosed-loopcontrol,usingdeadreckoningin the
first case,and visual feedbackfrom overheadcamerasn the
seconcbne. Theopen-loopapproactasproveninsufiicient for
pathswhoselengthis greatethanabout5 metersdueto imper
fect odometryanddrift dueto friction andslipping. For closed-
loop control,we have implementeda visuallocalizationsystem

2Seethewebsite[40] for detailson the softwareandits implementation.

Fig. 20. Snapshot®f two experimentsusing(left) deadreckoning and (right)
closed-loopcontrol.

basednthelLocext softwarefrom LAAS [41]. Ourlocalization
systemusesthreeoverheadcameragFig. 21(a)),fitted with IR
passfilters, andtherobotsarefitted with circular patternsof IR
LEDs (Fig. 21(b)-(c)). Locext producesrery accuratgosition
information (within 5mmand0.02degrees)oy finding the cen-
troid of the imageof a given LED to sub-pixel accuray, and
combiningthe informationfrom all the visible pointsto local-
ize a givenrobot. The useof multiple LEDs on eachrobotalso
senesto distinguishthatrobotfrom the others.
Eachrobotrunsa sener programthatis responsibldor both
executingmotion commandsanddeterminingthe currentloca-
tion of thatrobot. Robotsdetermineheir positionby combining
two unreliablesourcesf information: odometryandvisual lo-
calization. Theaccurag of odometrydegradesn proportionto
the distancethe robotstravel. The accurag of the visual lo-
calization systemis quite good, andit is independendbf how
far therobotstravel. However, whenonerobotis partially hid-
denfrom the camerasy oneof the obstaclesr the object,the
visual localizationsystemmay get confusedand returnan in-
correctvalue. Sucherrorsaretransitory but the corresponding
readingsshouldof coursenever beusedto guideamotion. This
haspromptedusto usea very simplemodelof uncertainty:As
it moves,eachrobot maintainsa moving disc D; (1 = 1,2,3)
whosecenterrepresentéts nominal positionandwhoseradius
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(a)mm

Fig.21. Robotlocalization:(a) thefieldsof view of thethreeoverheaccameras,
overlaid on the floor plan of our laboratory minusthe chairsusedasobstacles
in Figure20; (b) animageof thethreerobotswith the IR LEDs turnedon; and
(c) thecorrespondindR image.

is an upperboundon the currentlocalizationerror. After each
motion step, the position of D; is updatedusing the robot’s
odometry andits radiusis grown using boundson the odom-
etryerror. As long asthisradiusis below somepresethreshold,
the motion proceedausingodometryalone. Whenthe thresh-
old is exceededa positionandorientationreading(z;, y;, 8;) is
requestedrom the visual localizationsystem. If (z;,y;) falls
within D;, this readingis acceptedthe centerof D; is setto
(z;,9:), andits radiusis resetto zero. Otherwise thereadingis
ignored,and one more stepis taken usingodometrybeforere-
guestinga new reading.As mentionedearlier, the errorsof the
visual localizationsystemare normally transitory andin prac-
tice this simple approachworks quite well, allowing the robots
to movefreelywithoutbeinglimited by thespeedr coverageof
thevisuallocalizationsystemwhile maintainingaccurateposi-
tion informationduring extendedmotionsequences.

B. ComputationalCost

We canmeasurehesizeanddifficulty of aproblemindirectly
by observingthe pathlengthand numberof stepsoutputfrom
the planner We have generatechlanswith over 400 stepsin
fairly complicatedsimulatedenvironments. The plan depicted
in the right portion of Figure 20 has129 steps. We computed
the plan on a 500MHz CeleronPC systemrunningLinux, and
thetime costfor variousphasesre: generatéMICaDs = 2.02s;
generatanmodifiedobject= 293.44s;run Move2D motion plan-
ner=2.71s;run Algorithm 1 = 23.31s.

Generatinghemodifiedobjecttakesup aninordinateamount
of time. Thefocusof ourimplementatioreffortshasbeenonthe
efficient constructionof MICaDs andmotion plans,so no par
ticular carehasbeengivento this partof the process.We have
implementedhe constructionof the modified objectusingthe
LEDA packagd4?], specificallythe rationalgeometrykernel.
Becauséhesizeof therepresentatioincreasesvith eachratio-
nal operation this particularstepeffectively requiresexponen-
tial space.It could be solvedin muchlesstime with a floating
pointimplementationLEDA providessuchanimplementation,
but our objectsaretoo complex for it to handle.

