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ABSTRACT

AN ANALYSIS OF COOPERATIVE COEVOLUTIONARY ALGORITHMS

R. Paul Wiegand
George Mason University, 2003
Thesis Director: Dr. Kenneth A. De Jong

Coevolutionary algorithms behave in very complicated, often quite counterintuitive ways. Researchers and
practitioners have yet to understand why this might be the case, how to change their intuition by understanding
the algorithms better, and what to do about the differences.Unfortunately, there is little existing theory available
to researchers to help address these issues. Further, little empirical analysis has been done at a component level
to help understand intrinsic differences and similaritiesbetween coevolutionary algorithms and more traditional
evolutionary algorithms. Finally, attempts to categorizecoevolution and coevolutionary behaviors remain vague
and poorly defined at best. The community needs directed investigations to help practitioners understand what
particular coevolutionary algorithms are good at, what they are not, and why.

This dissertation improves our understanding of coevolution by posing and answering the question: “Are
cooperative coevolutionary algorithms (CCEAs) appropriate for static optimization tasks?” Two forms of this
question are “How long do they take to reach the global optimum” and “How likely are they to get there?”
The first form of the question is addressed by analyzing theirperformance as optimizers, both theoretically
and empirically. This analysis includes investigations into the effects of coevolution-specific parameters on
optimization performance in the context of particular properties of potential problem domains. The second leg
of this dissertation considers the second form of the question by looking at the dynamical properties of these
algorithms, analyzing their limiting behaviors again fromtheoretical and empirical points of view. Two com-
mon cooperative coevolutionary pathologies are explored and illustrated, in both formal and practical settings.
The result is a better understanding of, and appreciation for, the fact that CCEAs arenot generally appropriate
for the task of static, single-objective optimization. In the end a new view of the CCEA is offered that includes
analysis-guided suggestions for how a traditional CCEA might be modified to be better suited for optimization
tasks, or might be applied to more appropriate tasks, given the nature of its dynamics.





Chapter 1

Introduction

1.1 Evolutionary Algorithms

Evolutionary algorithms (EAs) are heuristic methods for solving computationally difficult problems using bio-
logically inspired notions of Darwinian evolution. They have been applied to a variety of problems, from static
optimization to job-shop scheduling. EAs frequently have an advantage over many traditional local search
heuristic methods when search spaces are highly modal, discontinuous, or highly constrained. As such they
continue to be of great benefit for a large community of users with such needs.

Unfortunately, there are problems on which EAs tend to perform poorly, or for which no simple method for
applying them is known. One such situation occurs when problems have very large search domains defined by
the Cartesian product of two or more, interacting subspaces. For example, this is often the case when one would
like to evolve some functional element in combination with its input data. In extreme settings, the space can be
infinite, and some method of focussing on relevant areas is needed by the EA. Another situation in which it is
difficult to apply an EA occurs when no intrinsic objective measure exists with which to measure the fitness of
individuals. This can be the case when evolving game-playing strategies, for instance. Finally, when searching
spaces of complex structures, EAs often have difficulties when no domain-specific modifications are made to
help direct the search.

For these kinds of problems, researchers have turned to a natural extension of the evolutionary algorithm:
coevolution. Coevolutionary algorithms have a lot of potential in terms of addressing the types of problems just
mentioned. As such, they have become an important area of research in the field of evolutionary computation.

1.2 Coevolutionary Algorithms

As the reader will discover from the first few chapters of thiswork, the subject of coevolution is a complicated
one. Researchers debate everything from pragmatic questions about the effectiveness of particular coevolution-
ary algorithms, to philosophical questions about what constitutes a coevolutionary algorithm in the first place. I
will touch on many of these debates in the coming chapters, but perhaps it is best to start with a very high level
answer to the basic question “what is a coevolutionary algorithm (CEA)?”

For now, the simplest answer is that a coevolutionary algorithm is an evolutionary algorithm (or collection
of evolutionary algorithms) in which the fitness of an individual depends on the relationship between that
individual and other individuals. Such a definition immediately imbues these algorithms with a variety of views
differing from those of more traditional evolutionary algorithms. For example, one might favor the view that
individuals aren’t evaluated at all, but in fact their interactions are evaluated. Alternatively, one might look at
individual fitness evaluation from the perspective of a dynamic landscape, given that the result of the evaluation
is contextually dependent on the state of other individuals. In either case it is clear that they differ in profound
ways from traditional EAs.

As we will see in the next couple of chapters, coevolutionaryalgorithms vary widely. The differences
between cooperative and competitive coevolutionary algorithms are among the most fundamental distinctions.
In the case of cooperative algorithms, individuals are rewarded when they work well with other individuals and
punished when they perform poorly together. In the case of competitive algorithms, however, individuals are
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rewarded at the expense of those with which they interact. Though there may be many types of algorithms that
fall into neither camp, most studies concern one or the other, and this dissertation is no exception: I focus almost
entirely on cooperative coevolutionary algorithms (CCEAs). The reasons for this will become clear shortly.

1.2.1 The Hope of Coevolution

Coevolutionary algorithms offer a lot of hope to researchers and practitioners. At first blush they appear to
have many advantages over traditional evolutionary methods. For example, there is some reason to believe they
may be useful with very large problem spaces—infinite searchspaces in particular. The hope is that CEAs
will be able to focus the search on relevant areas by making adaptive changes between interacting, evolving
parts. Coevolutionary algorithms also appear to have an advantage when applied to problems for which no
intrinsic objective measure even exists. CEAs use subjective measures for fitness assessment, and as a result
become natural methods to consider for problems like the search for game-playing strategies. Finally, in the
case of cooperative algorithms in particular, there is the potential advantage of being natural for search spaces
that contain certain kinds of complex structures, since search on the smaller components of the structure can be
emphasized. I will discuss these all of these advantages in more detail in the next chapter.

Advantages like these lead researchers to view coevolutionary problem solvers as having great potential.
For example, they are considered by many to be potentially quite powerful optimization tools. In the case of
competitive methods, the attractive notion of anarms raceencourages researchers. The idea is that continued
minor adaptations in some individuals will force competitive adaptations in others, and these reciprocal forces
will drive the algorithms to generate individuals with everincreased performance. A similar idea exists in the
cooperative world, where parallel adaptive evolutionary forces help keep the algorithm driving along a (possibly
infinite) gradient. Moreover, in the case of cooperative coevolution there is the hope that complex structures
can be dynamically decomposed and solved in parallel.

Indeed, advantages like these have prompted practitionersto apply CEAs to a wide variety of problems.
Optimization applications include the coevolution of fast, complete sorting networks (Hillis 1991) and the co-
evolution of maximal arguments for complex functions (Potter and De Jong 1994). Machine learning applica-
tions include using CEAs to search for useful game-playing strategies (Rosin and Belew 1996) and employing
them to train dynamically structured recurrent neural networks (Potter and De Jong 2000). There are many
more examples.

1.2.2 The Frustration of Coevolution

Despite the optimism that surrounds coevolutionary algorithms as potential problem solvers, they more often
than not frustrate practitioners when they are applied. There are several practical disadvantages of these al-
gorithms over traditional evolutionary approaches that become more clear in application. As we will see in
the coming chapters, the dynamics of coevolutionary systems are often far more complicated than those of
traditional evolutionary algorithms, as well as frequently quite counter intuitive. The algorithms tend to exhibit
distinct and profound pathologies and are often much more sensitive to certain problem properties than their
more traditional analogs. Moreover, the subjective natureof fitness makes measuring progress quite difficult in
many cases.

The result of these disadvantages is that the algorithms often fail to perform well on even fairly “simple”
problems. What is worse, the connection between parameter sensitivity and coevolutionary pathologies is not at
all well understood. Further, coevolutionary researchersapproach the field from different directions, applying
terms differently or, more often than not, ambiguously. Forall of these reasons, researchers have become in-
creasingly more focussed on establishing some basic theoretical groundwork for understanding coevolutionary
algorithms, but the gap between theory and practice is stillquite wide.

The problem is that these early analyses have approached different aspects of coevolution from different
perspectives, but no one has asked the most fundamental of all questions: “What do these algorithmsdo?”—or,
if optimization is the goal, “Do they optimize?”
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1.3 Understanding Cooperative Coevolution

My goal with this dissertation is to back up, study a simple class of algorithms in a simple context, and use
a multilateral analytical strategy to attempt to answer themost basic questions about coevolution first. This
section first motivates why such an understanding is needed,then describes my strategy and methodology for
obtaining answers.

1.3.1 Motivation

The next chapter will make clear the degree to which coevolution has become increasingly the focus of an-
alytical research. Still, theory for coevolutionary computation is in its infancy. The studies in the literature,
discussed later in the dissertation, while certainly offering much in the way of promise for a greater understand-
ing of coevolution, do not ultimately as yet provide much in the way of constructive advice for practitioners.
What remains is to understand why this might be the case, how to change our intuition by understanding the
algorithms better, and what to do about the differences. As is often the case, there is still a sizable gap be-
tween theory and practice of coevolution. What is specifically needed is to provide a better understanding to
practitioners of what coevolution is good at, what it is not,and why.

The main point of this dissertation is to focus analysis of this question squarely at a subset of coevolutionary
algorithms: cooperative coevolutionary algorithms. In sodoing, the reader will see that cooperative coevolu-
tionary algorithms have been frequently misapplied, and anew viewof what they do should be considered by
future researchers. In my final chapter, I will offer severalspecific high level suggestions for what such views
might be.

1.3.2 Strategy and Methodology

This dissertation seeks to take a step back, look at coevolution in the simplest of possible settings from the per-
spective of an engineer that wants to use a tool, an engineer that wants to know: “What does this tooldo?” or
“For what is this tool useful?” I will call this question the “fundamental question of coevolution”. My method
consists of taking this abstract question and refining it to more specific, answerable questions in particular
contexts. The high level strategy is one that combines a variety of theoretical research tactics (primarily evo-
lutionary game theory, combined with some run time analysis) with empirical component analyses of real, but
simple CEAs on several levels. The goal is to make the gap between theory and practice smaller by attempting
to address the specific forms of this fundamental question inappropriate contexts.

While competitive coevolution may in some sense be a more attractive prospect for study, given its historical
emphasis and its intrinsic interest as a model in and of itself, it is also significantly more complicated than
cooperative CEAs. Since the evidence that thus far exists suggests that even CCEAs can be quite complicated to
understand, it seems prudent to start there. This work concentrates on answering one aspect of the fundamental
question for cooperative coevolutionary algorithms: “Do cooperative coevolutionary algorithms optimize?”

In fact, one naive and simple answer to the fundamental question of cooperativecoevolution is that the
algorithms arestatic optimizers. They are, after all, very frequently applied to static optimization problems.
But is this really the case? What does this even mean, given that virtually any heuristic could be applied as a
type of optimization algorithm, whether appropriate to such a task or not? These are important and practical
questions and, as a result, this question of whether or not CCEAs are static optimizers is the aspect of the
fundamental question on which I will focus. Importantly, the central theme of the dissertation is to answer
this question resoundingly that CCEAs are not, by nature, static optimizers. This theme will be expanded by
first treating themas optimizers and analyzing them with respect to their performance on static optimization
problems, re-posing the fundamental question as “how well do they optimize?” This view uncovers salient
points about properties of problem domains, as well as the design choices affected by those properties. I then
reverse the picture and offer theoretical and empirical evidence that the algorithms attempt to seek a form of
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“balance” in a variety of ways, and this may or may not correspond with an external notion of optimality
(depending on the problem). In the end, it is my suggestion that practitioners either change the problems to
which they apply CCEAs, or modify them such that they are moregeared toward static optimization.