We canusethe ratio of pathlengthto serialstepcountasa
measureof the efficiengy of this planningmethod. Our previ-
ouswork [43] produceda planwith anefficiengy of %?:tt:;: =
0.0588. Theplandepictedin theright portion of Figure20 has

] 13.0806meters __ ; _
anefficiency of ==pooer® = 0.1014, or abouttwice asef

ficientasour previous approach.Thereexists work [44] where
threemobile robotscagean objectandmove continuously for
an efficiency of 2ethiensth -~ The differenceis that[44] works
on-lineasa controllaw, while the methodpresentedhereworks
off-line, doesexplicit motion planning,anddetermines whole
classof motionsthatcanachiese the sameplan.

VI. DIscussiON AND CONCLUSIONS

We have introducedin this paperthe conceptof maximum
independentapturediscs (MICaDs), where three robots can
move independentlywhile guaranteeinghat an object cannot
escapeheir grasp. We have given a simple methodfor con-
structingthe MICaDs associatedvith a polygonalobject, and
shavn thatthey canbe usedasa basisfor motion planningin
the presenceof obstacles.We have presentecan implementa-
tion of the proposedapproachalongwith experimentaresults.

Friction may in principle causethe robotsto jam during the
executionof a motion plan. We have tried to minimize the risk
of jammingby avoiding a completegraspof the objectuntil the
endof the manipulationtask: indeed,graspingrequiresestab-
lishing threesimultaneougontactswith amuchhigherchance
for jammingthanwhenonly oneor two contactoccuratagiven
time[43]. Nonethelessyefeelthatfriction shouldbedealtwith
explicitly, andplanto addresshemoredifficult problemof con-
structingjam-freeplansin the nearfuture.

Theapproackproposedn this articleonly considerscontacts
betweenthe robotsand threefixed edgesof the object. This
limits the size of the correspondingviiCaDs. We arecurrently
working on an extensionthat will allow multiple edgesto be
consideredvhendeterminingthe captureregion of eachrobot.
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APPENDICES
|. DOUBLE-CONTACT EQUATIONS

Let usdenoteby r the commonradiusof the threediscsand
by (s, t) theintersectiorof thethreenormalsto the objectedges
(Fig. 22). Withoutlossof generalityassumehatedgeFE; is on
the z-axis. Let (e3, 0) betheintersectiorof theline supporting
E5 andthe z-axis, andlet (ez, 0) betheintersectiorof theline
supportingE, and the z-axis. Denoteby «;,¢ = 1,2,3 the
orientationsf thenormalsrelative to the z-axis.

We write thatthe distancebetweerthe centersof Q; andQ-
is Rq,2 — 2r andusethelaw of cosinego obtain

(Ri2—2r)2=(t+7)?+ ((s—e2)cosaz + tsinas +r)?
—2(t +r)((s — e2) cosaz + tsinay + 1) cos(az — o).

Theremainingtwo casesyield two similar equations.The MI-
CaDscanbe computedby solving thesethreeequationsn the
unknavnsr, s and¢ usinghomotory continuation34].



Fig.22. Computingr, s andt.

Il. PROOF OF LEMMA 7

The setlCS(q,, g4,45) is a volumeboundedby threeruled
surfaceseachof which correspond$o the setof configurations
for which therobot B; at g, is in contactwith edgeE; of the
object.

When B; is at the point g}, the correspondinguled surface
is:

V! = (z — ¢}) cos(6 + a;) + (y — r}) sin(0 + a;) +d; > 0.

Likewise,whenB; is atthepointg}, thecorrespondinguled
surfaceis:

V"= (z —q}')cos(0 + a;) + (y — i) sin(@ + ;) +d; > 0.

Formi + pi = 1, mi,pi > 0, we have V(n;, wi) = 0V +
V" =0.

TheequationV (n;, u;) = 0 definestheruled surfaceassoci-
atedwith having robot B; atn;q} + u:q!! (whichis a pointon
theline segmentq;q!’). Clearly, this ruled surfaceis alwaysbe-
tweenthe ruled surfacesV; = 0 andV;’ = 0. Therefore we
canwrite V;(n;, u;) C Vi U V!, wherewe denoteby V;(n;, i)
thevolumeV;(n;, ;) > 0, by V; thevolumeV; > 0, andby V!’
thevolumeV}” > 0.

Usingtheabove statemenandconsidering = 1,2, 3, wecan
write:

Vi(n, p1) N Va(n2, p2) N Va(ns, p3)
C LUV A VLUV A (VLU

The left hand side of the statement above defines
ICS(q,, g, q;) Wwhereg, canbe arywhereon theline sgment
q;q} (dependingnn; andy;). Thattheabove statemenis true
independentf thevaluesof n; andy; implies:

U mi+w =1 Vi, pn) UVa(n2, p2) U Vs(ns, us3)

N5y g >
i=1,2,3

c(Viuv)yn(vauvi)nVsuvy).
)
The right-handside of the statementibove canbe expanded
astheunionof eightsets.Eachsetis the ICS for the configura-
tion having therobot B; locatedat eitherendof theline sggment
q.q}. ForexamplethesetV; NV, N V3 isICS(q, = 41,9, =
43,93 = q3).
BecausehetermV, canbewrittenasV;(n = 1, u = 0) and
thetermV’’ canbewrittenasV; (n = 0, u = 1), thereverseof
theinclusionin statement2) holdsaswell.
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Fig.23. Theline L3 astheobjectrotates.