1.3.3 Contributions

This thesis contributes several key items to the field of coevolutionary computation (CoEC).

• The largest and, to date, most complete hierarchy of design choices available for coevolutionary algo-
rithms is provided. This hierarchy, illustrated on page 23,is explicated in some detail in Chapter 3,
offering a relatively thorough map with which practitioners and researchers may make more informed
choices when constructing such algorithms.

• A much greater understanding of the relationship between problem decomposition and representational
decomposition is provided. In so doing I dispel common misconceptions about the effects non-linear
relationships have on search performance, and provide moreconstructive information about these rela-
tionships in terms of coevolutionary search. In addition, Iprovide analysis and advice for what kinds of
interaction methods to use under these kinds of problematicconditions.

• Most importantly, the dissertation provides much needed insight into the role and purpose of coopera-
tive coevolutionary algorithms. These algorithms are misapplied when tasked with static optimization.
Indeed, researchers should reconsider such applications for these algorithms, or consider modifying the
algorithms. In fact, the analysis in Chapter 5 helps us understand this conclusion, but also provides infor-
mation for how to modify the algorithm in more directed and rational ways to accomplish research goals.
Some example modifications are briefly discussed in Chapter 6.

In addition, I’ve attempted to make certain that my researchfollows a clear methodological framework,
establishing a working model for how such analysis can be conducted in the future. This framework includes
the following ideas.

• A high level question is presented at the start of the thesis,and this question is used to frame the entire
work. More specific, researchable questions are generated by looking at the more basic question from
different perspectives, and hypotheses are produced from these more specific questions.

• Instead of investing all of my effort in a single analytical tool, I consider a multilateral approach that
combines several, very different formal methods. These methods, which include randomized algorithm
analysis and dynamical systems analysis, are applied to different questions in order to elicit answers
appropriate to those questions.

• The bridge between theory and practice is built with empirical research. Indeed, in the thesis there
are many empirical studies for exactly this purpose; however, in all cases empirical researchfollows
theoretical research. The theory is used toguidethe empiricism.

1.4 Organization

The remainder of the dissertation is arranged as follows.
Chapter 2 provides brief but necessary overviews of evolutionary computation, as well as coevolutionary

computation. A relatively detailed survey of analytical research in the field of coevolutionary computation
offered. The result is high level background material helpful for providing context and foundations for under-
standing the rest of the dissertation.
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Chapter 3 categorizes coevolution in a much more detailed way, provides detail regarding the CCEA archi-
tecture used as the basic algorithm for this research, and presents some notational and terminological definitions.
The class of algorithms, as well as the motivation for using them will be clarified in this chapter.

Chapter 4 considers the presented CCEA model as a static optimizer. It begins by first describing how it can
be applied to static optimization problems, then describesmechanisms of the model that allow it to possibly gain
leverage over traditional EAs in some contexts, using both run time and empirical analyses to help the reader
understand these advantages. The chapter then explores what is perhaps the most complicated and interesting
distinguishing aspect of the CCEA from traditional EAs: themechanisms of interaction required to assess
fitness. Finally, the challenges facing those applying CCEAs to such problems are discussed in some detail.
The result is a better understanding for how properties of the problem affect the choices design engineers must
make with respect to the mechanics of how individuals interact for fitness. Several common myths about such
properties are dispelled.

Chapter 5 reverses the picture entirely, rejecting the simple idea that CCEAs are intrinsically built for
static optimization. I present a dynamical systems approach, using the tools of evolutionary game theory, in
order to begin to describe some of the limiting behaviors of these algorithms. This theory suggests that the
algorithms tend toward various forms of “balance” between populations, which may or may not have anything
to do with optimality of the search space as design engineersthink of it when they apply the algorithm to static
optimization problems. It concludes by constructing specific and reasonable counter examples for real CCEAs,
and demonstrating that the algorithms behave differently than one might expect in such circumstances.

The final chapter delivers the decisive message of my work: wemustchangethe way we apply and study
CCEAs in the future; anew viewof these algorithms is required if we are to understand how they work, and
when they will be successful. The chapter opens the door to follow-ups of the fundamental question. The
responses offered here are to either change one’s use of the algorithm, or change the algorithm itself. Both
possibilities are briefly explored at a high level, making the demonstrable point that CCEAs are not frustratingly
otiose tools, they are merely misapplied ones. I end with a conclusion discussing in more detail how my analysis
contributes the coevolutionary computation community in general.
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Chapter 2

Background

This chapter provides basic background material in order togive the reader some context for understanding the
analysis discussed later. By the end of the chapter, the reader should have a broader conception of the field of
coevolutionary computation, and the work that has been doneto understand it.

This background chapter is organized as follows. The first sections are brief overviews of evolutionary
coevolutionary computation. Since my work is analytical innature, the third section is a survey of historical
and contemporary analytical research into coevolutionaryalgorithms. I leave the specifics of the architecture
on which my analysis centers for the next chapter.

2.1 Overview of Evolutionary Computation

The field ofevolutionary computation(EC) is one that merges inspiration from biology with the tools and goals
of computer science and artificial intelligence. The field offers powerful abstractions of Darwinian evolutionary
models that allow for a wide range of applications from conceptual models of biological processes to technical
applications in problem solving. Such methods have proven themselves to be interesting complex systems
to study and, perhaps more importantly, often very robust problem solving mechanisms. Nature-inspired, yet
honed and designed by engineers, algorithms based on EC (so-calledevolutionary algorithms(EAs)) frequently
demonstrate uncanny adaptive prowess when applied to difficult problems where search spaces have properties
that make other, more traditional methods, less tenable (e.g., lack of continuity, high degrees of modality,
highly constrained sub-spaces, etc.). The fascinating nature and often surprising successes of EC have drawn
researchers to the field for the better part of half a century.

EAs are powerful heuristic methods for solving many types ofcomputationally difficult problems. They
typically draws their power from stochasticity and parallelism. While there are many different types of EAs,
most EAs have their most basic elements in common: they generally begin with a population of potential
solutions, make small changes to this population, and prefer changes that are objectively more “fit”. As such,
they (hopefully) tend to “evolve” better solutions gradually over time. Regardless, all EAs share Darwin’s
notion of “survival of the fittest” at some level, and it is precisely this property that engineers exploit in order
to use these systems to solve problems.

An abstract evolutionary algorithm will be presented. Whatthe algorithm abstracts are the major details
that make a particular EA, but what it retains are the basic threads connecting all EAs: heredity, survival of the
fittest, and at least some element of stochasticity. After discussing this abstraction, I will offer a short discussion
on two very different canonical EAs in order to give the reader some perspective about the choices available
to algorithm designers. Finally, I conclude the overview ofEC by suggesting some of the ways in which these
algorithms fail to serve practitioners, urging them towardextensions such as coevolution.

2.1.1 An Abstract Evolutionary Algorithm

Since there is evidence that some notion of EC has been known to parts of the computer science community
for over 50 years (Fogel 1998), it should be unsurprising that many such algorithms exist. Nevertheless, a
more modern view of EAs is a more unified view, concentrating on the similarity of these algorithms, rather

7
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than enumerating them as separate algorithms altogether (De Jong 2004; Michalewicz 1996). Indeed, it is the
choices for how individuals in populations are represented, as well as how populations are formed, altered, and
selected from that determine the specific type of EA being implemented. A generic form of a basic EA is shown
below in Algorithm 1. This form will serve as a template for algorithms I discuss throughout this document. As
should be clear shortly, the many types of existing (and still undiscovered) EAs are possible by specifying the
various components of this general algorithm. First I present the pseudo-code for the algorithm (below), then I
will discuss each of its major elements one by one.

Algorithm 1 (Abstract Evolutionary Algorithm).
1. Initialize population of individuals
2. Evaluatepopulation
3. t := 0
4. do

4.1 Select parentsfrom population
4.2 Generate offspringfrom parents
4.3 Evaluateoffspring
4.4 Select survivorsfor new population
4.5 t := t + 1

until Terminating criteria is met.

Initialization

The first step in this algorithm, initialization, is often very simple and is tied very strongly to the representation
choices for individuals made by the algorithm designers. Initialization can be done for a variety of reasons
and in a variety of ways. For example, it can serve the function of refining samples that have already been
discovered by some other search process; however, much morefrequently initialization is random.

In random initialization, individuals are distributed randomly about the search space defined by the repre-
sentation of the individuals. Such random initialization procedures offer the hope of providing the algorithm
with diverse information about the search space.

Representation and Evaluation

To determine how evaluation is performed, design engineersmust understand the problem domain and the
representation chosen for this domain. Individuals are often thought of asencodedforms of potential solutions
to some problem. As such, these potential solutions typically must bedecodedsomehow in order to measure
their fitness in order to carry out evolution. This process ofdecoding and measurement is what is meant by
evaluation, steps 2 and 4.3 of Algorithm 1.

While evolutionary algorithms have been applied to many kinds of problems, the most obvious and natural
application is one of optimization. In such domains, individuals are encoded to represent potential arguments
to the optimization problems, and evaluation consists of decoding these representations and determining fitness
via some kind of objective assessment. By gradually refiningpotential solutions to such a problem, an EA is
often able to produce increasingly more optimal solutions over time.

Two examples may serve to make this clearer. First, individuals may represent arguments for an optimiza-
tion problem as binary strings. In such a case, individuals with this string-based representation may have to be
decoded into real-valued arguments and given to the function in order to obtain the objective function value.
Alternatively, individuals may represent the arguments directly as a vector of real values. Again, this vector
must be extracted from the individual and given to an objective function in order to obtain fitness.
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Selection

There are essentially two different kinds of selection thatoccur in an evolutionary algorithm: parent selection
and survival selection. In either case, selection typically involves some kind of biased consideration of the
fitness values assigned to individuals during evaluation, apreference toward more highly fit individuals.

Selection methods in EAs can vary widely, using one of many types of parentor one of many types of
survival selection, but not necessarily (and not typically) both1. Selection methods can be very greedy (in the
sense of fitness-bias) or quite mild, stochastic or deterministic. In some informal sense they can be seen as
directors of the evolutionary path.

Representation and Genetic Operators

Retaining the notion of heredity from biological evolutionsuggests that offspring are like their parents on
a genetic level, but not identical to them. The process by which offspring in an EA are constructed is one
that involves the application of operators that, like the biological process, preserve this notion of heredity by
transferring altered genetic material from parent to offspring. EC researchers refer to the operators responsible
for generating offspring asgenetic operators, and they often take the form of abstract of notions ofmutation
andrecombinationfound in biological genetics. Like evaluation, genetic operators are tied intimately with an
individual’s representation.

In mutation, an offspring is altered from its parent (ostensibly due to an error while copying genetic mate-
rial). In cases of binary representation, this may mean stray bits here and there being toggled from zero to one
or vice-versa. With real-valued representations, this maymean randomly generated offsets in argument val-
ues. Whatever the specific mechanism and interpretation, the abstract idea is the same: an offspring’s genetic
material undergoes some change due to an outside force of some kind.

Recombination is somewhat different. Here two or more parent genes are combined to produce offspring
with some traits of both (all) parents. For example, offspring represented by binary strings may be produced
by combining substrings from two parents, while in real-valued representation offspring may be geometrically
quite similar to both parents in terms of their Euclidian locations in the argument space.

In both cases, successful EA genetic operators tend to retain the notion ofheredity: offspring are similar,
but not identical, to their parents on a genetic level. One orboth kinds of operators may be employed at
varying levels in any given EA. Additionally, in both cases there is a vast number of such operators, tied to the
representation chosen.

Termination

How one stops an EA varies as well, though there are some relatively simple, traditional criteria. For example,
running for a fixed number of time steps (often calledgenerations) is common. It is also not unusual to run the
algorithm until the degree of change in the population has fallen below some threshold. The choice of when to
stop (or often, when to re-start) an EA, coupled with choicesof population sizes, often corresponds with how
design engineers wish to split up the work-load of the search: how parallel the search should be, how many
resources one wishes to invest in a given search, etc.

In analytical settings, one often is interested in running an algorithm until the first time the global optimum
is reached. While this is usually an unhelpful stopping criterion in practical settings (since the global optimum
is often unknown), answering theoretical questions about how long one expects to wait for such an event can
be informative (Wegener 2002).

1An alternative viewpoint suggests that there are always both selection methods, but typically one is a uniform deterministic selection
method.
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2.1.2 Canonical EAs

The notion of what choices are available to EA designers at anabstract level should be clear now; however, it is
from the instantiation of these choices that particular EA classes arise. These classes vary in how they can best
be applied, as well as how well understood they are for particular domains. Theory for the different algorithms
takes on quite different forms and is often very particular to representational and/or operator specifics. No one
theory yet exists to unite them. Nevertheless, understanding how these different EC approaches work and how
to apply them has developed a great deal over the past thirty years.

A discussion of some specific examples of particular evolutionary algorithms will clarify how the choices
I just discussed can lead to different kinds of algorithms. Perhaps some traditional EAs offer the best kind of
examples. They have very characteristic design choices, and they are easy to find in the literature. Therefore, a
brief, high level discussion of two very different canonical classes of EAs is provided below: genetic algorithms
and evolution strategies. After reading about these two types of algorithms, it should be clear that, while an ES
and a GA may share some basic inspirational concept, as well as the same abstract algorithmic structure, they
are very different algorithms, both in instantiation and inphilosophy of application.

Genetic Algorithms

Arguably the most well-known class of EAs are genetic algorithms (GAs), pioneered by Holland (1992) and
later popularized by Mitchell (1997, Goldberg (1989, De Jong (1975). GAs are chiefly characterized by their
representation and selection method. Most GAs represent individuals using a binary encoding of some kind and
select individuals using a stochastic method that biases selection by preferring more fit individuals over less fit
ones by a degree proportional to their respective fitness. This so-calledfitness proportionateselection tends to
offer a relatively weak form of selection in which the effectiveness depends a great deal on the content of the
population, as well as properties of the problem domain.

The binary nature of the representation in GAs strikes a clear difference betweengenotype(the genetic
makeup of an individual) andphenotype(the expression of those genes), as well as the encoding/decoding
transformations needed to navigate between the two. Nevertheless, the genotypic aspect of this representational
choice calls to mind some rather traditional and obvious genetic operators, as well. Often GAs are characterized
by mutation operators that either flip a randomly chosen bit in a binary string (e.g., 1-bit mutations) or, more
commonly, consider each bit independently for flipping at some established probability level (so-calledbit-
flip mutation). Crossover is generally performed by randomly determining one (1-point crossover(Holland
1992)) or more (n-point crossover(De Jong 1975)) points in two binary strings and swapping theintervening
pieces. Other forms of crossover operators include ones in which respective positions on the binary strings
are considered for swapping independently (uniform crossover(Syswerda 1989) andparameterized uniform
crossover(Spears and De Jong 1991)).

From a dynamics point of view, there are two typical GA methods: generational and steady-state. In the
former, parents are selected (again, typically by proportionate selection) and used to generate an offspring pop-
ulation of the same size as the parent population, totally replacing the older generation with the new (Holland
1992). Preserving one or more of best members of the population is also not uncommon (generally referred to
aselitism) (De Jong 1975). In a steady-state GA, parents are also typically selected using a fitness proportionate
method, but offspring are generated one at a time and replacethe worst member of the population (Rogers and
Prügel-Bennett 1998; De Jong and Sarma 1992; Syswerda 1990; Whitley 1989). Generally this replacement is
handled by removing the worst member after insertion, but such decisions can vary.

Using a genetic algorithm evidences a kind of philosophicalchoice on the part of an engineer employing
such a method: it is “easier” to map to and from a more general representation than it is to design problem
specific genetic operators. GAs are very portable algorithms, save for the genotype to phenotype mapping, and
have often appeared to work moderately well on a large group of problems when very little is known about the
search space of the problem in any representation. Its deficiencies center around the fact that the utility of the
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genetic operators is highly dependent on the mappings that must be done, and thus the success or failure of the
algorithm is bound to such decisions.

Evolution Strategies

Another very powerful and very common class of EAs are so-called evolution strategies(ESs) (Schwefel 1995;
Rechenberg 1973). Although ESs commonly employ a real-valued representation (that is, each individual
can be seen as an array of real numbers) and operators appropriate for such a representation, perhaps their
most defining characteristics are their distinctive dynamics. The simplest view of an ES is one that considers
selection in two phases: an offspring population is produced from a parent population (often of different sizes),
then a new parent population is produced from one or both of these populations. Parents contributing to the
offspring pool are often selected uniformly at random from the potential parents, while survival is accomplished
by truncation. That is, the new parent population consists of only the best of the competing individuals.

As the phrase “one or both of these populations” in the previous paragraph implies, ESs (like GAs) have
two different types of dynamics (here called “strategies”): plus strategyandcomma strategy. In a (µ+ λ) ES,
the λ offspring compete for survival directly with each otherand theµ parents. Here theµ most fit surviving
individuals are used to populate the next generation out of an aggregate population consisting ofµ+ λ individ-
uals. Things are far less aggressive in a (µ,λ) ES, where parents have no hope of making the next generation.
Truncation survival selection is performed only on theλ offspring, suggesting (of course) thatλ > µ.

Mutation is often the only genetic operator employed for an ES, though certainly crossover operators exist
and are not infrequently applied. By far the most common mutation operator is one in which each gene is
modified by some delta selected from a Gaussian distribution, the mean of which is 0, and the standard deviation
of which is typically adapted as the run proceeds. The specifics of how this adaptation works is beyond the scope
of this minimal description, so the reader is referred to other sources for this information (e.g., Beyer (2001,
Bäck (1996, Schwefel (1995)). Recombinatory operators include something very similar to uniform crossover,
as well as more representation specific operators such asgeometric crossover, where the genes are treated as
points inn-dimensional space and offspring are produced in the hypercube subspace defined by two such points
(the parents) (Bäck 1996).

Evolution strategies have often proved to be quite good at problems that involve optimization of real-valued
functions. Their use intimates a more focussed approach to solving particular kinds of problems, and suggests
that the engineer understands the nature of the representation space to some degree (at least to the extent
that a real-valued representation is more appropriate). However, its rigid representational assumptions and
corresponding operators diminish its portability to some extent.

2.1.3 A Need for Something More

One aspect of analyses of EC, both theoretical and empirical, that has emerged is that EAs are by no means a
panacea for complex problems. While a well-tuned and appropriately designed EA can often perform robustly
on many problem domains, finding such an EA is often less than obvious. It is not uncommon for design
engineers to easily construct an EA that performs decently on a problem, while finding it frustratingly difficult
to design an EA that truly performs well. Moreover, the more complex the representation, the harder it is for
one to gain intuition about the effects of operators and selection methods used in the algorithm.

Still worse, some problems seem to admit no real objective measure, and it can be very unclear how to
apply a traditional, single-population EA. Engineers are faced with an important question: when one is faced
with such problems, does one reject EC entirely, or does one return to nature to find a way of augmenting these
algorithms to address these issues?
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2.2 Overview of Coevolutionary Computation

Indeed, with varied success, nature-inspired heuristic EAs have been applied to many types of difficult problem
domains, such as parameter optimization and machine learning. Both the successes and failures of EAs have
lead to many enhancements and extensions to these systems. Avery natural, and increasingly popular extension
when problems domains are potentially complex, or when it isdifficult or impossible to assess an objective
fitness measure for the problem, is the class of so-calledcoevolutionary algorithms(CEAs). In such algorithms,
fitness itself becomes a measurement of interacting individuals. This ostensibly allows the potential for evolving
greater complexity by allowing pieces of a problem to evolvein tandem, as well as the potential for evolving
solutions to problems in which such a subjective fitness may,in fact, be necessary (i.e., game playing strategies).

This section provides a brief overview of CEAs. I will keep things at a very high level, using the first part of
the section merely to define coevolution since a much more specific discussion of the particular framework used
for this dissertation will be introduced in the next chapter. After defining coevolution, I will offer high level
discussions of cooperative versus competitive coevolution, the advantages coevolution may offer, and finally
some of the challenges facing coevolution itself.

2.2.1 Defining Coevolution

Evolutionary biologist Price (1998) definescoevolutionas “reciprocally induced evolutionary change between
two or more species or populations.” While this definition isperhaps intuitively quite clear from the biological
perspective, the term “coevolution”, as it is used in the evolutionary computation community, is far from a
luminously or uniformly defined one. Researchers studying coevolution debate whether or not the term can
be applied when there is only one population, for instance, versus when there are many. Some researchers
suggest that the problem’s nature itself is imbued with whatever characteristics are required to consider an al-
gorithm “coevolutionary”, and that some algorithms typically called CEAs, are not coevolution when applied
to non-coevolutionary problems. Regardless, there is one common property about which most, if not all, co-
evolutionary computation (CoEC) researchers agree: individual fitness issubjective(Watson and Pollack 2001)
in the sense that it is a function of its interactions with other individuals.

This realization does not clarify the distinction much, however. What precisely is the nature of the inter-
action? Do the interacting individuals have to be in different populations? Do they have to be current, or can
they be plucked from the history of some extinct population?Are algorithms that apply selection methods that
are inherently subjective (as, for instance, fitness proportionate selection is) “coevolutionary”? These are all
reasonable questions, and there is very little beyond some semantic philosophical position that can be used
to differentiate some groups from others in these ways. In such matters, it is best to be pragmatic, however,
and suggest that distinctions can be made only insomuch as they help elucidate study. Therefore, I will not
eliminate alternative versions of a definition for coevolution, but will instead clarify terminology based on such
pragmatism. I will, however, provide much more detail aboutthese issues in the next chapter.

The real trouble with understanding the term is exactly the source of the algorithm’s inspiration: biology.
In biology, all evolution is coevolution by the above property, because individual fitness is a function of other
individuals by the definition of evolution. In EC, however, traditional EAs use an artificial, typically objective,
fitness measure—one that is very alien to the biological world. Thus, the distinction between objective and
subjective fitness becomes necessary to us, merely by virtueof the way in which EAs are applied to problems.
Since it is problem solving in which I am primarily interested, it makes sense to define terms accordingly,
by their utility in engineering: by what and how they measuresomething. In order to build computational
models of evolution that are meant to solve problems, one must measure individuals in a population, that is
establish a measure of value for a given representation of a potential problem solution, or component of a
problem solution. The following four definitions are provided to help the reader understand the different types
of possible measures for individuals.
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Definition 1. Objective measure –A measurement of an individual isobjectiveif the measure considers that
individual independently from any other individuals, aside from scaling or normalization effects.