ConsiderFigure 23. The threelines L;, L, and L3 sup-
portedgesF,, E» and E3 thatbelongto the object;the points
q; = (q1,7m) andq, = (g2, r2) arefixed,andg; = (¢g3,73) isa
non-fixedpointon Ls. Thenormalsatgq, , g, andg; intersecit
(s,t). Wewantto shav thatwhenthe objectrotateswhile main-
taining simultaneousontactsbetweeng; andL; andbetween
g, and Ly, the point g5 will traceacircle C andtheline Ls is
alwaystangento thiscircle.

We give only a brief sketchof the proof here.We denoteby 0
the orientationof the objectandby n, ny andngs theinternal
normalsof thethreeedgesWe startby listing six equationsThe
first threeequationdefinethelines L1, Ly andL3: n; - (g, —
(z,9)") = 0ins- (g2 — (2,9)") = 0, m3 - (g5 — (2,9)7) = d.
The otherthreeequationsare of similar form, but expressthe
fact that the threeinternal normalsat the contactsintersectat
thepoint (s, t) (immobilizing the object).

We apply somealgebraicmanipulationto eliminatez, y, s, t
andé from thesix equationsandobtainanequatiorof theform:

(Kigs + K2)? + (K173 + K3)? = Kid,

wherethe K; summarizeconstantterms. This shaws that g5
tracesoutacircle of radiusd.

To show thattheline L3 is alwaystangentto the circle for a
givenvalueof 8, we performfurther algebraicmanipulationto
determinahecentere of thecircle andto derive anequatiorfor
g5 asafunctionof 8. We alsoexpressthe unit tangentt; of the
line L3 asafunctionof . It thenfollowsthat(g; — ¢) - t3 = 0.

IV. INTERSECTIONS BETWEEN THE CURVE TRACED BY A
VERTEX AND A LINE SEGMENT

Let usconsidettheline definedby:
3

wherea andd are someconstantsanddefinethe curve U =
{(u(8),v(0))T,0 < 0 < g} where(u(8),v(9))T is anend-
point of theedgeE, whentheobjectis at orientationd (Figure
24).

Writing thatthe distancesrom (u(6),v(#))7 to thelines L,
and L, (thelinessupportingthe edgesE; and E») arethe con-
stantsd; andd, yields:

ucosa+vsina+d =0,

(u(8) — q1) cos(8 + a1) + (v(6) —r1) sin(0 + a1) = dy,
(u(8) — g2) cos(8 + a2) + (v(8) — r2) sin(6 + az) = ds.
(4)
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Fig. 24. Parameterizinghe endpoint(u(8),»(8))T. The objectis drawn as
dottedpolygonhere.

We wantto computethe intersectionof the curve U andthe

line L. Supposéheintersectioroccursat (u,v)T. We canthen

setu(d) = wandv(d) = v in (4),andusetheresultingequations

to eliminatey andv in (3). We obtainaftersomesimplification:

(r1 —r2) cos(a — a1 — az — 26)

+(q1 — g2) sin(a — oy — az — 26)

—2dp sin(a — a; — 0) + 2d; sin(a — a2 — 0) + K =0,
(5)

where

ro cos(a — ay + a) — r1 cos(a + a1 — az)
+2dsin(a; — az) + ¢1 sin(a + a1 — az)
—ga sin(a — ay + as2).

K =

Findingtherootsof Eq. (5) amountdo solvingatrigonomet-

ric equationin € which canbe donein closedform. Theinter
sectionof U and L arethe points(u,v)T attherootvaluesof ¢
thatarewithin therange[fr, 6g]. To computetheintersection
of a line sgmentsupportedby the givenline L, an extra step
is neededfor testingwhetherary of the obtainedintersection
pointsis betweerthe endpointof theline segment.

Note that the derivation of (5) assumeshatthe robotshave

zeroradius.To handlenon-zeraadii, we simply usethelines L,

and L, supportingthe edgesof the grown objectin the deriva-
tion, andusefor d; andd, the distancedetweerthe vertex of
interestof theoriginal, ungrowvn objectandthesdines. Therest
of thederivationremainsunchanged.
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