Definition 2. Subjective measure –A measurement of an individual issubjectiveif the measure is not objective.

Definition 3. Internal measure –A measurement of an individual isinternal if the measure influences the
course of evolution in some way.

Definition 4. External measure –A measurement of an individual isexternal if the measure cannot influence
the course of evolution in any way.

Understanding, at a high level, what is meant by the various kinds of measurements available to the individ-
ual helps one gain a better understanding of EAs and CEAs. Forexample, it is clear from above that the term
“fitness” as it is applied by people in the EC community, is always aninternal measure. External measures for
traditional EAs might include tracking statistics such as mean fitness of a population, or best-so-far information.
Indeed, a popular statistic reported is the externalbest-evermeasure of a run (the most optimal result found
during the life-time of the search).

Given the above definitions, it is tempting to define coevolution as follows:

Definition 5. Coevolutionary algorithm– An EA that employs a subjective internal measure for fitness
assessment.

Since fitness proportionate selection merely normalizes the population’s fitness value, I can eliminate such
an operator as an instigator of ambiguity for denotational purposes; however, there are still other mechanisms
that create ambiguity, as I will explain in Chapter 3. In an EAthe simplest way to differentiate species (groups
of non-interbreeding individuals) is by employing separate populations. Thus, a broader question that still
stands is the following: can one call it “coevolution” if there is only one population? In the strict biological
sense, one cannot be so general since employing multiple populations is explicitly part of the definition. How-
ever, historically, EC researchers have done so, recognizing that these algorithms share common properties
with multi-population coevolutionary models (primarily game-theoretic properties) (Ficici and Pollack 2000c).
Moreover, as has already been mentioned, the biological definition cannot be directly applied in any event, since
the notion of fitness differs so dramatically between EC and biology. Given this fact, the historical precedent,
and the overlap in dynamical characteristics, it makes sense to retain the term for single-population models that
use subjective fitness, though this dissertation will focuson multi-population models almost exclusively, so this
distinction is unimportant to the analysis I present. As forthe remaining grey area, it is left up to the reader
to consider whether augmentations to traditional EA methods constitute sufficient interdependence in fitness
assessment to be considered “coevolutionary”. It suffices to say that the line between a single-population CEA
and an augmented traditional EA is a grey one.

To be clear, in the case of this dissertation, the termcoevolutionary algorithmalmost exclusively refers to an
algorithm in which there are two or more populations, and in which individuals are awarded fitness values based
on their interactions with individuals from the other population(s). In the rare situations when single-population
CEAs are discussed, they will be so qualified.

2.2.2 Cooperative versus Competitive CEAs

If CEAs are distinguished from traditional EAs on the basis of their use of subjective fitness, that individuals
are evaluated based on their interactions with other individuals, what is the nature of these interactions? The
answer is: it depends. It is not hard to imagine algorithms inwhich individuals or populations compete with one
another. For example, consider a predator-prey model in which individuals in one population represent some
kind of device (e.g., a sorting network) and individuals in another population represent some kind of input
for the device (e.g., a data set), and the object of the first population is to evolve increasingly better devices
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to handle the input, while the object of the second population is to evolve increasingly more difficult inputs
for the devices. Such algorithms are generally referred to as competitiveCEAs. Alternatively, it is equally
straightforward to consider an algorithm where each population represents a piece of a larger problem, and it
is the task of those populations to evolve increasingly morefit pieces for the larger, holistic problem. Such
algorithms are generally referred to ascooperativeCEAs (CCEAs).

Historically, competitive CEAs lead the way with the seminal Hillis (1991) paper on coevolving sorting
networks and data sets in a predator-prey type relationship. Hillis evolves sorting networks by using an opposing
population of coevolving data sets. In this case, an individual in one population, representing a potential sorting
network, is awarded a fitness score based on how well it sorts an opponent data set from the other population,
and individuals in the second population represent potential data sets whose fitness is based on how well they
confuse opponent sorting networks.

In fact, most work in coevolutionary algorithms has been in the area of competitive coevolution. Most pop-
ularly competitive coevolution has been applied to game playing strategies (Rosin and Belew 1995; Rosin and
Belew 1996; Rosin 1997; Pollack and Blair 1998). Additionally Angeline and Pollack (1993) demonstrate the
effectiveness of competition for evolving better solutions by developing a concept of competitive fitness to pro-
vide a more robust training environment than independent fitness functions. Competition was also successfully
harnessed by Schlierkamp-Voosen and Mühlenbein (1994) tofacilitate strategy adaptation in their so-called
breeder genetic algorithms. Competition has played a vitalpart in attempts to coevolve complex agent behav-
iors (Sims 1994; Luke, Hohn, Farris, Jackson, and Hendler 1998). Finally, competitive approaches have been
applied to a variety of machine learning problems (Paredis 1994; Juillé and Pollak 1996; Mayer 1998).

Potter and De Jong (1994) opened the door to research on cooperative CEAs by developing a relatively
general framework for such models and applying it, first, to static function optimization and later to neural net-
work learning (Potter and De Jong 2000). In Potter’s model, each population contains individuals representing
a component of a larger solution, and evolution of these populations occurs almost independently, in tandem
with one another, interacting only to obtain fitness. Such a process can be static, in the sense that the divisions
for the separate components are decideda priori and never altered, or dynamically, in the sense that populations
of components may be added or removed as the run progresses.

Moriarty and Miikkulainen (1997) take a different, somewhat more adaptive approach to cooperative co-
evolution of neural networks. In this case a parent population represents potential networkplans, while an
offspring population is used to acquire node information. Plans are evaluated based on how well they solve a
problem with their collaborating nodes, and the nodes receive a share of this fitness. Thus a node is rewarded
for participating more with successful plans, and thus receives fitness only indirectly.

Potter’s methods have also been used or extended by other researchers. Eriksson and Olsson (1997) use
a cooperative coevolutionary algorithm for inventory control optimization. Wiegand (1998) attempts to make
the algorithm more adaptively allocate resources by allowing migrations of individuals from one population to
another in a method similar to the Schlierkamp-Voosen and M¨uhlenbein (1994) competitive mechanisms.

The differences between these two algorithms are neither minor nor clear. Purely competitive CEAs can
behave quite differently than purely cooperative ones, exhibiting different pathologies, as well as different
advantages. However, once a particular algorithm and problem domain are dissected for analysis purposes,
it becomes clear that there are often elements of both cooperation and competition in many CEAs. Indeed,
when one considers single-population CEAs, it is difficult to discern the difference between competition as a
result of selection within the population, and competitionas a result of the relationships in the subjective fitness
assessment.

2.2.3 Advantages of Coevolution

Intuitively, coevolution offers a great deal of promise as an heuristic algorithm in many domains where more
traditional evolutionary methods are bound to fail. Whether this intuition is justified or not is the subject of
much debate and, in part, is the impetus for the current work.This section will briefly consider three categories
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of problem domains that may benefit from coevolution and briefly discuss the issues involved with each of
them: problems with large (infinite) Cartesian-product spaces, problems with no intrinsic objective measure,
and problems with complex structures.

In all three cases, the hope of coevolution is to produce a dynamic typically referred to as anarms race.
Informally, in an arms race increased performance is generated by each population making incremental im-
provements over the others in such a way that steady progressis produced. The idea is that the system isdriven
to better parts of the search space by these reciprocal improvements, each getting better and better over time.
Consider again the predator-prey example: the prey evolve to run faster; then the predator population is forced
into evolving behaviors that thwart this advantage; then the prey evolve better hearing to detect their nemeses,
and again the predators must change. The hope is that, in the end, both populations have exceptional attributes.

Large (Infinite) Cartesian-Product Spaces

In a traditional single-objective optimization problem, solutions are argument values that produce the highest
function value of all arguments. Of course such problems canhave large domain spaces; however, for some
problems the search space is particularly and exceptionally large, even infinite. When this is the case, it is
reasonable that no optimization procedure can be expected to find the result in any reasonable time, and instead
practitioners become interested in finding interesting sub-spaces of the total space.

Often this takes the form of some kind of Cartesian-product space, as was the case with the example of
sorting network and data sets. The total space is quite large. In fact, if we had to search the space of possible
networks that correctly sort every possible data set with a traditional EA, the result would obviously be less
than useful. One potential solution is to select a specific, static subset of data sets that serve as useful teaching
examples (Rosin 1997); however, the result will be an EA thatis very well-suited for those particular examples,
but not necessarily other data sets. Another potential solution is to use a random set of examples; however,
since the example space is so vast in many cases, the result isoften that the EA is unable to learn anything
useful at all.

Coevolution offers something different: a problem solver that adapts both parts of the product space to-
gether. The hope is that the algorithm will focus on parts of the example space that are useful and interesting,
learning sorting networks that serve these exemplary data sets very well.

Problems with No Intrinsic Objective Measure

Still more complicated are problems in which there is no intrinsic objective measure. Such is often the case with
game-playing strategies for instance. In many instances, games haveintransitiverelationships that complicate
objective measurement; strategya can beat strategyb, b can beatc, andc can beata. For example, in Ro-
denberry’s Star Trek, James Kirk, a relatively poor chess player, was able to beat Spock, a relatively advanced
player, simply because he confounded Spock’s expectationsby playing “illogically”. Certainly it is not hard to
imagine players that Spock could beat, even though Kirk never would be able to do so. Such is the nature of
these intransitive relationships.

These intransitive relationships may comprise only minor portions of the strategy space, or may permeate
the entire space. Especially in the latter case, is it the goal of a learner to develop a strategy that beats as many
other strategies as is possible, or is it the goal to beat strategies that are considered quite good? Supposing the
former, how would a traditional EA solve such a problem? Again, perhaps a suitable teaching set is used and
the same brittle result is obtained, and again, perhaps a random opponent is used with the same poor result.

Without an intrinsic objective measure, coevolution offers something even more than co-adaptation: an
implied answer to the question of “What is best”? Since (as I will discuss later in the dissertation) these
algorithms are predisposed toward Nash equilibria, coevolution offers the opportunity to find strategies that are
as non-dominated as is possible.
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Complex structures

While traditional evolution may be fully applicable to static single-objective optimization problems of arbi-
trary complexity, the decompositional nature of coevolution (whether implicit or explicit) may afford CEAs
with some advantages for dealing with problems that are complex, but highly structured. Assuming that the
algorithm either endogenously or exogenously decomposes the problem in an appropriate way, it seems natural
that a CEA (in particular a CCEA) could coevolve the various components independently more efficiently than
could a traditional EA evolve the entire structure.

Indeed, this has been the primary motivating factor for cooperative coevolutionary approaches from the
beginning, starting with early attempts to perform optimization tasks with explicit, static decompositions (Potter
and De Jong 1994). Soon researchers began to explore controlled, but dynamic decompositions (Potter and
De Jong 2000), and even more recently CCEA approaches have exploited this notion further, employing a
kind of shaping technique calledcomplexification(Stanley and Miikkulainen 2002; Stanley and Miikulainen
2002). Here the structure that is coevolved starts out simple and is gradually expanded to help direct the search
space more hierarchically from simple representation spaces (where the search space is much smaller) to larger
representation spaces (where the search space is constrained by the earlier parts of the search).

2.2.4 The pathologies of coevolution

Despite the idealistic hopes of the power of coevolution, applications of CEAs (both cooperative and compet-
itive versions) often fail, or the algorithms turn out to be far more difficult to tune than are traditional EAs.
The reasons for this lie partially in measurement problems caused by the use of subjective fitness and partially
in the often particularly complicated dynamics of coevolutionary systems. These two difficulties together can
lead to a system behaving incomprehensibly at times and in which progress measurement issues also make such
behaviors difficult to diagnose.

There are a variety of fairly traditional pathological dynamical behaviors for coevolutionary algorithms;
however, they tend to be poorly defined in the literature. I will describe the historical terms here at a high level,
but later in the dissertation I will modify the terminology,as well as discuss the pathologies in more detail.

Perhaps the most common pathology is the so-calledloss of gradientproblem, in which one population
comes to severely dominate the others, thus creating an impossible situation in which the other participants do
not have enough information from which to learn (e.g., a small child, new to the game of chess, attempting to
learn to play by playing a grand master at her best). Another common problem iscyclic behavior, where intran-
sitivities in the reward system can allow one population to adapt slightly to gain an advantage over the others,
then the others follow suit, only for the original population to change again, eventually, back to the original
strategy. A similar, but subtly different pathology is thatof mediocre stability, also referred to as “relativism”
(Watson and Pollack 2001). Here stable limiting behaviors (either fixed-point or cyclic) are obtained, but do so
at particularly suboptimal points in the space, from some external perspective. This is a kind of disconnection
between what the engineers have in mind and what the system finds most natural. Finally, CEAs can have
focussing problems, often producing brittle solutions because the coevolutionary search has driven players to
over-specialize on their opponent’s weaknesses. Defining,diagnosing, and treating these problems has been at
the forefront of CoEC research.

The measurement issue mentioned above has also occupied a great deal of attention of coevolutionary re-
searchers, who have appropriated the biological termRed Queento help understand this diagnostic problem.
The difficulty is that since fitness is internal and subjective, it is impossible to determine whether these rela-
tive measures indicate progress (supposing one has an external notion of “progress”) or stagnation when the
measurement values do not change much (or even the reverse inother cases). Without engaging some kind of
external or objective measure, it is difficult to understandwhat the system is really doing. Perhaps an arms race
is occurring, or perhaps the system has stagnated in some mediocre, but stable part of the space. Because of
the relative measurements in the system, it is impossible toknow which is the case. Here one should be clear
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about what is meant by the termRed Queen effect, since it is defined somewhat differently in different places
(Watson and Pollack 2001; Pagie and Hogeweg 2000; Ficici andPollack 1998; Cliff and Miller 1995; Dawkins
and Krebs 1979). In fact, Red Queen dynamics are neither bad nor good or, more precisely, theymaybe bad or
good, but it is impossible to tell which. A more precise definition follows.

Definition 6. Red Queen effect- The diagnostic problem that occurs when populations seem to be changing,
but the internal subjective measure shows no progress is occurring. The phenomena may describe
stagnation or arms race. It is created by the fact that observing internal subjective fitness measurements
provides no external information about the behavior of the system.

2.3 Background Work in Analysis of CoEC

Until recently, analytical work in the field of coevolutionary computation was virtually non-existent. However,
the past decade and a half has seen an explosion of introductory work in the area. This section reviews this work
in four categories: component analysis, performance and problem measures, Markov and dynamical systems
analysis, and asymptotic run time analysis.

2.3.1 Component Analysis

Component analysis of CEAs has primarily taken the form of empirical analysis of methods of interaction,
effects of problem decomposition, and effects of genetic operators. Of these three categories, the first has been
by far the most explored.

How an individual is paired up to evaluate fitness in a coevolutionary algorithm is not a small decision.
Naively, practitioners might want to perform complete pairwise interactions with all possible combinations of
individuals (what will later be termedcomplete mixing); however, this is obviously highly computationally
inefficient. Several studies have focussed on understanding how these decisions should be made for certain
kinds of problems. Perhaps the earliest such study is Angeline and Pollack (1993), where empirical evidence
was given regarding the effects of different topologies of competitive tournaments. Here it was shown that for
some kinds of problems, a simple single tournament matchingwas sufficient for establishing a good measure
of an individual’s qualitative value, while sometimes morecomplicated mechanisms were required, more tour-
naments per individual necessary. A later extension of thisstudy done by Luke and Panait (2002a) examines
two specific competitive fitness mechanisms, single-elimination tournament andk-random opponents, finding
that single elimination indeed seems to do well when there islittle to no noise in the fitness function; however,
thek-random mechanism seems better in noisy situations.

Even in its introductory state, the original cooperative coevolutionary paper by Potter and De Jong (1994)
offers some minimal empirical evidence that non-linearities in problem components split across populations
may require more sophisticated choices in how one makes choices of interactions for fitness purposes. A far
more comprehensive study, involving many different methods for selecting “Partners” was made by Bull (1997),
coming to a similar conclusion: non-linearities between populations may create the need for more sophisticated
methods of interaction.

This early focus on the absence or existence of non-linear relationships between parts of problems split be-
tween populations (so-calledcross-population epistasis) established an almost myopic focus on this property.
The natural question of how one should decompose the problem, and how that affects choices in the algorithm
seemed to intermingle with the question of method of interaction. Bull extended his study to include some
formalism (Bull 2001) using Kauffman’s NKC (Kauffman 1991)as a means of categorizing problems by their
degree of cross-population epistasis. A more surgical empirical analysis, exploring various aspects of the de-
cisions factors involved in choosing a method of interaction, was provided by Wiegand, Liles, and De Jong
(2001), indicating that the issues at stake may not necessarily be merely the property of cross-population epis-
tasis at all. This study was followed by Wiegand, Liles, and De Jong (2002a), where it becomes clear that there



18

are differenttypesof epistasis that can have different impacts on this decision. Both of these studies form the
basis a some of the research discussed in chapter 3.

In his 1997 dissertation, Potter (1997) conducts a small empirical study to attempt to understand the effects
of static problem decomposition by analyzing a string matching problem, in which the degree of overlap of the
match is controlled for the study. This study suggests very little save that, for some problems, even with strong
overlap his general CCEA framework can still work reasonably well. A year later, Bull published a companion
article to the above cited article on “partnership”, where he showed that the effects of mutation on CEAs can
also be quite sensitive to problem properties (Bull 1998).

2.3.2 Performance and Problem Measures

Perhaps the first work attempting to establish a method for external (though still subjective) measurement of
CEAs was Cliff and Miller (1995), where a method using the history of the run itself is employed to help
track and diagnose dynamics in CEAs. An information-theoretic approach was used by Ficici and Pollack
(1998) in order to provide a measure that is both external andobjective for the purposes of such diagnostics.
This method helped them determine how, in certain settings,arms race behaviors might be established. More
recently, Stanley and Miikkulainen (2002) developed an external, subjective measure based on dominance that
can be useful for comparing two different CEAs, but may provide less useful information about the types of
dynamics exhibited in each.

In addition, several empirical studies also attempted to compare search dynamics between CEAs and tradi-
tional EAs using problems with implicit external measures (Pagie and Mitchell 2001; Juillé and Pollack 1998),
showing that arms race dynamics can often be quite tricky to establish, and that population structure choices
(such as spatial embedding) may be of some help. Watson and Pollack (2001) establishes a precedent for using
a very simple problem medium in order to understand evolutionary dynamics, which was followed by a much
more formal study by Bucci and Pollack (2003) illustrating that many types of coevolutionary problems can
be reduced to this simple medium, and that the problem of focussing may be more common than many CoEC
researchers believe.

The above work was based on an order-theoretic approach for helping to define problems that are in some
sense intrinsically coevolutionary (Bucci and Pollack 2002). Luke and Wiegand (2002), another formal study,
also shows that the order relationships in problem’s rewardsystem can suggest characteristics about the dy-
namics, indicating that in certain cases coevolutionary dynamics in single-population CEAs can be equivalent
to traditional EA dynamics. In addition to these works, Olsson (2001) provides an analysis that suggests that
asymmetries in coevolutionary problems can have profound effects on their dynamical behaviors.

Not only has analysis been done to help understand and diagnose dynamical behaviors in CEAs, but some
limited amount of effort has been employed to try to make use of that knowledge in improving the search,
such as the afore mentioned Ficici and Pollack (1998) paper.Additionally, Rosin and Belew (1997, Rosin
and Belew (1995) suggest mechanisms such as “hall of fame”, “competitive shared fitness”, and “shared sam-
pling”, harnessed through a rough form of static equilibriaanalysis, to help improve coevolutionary search by
providing a higher probability of finding adequate “teaching sets”. In addition to this approach, Ficici and Pol-
lack (2001) considers the overlap between multi-objectiveproblem characteristics and coevolutionary problem
characteristics to use the notion of Pareto optimality to help improve coevolutionary search.

2.3.3 Markov and Dynamical Systems Analysis

Dynamical systems approaches constitute perhaps the most promising category of theoretical analysis of coevo-
lutionary algorithms. These models have primarily become popular as a result of two, related influences. The
first source of inspiration comes from the fields of biology and economics, where the notions of evolutionary
game theory (EGT) (Hofbauer and Sigmund 1998; Weibull 1992;Maynard-Smith 1982) have helped illustrate
dynamical, “evolutive” (steady-state, in the dynamical systems sense) (Osborne and Rubinstein 1998) behaviors
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of systems that are very similar to coevolutionary systems.The second source is from within the EC commu-
nity itself, where dynamical systems models have become increasingly more popular tools for understanding
the dynamical properties of EAs (Reeves and Rowe 2002; Vose 1999).

The early EGT model model introduced by Maynard-Smith was originally applied, with little success, to
attempt to predict behaviors in an EA by Fogel, Andrews, and Fogel (1998, Fogel, Fogel, and Andrews (1995,
Fogel and Fogel (1995). However, these studies were somewhat remiss with how they matched the assumptions
of the model with those of the algorithms being modeled. Ficici and Pollack (2000a), in an effort to re-apply
this method, was able to match behaviors of real algorithms to the model predictions much better than these
earlier works. Moreover, Ficici and Pollack (2000c) can perhaps be credited with offering the first real promise
of using EGT for understanding dynamical behaviors in CEAs,from which it has been learned that certain
types of traditional selection methods may be pathologicalin certain single population EAs (Ficici and Pollack
2000b). This EGT model was then turned towards cooperative CEAs (Wiegand, Liles, and De Jong 2002b;
Wiegand, Liles, and De Jong 2002a), where it begins to becomeclear that the dynamical properties of CCEAs
may not be as simple as previously believed. Extensions and refinements to this work constitute a large portion
of this dissertation.

In very recent years, use of these dynamical systems approaches for coevolution has begun to become quite
prevalent. Quite independently of the EGT work, efforts by Schmitt (2001) apply Markov modeling methods
to EAs in which the fitness of individuals is population dependent, including competing agents under the con-
ditional that an overall dominant strategy exists. Again, independent of the above work, Subbu and Sanderson
(2000) uses a dynamical systems model with an altogether different framework in order to analyze distributed
cooperative coevolutionary algorithms. This work, while being heavily entrenched in assumptions regarding
Gaussian mutation operators and Gaussian-type problem properties, demonstrates surprisingly powerful results
regarding the convergence properties of such algorithms. Also, recent work by Liekens, Eikelder, and Hilbers
(2003) has applied Markov modeling techniques as a means of comparing CEAs, and in fact performs such
an analysis as a means to understand the benefits of diploidy in coevolution. Additionally, Schmitt (2003) has
further developed his Markov model for EAs to include certain kinds of CEAs.

2.3.4 Asymptotic Run Time Analysis

Though still in the very early stages, some recent research incorporates more traditional computer science
asymptotic analytical methods, such as those applied toward other types of randomized algorithms (Motwani
and Raghavan 2000). Jansen and Wiegand (2003b) presents therun time performance of a very simple co-
operative coevolutionary algorithm on several separable problem classes in terms of expected time before the
global optimum is reached first. This research again casts doubt on the older belief that cooperative coevolution
gains advantage when there is little or no non-linear relationships between pieces of the problem represented
by different populations. I will cover such analyses in greater detail in Chapter 4. Further analysis of this sort
was applied by Jansen and Wiegand (2003c) to illustrate differences between two different implementations of
a simple CCEA, one parallel and one sequential in terms of howthe current populations are updated. This study
suggests that the differences and similarities between such implementations are, perhaps, counter intuitive.
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Chapter 3

Coevolutionary Architectures

In the previous chapter, I introduced a tentative definitionof a coevolutionary algorithm: an evolutionary al-
gorithm in which the fitness of an individual is a subjective function of its interactions with other individuals.
An exact definition of just precisely what is, or is not, coevolution will not be offered; however, in order to
study something, one must certainly clarify the object of study itself. This chapter seeks to do exactly this:
lay the groundwork for understanding the specific class of coevolutionary algorithms on which this dissertation
focusses.

The chapter begins this clarification by first offering a categorical description of the properties of CEAs.
This has the double advantage of informing the reader of choices available to CoEC designers, while also
providing a context for understanding the choices made for this particular set of studies. With this beginning,
the second section is able to position theCooperative Coevolutionary Algorithm(CCEA) framework under
study here within the larger hierarchy of CEAs in general. Since the point of my fundamental question centers
around the notion of static optimization, the third sectionseeks to clarify this problem domain for the CCEA.
The result of this chapter should be a clear understanding ofthe algorithm I am studying and the problem to
which some seek to apply it.

3.1 Categorizing Coevolutionary Algorithms

Just as with more traditional EAs, there are many design choices available to engineers employing coevolu-
tionary algorithms. Different choices lead to different CEAs with different properties; thus, it is in a designer’s
best interest to understand these choices. Some of the choices have already been touched upon in the previous
chapter, but it is useful to provide a systematic, hierarchical elicitation of them in greater detail. Indeed, this
section offers a categorical ontology of coevolutionary algorithms, based on the choices available to algorithm
designers. The descriptions of these categories follow Figure 3.1 on page 23, which provides a roadmap for
these descriptions.

A categorization such as this is necessary if one is to take a systematic approach to understanding coevo-
lution. Any given analysis of a class of coevolutionary algorithms can be made more clear (and specific) by
directly addressing which subset of properties are explored in that analysis. Knowing a reasonably thorough
ontological breakdown of properties helps researchers andpractitioners understand what the generalities, as
well as what the limitations, of such an analysis must be. Moreover, once a broad range of properties is more
obvious in some holistic sense (as is hopefully the case withthe hierarchy on page 23), more focussed and sen-
sible analytical processes are possible by establishing a context. Additionally, a better understanding of whatis
not covered in prevailing research is illumined in this way.

As we will soon see, there is a large amount of semantic ambiguity surrounding many coevolutionary
algorithms that make them difficult to classify. This difficulty only increases the need for some kind of catego-
rization. By describing the various choices that go into defining a coevolutionary algorithm, the places where
these ambiguities are the highest will be made more explicit.

As you can see from the figure on page 23, there are at least two high level branches to choices about
coevolutionary algorithms: choices centering around how one evaluates fitness in a CEA and choices centering
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around how one represents the problem for the algorithm to solve. The following subsections offer short
descriptions of each of these, and their subcategories, in turn.

3.1.1 Evaluation

Since CEAs are defined by the fact that their internal measure, or evaluated fitness, is a subjective measure, a
logical breakdown of defining properties for CEAs should include evaluation as a high level category. Indeed,
there are at least four different properties of evaluation important to coevolution: payoff quality, methods of
fitness assignment, methods of interaction, and update timing. Though there may be other important properties
of CEA evaluation, these four must certainly be the most significant, and within these categories nearly all
existing CoEC approaches can be described.

Payoff Quality

The first broad category of coevolutionary algorithm evaluation surrounds the character of the payoffs awarded
during interaction of individuals. This is essentially a tacit reference to the game-theoretic nature of coevolution
that I will discuss later in the thesis. The basic question is: if one is evaluating interactions, how are these
interactions best characterized? There are at least three payoff types in CEAs worth considering: competitive
fitness, cooperative fitness, and non–competitive fitness. The reader should be careful to note that these are
traditional, qualitative classifications that leave a lot of grey area to be disambiguated. In fact, there is much
disagreement about the scope and relevance of these grey areas within the field of CoEC. I will return to this
question of ambiguity below, but first let’s say a few words about the categories themselves.

In competitive coevolution, individuals are rewarded when their opponents do poorly, and they are punished
when their opponents do well. In other words, their fitness values depend oncompetitions, and the individuals
participating in these competitions are consideredcompetitorsor opponents.

Alternatively, in cooperative coevolutionthe fitness of an individual is based on how well it cooperates
with the other individuals with whom it interacts. Individuals succeed when they are partnered well, when the
resulting team performs well. Here I term the interaction itself acollaboration, and use the termcollaborator
to mean those individuals with which the interaction is made.

Though the definitions offered for distinguishing between cooperative and competitive coevolutionary
methods remain somewhat vague, one thing that is clear is that one can imagine payoff situations where some-
times participants are mutually rewarded, but sometimes their purposes are at odds. Such situations are often
referred to asnon–competitive. This thesis will ignore non–competitive approaches sincethey are (so far) of
little interest to those who study CEAs at this time. Nevertheless, it should be clear that it may well be the
largest of the three groups.

Returning to my point about the ambiguity of these definitions, the question of how to clearly define these
groups of payoff quality is a very messy and complicated semantic problem. There’s little doubt that more
precise, mathematically rigorous definitions of the distinction between cooperation and competition may well
be helpful. Indeed, such distinctions may be plausibly obtained using the notational tools from game theory
(Rapoport 1970); however, the differences of opinions among CoEC researchers currently regarding subtleties
of what is meant by these terms makes any unilateral attempt to draw a hard defining line between cooperative
and competitive coevolution unwise. This dissertation, therefore, will not attempt to do so. Instead, as will be
seen later in this chapter, the studies presented here will restrict their attention to a subset of such models that
are undeniably cooperative.

Perhaps of more fundamental interest than terminological distinctions, may be whether or not any particular
characterization of this sort has any meaning in terms of identifying potential long term dynamics in a coevo-
lutionary system. This remains an open question, though theconnection between payoff quality and long term
coevolutionary behaviors is widely believed to exist (Ficici and Pollack 2000c).
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Methods of Fitness Assignment

Conceptually there seems to be a clear difference betweencalculatinga fitness score, andusingsuch a value.
A given EA may calculate fitness using some well–defined objective function, but that value may be used in a
variety of ways either to influence the dynamics of the evolutionary search or to provide an external measure.
Indeed, Chapter 2 discusses a variety of notions of measurement, some of which are applied directly towards
search (so-called “internal measures”) and some of are not (so-called “external measures”).

Regardless of the specific issue of coevolution, internal measures can obviously be used in a variety of
ways to influence the evolutionary search, independent of how they are used to finally report solutions to the
problem. As an example, consider the case of applying parsimony measures in rule–based systems. In such
cases evolving individuals are often complete rule-sets and penalties are dispensed to rule-sets that are too large
(Luke and Panait 2002b). In these situations, one can make a distinction betweenraw fitness and fitness under
some length bias pressure (for example). Although the length biased fitness is used during evolution, it is the
raw/computed form of the fitness that has meaning to us from the perspective of solving a problem. An even
more poignant example is proportional selection. In this case theobjectivefitness value calculated is taken to
produce asubjectivevalue, which is then used for stochastic selection—and is very clearlynot coevolution.

However, if one’s focus is on what impact fitness has on the dynamic of the evolutionary search, it is
primarily how it isusedthat is of interest, and less so how it is calculated. Thus, there are a variety of ways
fitness can be used in both implicit and explicit ways that create the kind of subjectivity—a subjectivity based
on interacting individuals one might feel more comfortablecalling coevolution.

Examining the group of CEAs that use implicitly subjective fitness measures brings to one’s attention yet
another source of ambiguity. Indeed, the line dividing whatis considereda coevolutionary algorithm by the EC
community at large and what isconsideredmerely as some augmented traditional EA is a thin and fuzzy one.
There are a large number of mechanisms introducing forms of implicit subjective internal fitness to traditional
evolutionary algorithms that tend to be viewed at best peripherally as coevolutionary algorithms, but often not
as CEAs at all.

Examples of this include methods for augmenting a GA to allowit to find multiple peaks in the fitness
landscape frequently using a technique calledfitness sharing(Goldberg and Richardson 1988; Spears 1994). In
fitness sharing, the fitness of an individual is adjusted in some way based on the individualsnear it in some way.
Goldberg and Richardson (1988) uses a distance measure in order to reward diversity and punish phenotypic
similarity, while Spears (1994) uses a set oftag bits in the chromosome in order to adjust fitness (as well as
restrict mating) based on partial genotypic matches. Such algorithms tend not to be considered coevolutionary
algorithms, but if one accepts the above coevolution definition, and by this include single population approaches
presented by many evolutionary computation researchers (Angeline and Pollack 1993; Luke, Hohn, Farris,
Jackson, and Hendler 1998), it is difficult to understand howmethods that employ notions of fitness sharing
can be excluded from the category of coevolution. Indeed, the main point of these methods in many cases is
to help speciate the population (that is, separate the population into distinct, non-interbreeding species). The
interaction that is happening, however, is implicit and quite subtle.

Though our working definition of coevolution is more or less clear in this respect, it is also clear that it
cannot be taken too stringently. Applying the logic from theabove paragraph can lead to strange inclusions
into the coevolutionary camp.Crowding, for instance employs a method of diversity measure for the purposes
of affecting replacement in a steady state GA (De Jong 1975).One might be tempted, at first blush, to say
that this is not coevolution because the distance measures in this method are applied after fitness is calculated.
This observation, however, is somewhat semantic since the dynamics of the algorithm are clearly affected by
this interaction. Moreover, taking the above logic to the extreme, it might be argued that a simple GA using
proportional fitness meets this vague definition of coevolution in the sense that selection is performed not on
an absolute, objective measure, but instead on a relative measure that is dependent on other individuals in the
current population. However, most EC researchers would notconsider either EAs that employ crowding or
canonical GAs using fitness proportional selection to be coevolutionary in nature, presumably because these
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effects are not really (typically) anything more than re-scaling. One might consider all such algorithms co-
evolutionary, though, but if they are, the subjectivity of the fitness assessment is again implicit and even more
subtle than what I’ve previously discussed.

Typically coevolutionary methods are very explicit about how their interactions occur, usually in a way that
leaves no doubt about the interrelatedness of the fitness measures. When fitness is explicit, it is clearly stipulated
by the algorithm designer, prior to running the algorithm. This is the case with most competitive approaches
such as Rosin (1997), as well as many cooperative approachessuch as Potter (1997). Such approaches are
clearly forms of coevolution by almost any definition, though there are still a variety of differences between
different types of CEAs that use explicit methods for subjective, internal fitness. CEAs using explicit fitness
measures constitute the bulk of emphasis in the study of coevolutionary algorithms.

As a side note, it is interesting to observe that in multiple population approaches it can be true that fitness
assignment in one population can be implicit, while in another it is explicit. This is the case in the already
cited studies by Stanley and Miikkulainen (2002, Moriarty and Miikkulainen (1997), where individuals in
subordinate populations receive fitness indirectly via their contributions to the performance of individuals in
the master populations.

Methods of Interaction

The question of how a practitioner determines collaborators or competitors may very well be among the most
important design decisions for the successful applicationof CEAs (Wiegand, Liles, and De Jong 2001). The
most obvious (and computationally expensive) method to evaluate an individual in a coevolutionary setting is
for an individual to interact with all possible collaborators or competitors. In the case of binary interactions,
this is sometimes calledcomplete pairwiseinteraction, or, more generally, in game theory it is often referred
to ascomplete mixing. An alternative extreme is for an individual to be involved in only a single interaction.
Such a choice leaves open the obvious question of how to pick the collaborator or competitor. Of course,
between these two extremes is a whole host of possibilities that involve some subset of interactions. Again,
collaborators/competitors for such interactions may be chosen in a variety of ways from uniformly random, to
fitness biased methods.

Angeline and Pollack (1993) provide a reasonable summary for a variety of methods of choosing competi-
tors, and most of that discussion is equally applicable to a cooperative context, as well. However, it primarily
consists of the enumeration of several methods and a discussion about the relative merits of these specific
strategies. Bull (2001, Bull (1997) also enumerate severalmethods for choosing “partners” (collaborators or
competitors), but again the discussions center around the particular strategies chosen for these investigations.

While these efforts are helpful for specific cases, perhaps it is more useful here to define some basic at-
tributes of this choice, suggesting a wide range of possiblestrategies (many of which may not yet have been
conceived). There are mainly three such attributes: thesample size, selective bias, andcredit assignmentfor
potential interactions during fitness assessment. I describe these briefly below.

interaction sample sizeThe number of collaborators/competitors from each
population to use for a given fitness evaluation.

interaction selective biasThe degree of bias of choosing a collabora-
tor/competitor.

interaction credit assignment The method of credit assignment of a single
fitness value from multiple interaction-driven objective function results.



26

Since how one makes such choices may be of high import to practitioners, much of the empirical research
conducted by this thesis in Chapter 4 will center around determining how such choices affect the performance
of existing coevolutionary algorithms. There may be other properties of this decision, but none so salient as
these three.

Update Timing

Introducing multiple populations into an EA brings to the table some necessary clarifications about terminology.
For example, some clarity with respect to the wordgenerationis required. In a traditional generational EA, this
typically refers one complete pass through the parent selection, offspring generation, evaluation, and survival
selection (steps 4.1–4.5 in Algorithm 1 on page 8). I will retain this term in exactly this way for coevolution.
That is, agenerationin a CCEA is the time it takes to move through these steps for a single population. To refer
to the complete cycle of processing all populations, I use the termround1.

Next, do collaborators come from the current state of populations, or from populations from the previous
round? Really this is a question of the timing of when populations are processed and updated. The timing of
such things can be done in a variety of ways; I focus on two.

I use the termsequentialto refer to a coevolutionary algorithm that processes each population in a sequential
order, choosing collaborators from the current state of theother populations. These populations can change
during theround, of course. As a result, populations processed and updated earlier in the round can affect the
processing of populations processed later.

An alternate approach is one in which the individual populations are processed inparallel, synchronized
only at the end of each round. In this approach, collaborators are selected from theprevious generationfrom
each population. A clearer description of the differences between these two approaches can be obtained in
Jansen and Wiegand (2003c).

3.1.2 Representation

There are three particularly important groups of representation-oriented decisions that design engineers must
make when implementing CEAs: how one handles problem decomposition, what is the spatial topology, and
how one structures the population(s). Among these three categories, nearly all CEAs can be described one way
or the other, though not all CEAs rely as heavily on some of these properties as do others.

Problem Decomposition

For cooperative coevolution in particular, it is often necessary to decide how a larger problem will be decom-
posed into smaller components. There are many ways one may perform this task; such methods fall into a
category here calledpartitioning methods. Chapter 4 will explore the issue of partitioning methods and their
effects more carefully.

The next question iswhenthis decomposition occurs. Just like any parameter adjustment, the property of
decompositional temporalitymay bestatic, decided once and for alla priori by the design engineer;dynamic,
adjusted during run time using a rule imposed by the design engineera priori; andadaptive, adjusted during
run time by the system itself. The idea behind this distinction is similar to more traditional EA choices with
respect to how parameters are altered (or not) at run time (Eiben and Michalewicz 1998; Angeline 1995).

The challenge of how and when to decompose a problem for the purposes of coevolving the individual com-
ponents is one of the most important questions facing CoEC researchers. In fact, the nature of these decisions
on the part of design engineers poses unique questions regarding the appropriateness of decomposition in terms
of the true structure of the problem at hand. Since these may be very appropriate, or distinctly inappropriate, as
will be seen later in the dissertation, it is important to make informed choices. Due to the difference between a

1I prefer thegeneration/roundterminology to that offered by Potter (1997):generationversusecosystem generation.
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decomposition made by the representation and the natural decomposition of the problem, I use the termcom-
ponentto mean a part of a representation, given by the algorithm, while I use the termpieceto mean portions
of the problem itself.

Spatial Topology

Fine-grained, distributed representations of populations are important categories of traditional EAs (Sarma and
De Jong 1996), but they are also quite important in coevolutionary algorithms, since they beg the additional
question of how multiple populations relate to one another topologically (Pagie and Hogeweg 2000). Indeed,
some early research has suggested that spatially-embeddedCEAs might outperform non-spatial methods on
some problems, in certain confined circumstances.

Of course, the bulk of CEAs use no such spatial embedding, buta modest subset of application oriented
work now involves these fine-grained approaches. The research on such models, as well as its apparent potential
advantage, suggests that this category should appear in ourontology. Design choices for fine-grained CEAs
are complicated, but are for the most part outside the scope of this work. This dissertation distinguishes only
between models that arespatially embeddedand those that arenon-spatially embedded. It should be noted,
however, that topological relationships in spatially embedded models are inherently connected to methods of
interaction in terms of evaluation.

Population Structure

There are many ways for a design engineer to break up a coevolutionary algorithm; however, the primary
distinction made here is whethermultiple populationsor a single populationis employed by a given CEA.
These two mark off very different areas of coevolutionary research, so this division constitutes a highly useful
distinction.

For our purposes, let us assume that in single population approaches individuals interact with other indi-
viduals within the same population for obtaining fitness, while in multiple population approaches individuals
interact only with individuals fromother populations to obtain fitness. While it is possible to consider algo-
rithms in which there are interactions between individualsin the same populationand other populations, it is
relatively rare and unhelpful to consider such complications. Indeed, as it turns out, there are apparently some
clear distinctions between single and multiple populationapproaches in terms of dynamics (Ficici and Pollack
2000c; Hofbauer and Sigmund 1998).

3.2 A Cooperative Coevolutionary Algorithm

In the previous section, I offered a categorical description of the design choices available to those wishing to
construct coevolutionary algorithms. Using this hierarchy, nearly any conceivable coevolutionary algorithm
can be described, even those that fall into the grey areas of what is considered coevolution. However, to say
something specific, to answer direct and pointed questions,I must restrict our attention to a subset of CEAs that
are most salient for the purposes of the study at hand.

In my case, every attempt has been made to keep the class of CEAs under study as simple as is possible.
The ultimate goal is to preserve the coevolutionary nature of the algorithm, while providing an algorithm that
gives rise to interesting and useful questions. Therefore,some of the choices available to us will be restricted
in the interest of simplicity and focus, while others will bevaried in order to answer practical questions about
the class of algorithms considered. To help clarify this more specifically, I will divide my discussion into three
parts. In the first two parts, I describe properties of the algorithm relating to evaluation and representation,
respectively. In the final part, I will offer a more detailed description of the algorithms’ framework.
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3.2.1 Evaluation

While there are certainly interesting questions relating to both cooperative and competitive coevolution, coop-
erative coevolution may meet the “simple” criteria somewhat more directly. The lack of a clear external and
objective measure for most competitive methods, in combination with the semantic difficulty defining optimal-
ity, makes progress measurement a problem. This creates challenges for study, since often this measurement
problem must be solved before any more analysis can be accomplished. Moreover, existing research suggests
that the dynamical properties of competitive systems may very well be more challenging to understand than
those of cooperative systems. Since part of my goal is one of simplification, the algorithms studied in this
dissertation will be explicitly cooperative, in the sense that they meet the qualitative definition of cooperative
coevolution payoff quality and explicit fitness assignmentoffered in the previous section.

However, since one of the key decisions that face cooperative coevolutionary algorithm designers surrounds
the method of interaction, this property will remain variable for our investigations. Indeed, the next chapter will
explore the nature of this choice, and its effects in detail.

This issue of what kind of effects the timing of processing and updating populations has on the CCEA is a
complex one. My analysis here does not include a discussion of the differences, though related work is cited
that does (see Jansen and Wiegand (2003c), for example); however, I will concentrate primarily on sequential
CCEAs in Chapter 4 and on parallel CCEAs in Chapter 5.

Before moving on to discuss representation, it is necessaryto say a few words about the ambiguity of the
term “cooperative” raised in the previous section. In the next section I will describe the problem domains to
which this dissertation restricts its attention, and the definitiveness of the cooperative nature of the algorithms
on such problems will be more clear. Despite the general ambiguity in this term, the most obvious and direct
static single-objective optimization tasks suggest a cooperative approach. Since the notion of optimization is
at the heart of the fundamental question of the dissertation, it seems to be the most appropriate decision under
these circumstances.

3.2.2 Representation

For reasons of simplicity, the algorithms in this work use only a priori static decompositions, though the
partitioning method will be the subject of some of the research in the next chapter since it relates strongly
to methods of interaction. I primarily will focus on algorithms that are non-spatially embedded; however, in
the final chapter a particular spatial model is used to make a parting point about establishing and maintaining
evolutionary balance during the run. The primary research investigations of this thesis focusses entirely on
non-spatial models, though.

Single population models can be quite messy and complicatedto describe and understand. Moreover, it
is unclear whether cooperative algorithms are even possible in such a setting, given that it is the nature of
individuals in a population to compete for selection, regardless of the nature of their interactions. To avoid
this complexity, as well as to place this research safely in the “coevolution” camp, I employ only multiple
population approaches in which the fitness of an individual from one population is the result of collaborations
with individuals from each of the other populations.

3.2.3 A General Cooperative Coevolution Framework

The discussion above defines a rather large class of potential CEAs. Unless otherwise stated, from this point
forward the termcooperative coevolutionary algorithm(CCEA) will to refer this particular class of multi-
population, cooperative algorithms using explicit fitnessassignment methods and static problem decomposi-
tions.

When applying a CCEA to a particular problem, typically one decomposes the problem into components
and assigns each component to a population. Save for evaluation, each population is evolved more or less inde-
pendently of one another. since any given individual from a particular population represents only a component
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of a potential solution to the problem, collaborators are selected from the other populations to represent the
remaining components. The individual is combined with its collaborators to form a complete solution and the
objective function is evaluated. If there is more than one set of collaborators (depending on the collaborator
sample size) for a given individual, the objective functionmay be evaluated many times, but a single score is
somehow attributed to the individual for fitness (dependingon the collaborator credit assignment method). It
should be noted that the populations of a CCEA may or may not behomogeneous with respect to the repre-
sentation used for the encoding of individuals in them, or the underlying EAs being used to evolve a particular
component. For the sake of simplicity, all the studies in this dissertation will assume a more or less consistent
representation across populations. Figure 3.2 on page 30 illustrates this idea pictorially.

This class of CCEAs is in no way new. Indeed, Potter (1997) describes a generalized framework for the
CCEA, one that has been applied in a variety of ways. To be morespecific, the traditional EA code shown in
Figure 1 on page 8 is extended, describing the abstractsequentialCCEA in the pseudo-code in Figure 2 below.

Algorithm 2 (Abstract Sequential Cooperative Coevolutionary Algorithm).
1. for population ps ∈ P, all populations

1.1 Initialize population ps
2. for population ps ∈ P, all populations

2.1 Evaluatepopulation ps
3. t := 0
4. do

4.1 for population ps ∈ P, all populations
4.1.1Select parentsfrom population ps
4.1.2Generate offspringfrom parents
4.1.3Select collaboratorsfrom P
4.1.4Evaluateoffspring with collaborators
4.1.5Select survivorsfor new population Ps

4.2 t := t + 1
until Terminating criteria is met.

3.3 Optimizing with The CCEA

In the previous section, I detailed the specific class of algorithms I will be analyzing. Several things remain
to be clarified, however. For one thing, there is again the question of to which class of problem domains to
restrict attention. The answer to this question arises fromboth the need to meet the fundamental question
(Do CCEAs optimize?), as well as meet the condition of being as simple as is possible to demonstrate useful
things about coevolution. Perhaps the simplest possible domain one might consider for the CCEA is the that of
single-objective, static function optimization.

Such problems have at least two properties of interest here.First, they suggest some direct and obvious
methods of decomposition. Second, given fairly straightforward decompositions, they have a game-theoretic
property that is important to the analysis: symmetry. Before turning to these issues, I will clarify what is meant
by single-objective, static function optimization. I focus on maximization. The results and observations are
equally applicable to minimization.

Definition 7. Let there be some function, F, over domain D, F: D→R. Asingle-objective, static maximization
problemis a problem in which the goal is to find d∗ ∈ D such that d∗ = argmaxDF.
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Figure 3.2: Illustration of a round of a three population CCEA.
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3.3.1 Decomposing a Static Function Optimization Problem

The problem class defined above is attractive in part becauseof its simplicity. It is also attractive because despite
its simplicity there remain interesting research issues surrounding how one decomposes the domain such to be
represented by multiple populations. Moreover, since a large number of real world applications fall into this
domain, answering questions about static optimization provides useful information for practitioners.

In essence, the decomposition issue is a question of how to partition D. Consider, for example, the domain
consisting of a vector of arguments in Euclidean space (~x ∈ R

n). Here each argument of the function might
be represented by a different population. In such a case, evaluating an individual from the first first popula-
tion (argumentx1, for example), requires choosing collaborators from the other populations representing other
arguments (argumentsx2 andx3, for example). Figure 3.3 on page 31 illustrates this case.

x1 x2

f (x1,x2,x3)

x3

Evaluate individual

Collaborator(s)

Collaborator(s)

Figure 3.3: Illustration of how a CCEA might assemble a decomposed real-valued argument list to evaluate
against a static objective function.

In the case of a binary representation, such a partitioning is most obviously done by dividing the binary
string into different substrings. Individuals in each population might represent a particular partitioned substring,
and evaluation of an individual substring will require representation from substrings in other populations. For
example, Figure 3.4 offers an example to illustrate how a decomposed binary string might be assembled in
order to evaluate it with some objective function. In this particular case, the string is broken up into three equal
length segments for each population. This is only one choice. Part of the analysis in the next chapter will deal
with exactly this choice.

0110 1100

f (011011000001)

0001

Evaluate individual

Collaborator(s)

Collaborator(s)

Figure 3.4: Illustration of how a CCEA might assemble a decomposed binary to evaluate against a static
objective function.
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3.3.2 Symmetry

The field of game theory (GT) has a useful notion ofsymmetrywith respect to games. In this context, a
symmetric game is one in which the reward gained for a particular set of strategies, as defined by each player
picking a specific strategy, will be the same, regardless of which player is currently being considered. For
example, if one player plays strategya and the other player plays strategyb, the rewards to players depend only
on a andb, but not on the identities of the players.

On a more mathematical level, letπ : S×S→ R define a function mapping strategies from each of two
players to a payoff value. Letπ1(a,b) be the payoff for player 1 when player 1 plays strategya and player 2
playsb, andπ2(a,b) be the payoff for player 2. When a game is symmetric,π1(b,a) = π2(a,b).

Having the property of symmetry certainly simplifies a game in many ways. It is exactly this simplification
that makes it a good property to consider when looking at things from first principles. It should be clear that the
partitioning methods discussed in the previous subsectionwill yield problems with such a property. In essence,
the class of CCEAs in which I am interested is symmetric when applied to single-objective, static optimization
problems, as defined above.

This property has several benefits. First, it should now be clear that the multiple population CCEA defined
above as applied to problems with this property of symmetry are cooperative, by virtually any reasonable defi-
nition. A population (player) cannot succeed unless his collaborators (partners) also succeed, and it fails when
they fail. Second, because of this property of symmetry, a clear objective measure is possible. Since the goal
is to optimize the function and the rewards are symmetric, there is no red queen problem because any progress
against the external measure (the given problem)is, by definition, objective. This resolves several of the ana-
lytical challenges observed in so far and leaves me with a simple coevolutionary system and a straightforward
objective: single-objective static maximization.



Chapter 4

CCEAs as Static Optimizers

Is this class of multi-population, symmetric cooperative coevolutionary algorithms useful as a class of function
optimizers? In some philosophical sense, all algorithms are optimizers when they are applied to optimization
problems; they may simply be quite poor optimizers, yielding low quality solutions or taking a far longer time
to find the optimum than other, better suited algorithms might. Perhaps it is unhelpful to wax philosophic: if one
applies the algorithms to optimization problems, they are optimizers, and our issue (as scientists and engineers)
is how they perform and how well they function. Perhaps the “fundamental question” posed in Chapter 1, while
well-intentioned, is misphrased.

In this chapter, I take this exact approach and rephrase the fundamental question to ask “How, and how
well, do CCEAs act as function optimizers?” Of course, this is a very broad question, with questionable specific
research potential, so it must be further refined to offer more specific opportunities to provide explicative results.
I do this by concentrating on understanding what makes function optimization problems difficult for CCEAs,
and what algorithmic design decisions might be used to counter these difficulties. By giving the fundamental
question context in this way, one can apply analytical and empirical tools to get more specific, useful answers
than might otherwise be possible.

The chapter begins by first discussing how CCEAs can be applied to the problem domain of static function
optimization defined in the previous chapter. This section takes up a property commonly believed to cause dif-
ficulties for CCEAs (cross-population epistasis), defines this property, and describes the intuition and historical
issues that have lead to the suppositions surrounding its effect on CCEAs. The section that follows describes
what elements of CCEAs might plausibly lead to coevolutionary advantage over traditional EAs, then explores
this advantage in the context of cross-population epistasis. This is done by conducting theoretical investigations
of very simple CCEAs, as well as empirical analysis of the operators involved in somewhat more complicated
CCEAs. The third section of the chapter examines what is perhaps the most principal component of CCEAs
to deal with challenges posed by complicated problem domains: methods of interaction (collaboration). This
is done via primarily empirical means. I use the final sectionto bridge to the next chapter by illustrating, both
empirically and formally, some of the challenges that face CCEAs when they are applied to static optimization
problems.

4.1 Applying CCEAs

4.1.1 General Problem Domain Framework

Before beginning any analysis of the algorithm of study, oneshould be careful to select a framework for the
problem domain that facilitates analysis at some level. Such a domain should be simple enough to gain appro-
priate intuition, but flexible enough to allow for a thoroughexploration of the relevant properties of interest. To
this end, this section concentrates entirely on so–calledpseudo-booleanfunctions, f : {0,1}n → R. Individuals
will therefore maintain binary representations throughout this chapter. The use of binary representation (in this
case) provides a greater intuition about the effects of the genetic operators—something that will come in handy
during analysis.

Pseudo-boolean functions provides several additional advantages. First and foremost, they will make it very
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easy to describe the salient problem property that constitutes the focus of the research discussed in this section.
Second, they make it very straightforward to construct examples (or counter examples) illustrating certain very
explicit ideas relating to properties of the problem. Finally, the issue of how well suited a static decomposition
is for the overall problem representation becomes simplified by the ease with which clear definitions of such
partitioning may be established.

Basic Example Functions

Since they will be useful throughout this chapter, several simple pseudo-Boolean functions are defined below:
ONEMAX , LEADINGONES, and TRAP. These are very common EA problems (Mitchell 1997). ONEMAX

simply counts the number of ones in a given binary string, LEADINGONES counts the number of consecutive
ones at the start of a string, and TRAP essentially establishes a false ONEMAX gradient leading away from the
true maximum, found at the all 0 string. These are defined formally below.

Definition 8. The functionONEMAX : {0,1}n → R is defined by

ONEMAX (x) :=
n
∑

i=1

xi

.

Definition 9. The functionLEADINGONES: {0,1}n → R is defined by

LEADINGONES(x) :=
n
∑

i=1

i
∏

j=1

x j

.

Definition 10. The functionTRAP: {0,1}n → R is defined by

TRAP(x) :=

(

(n+1) ·
n
∏

i=1

xi

)

+n−ONEMAX(x)

.

Using these simple functions, somewhat more complicated functions can be constructed. In fact the
ONEMAX problem can be seen as a specific case of so-called LINEAR functions. Additionally, it is possi-
ble to generalize the LEADINGONES problem to one in which onlyb blocks ones may be counted at the start
of the string, LOBb (Jansen and Wiegand 2003a). The following definitions for these two problem classes are
offered below.

Definition 11. The functionONEMAX : {0,1}n → R, and some vector w∈ R
n is defined by

L INEAR(x) :=
n
∑

i=1

wixi

.

Definition 12. For n∈ N and b∈ {1, . . . ,n} with n/b∈ N, the functionLOBb : {0,1}n → R (short for
LeadingOnesBlocks) is defined by

LOBb(x) :=
n/b
∑

i=1

b·i
∏

j=1

x j

.
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Separability

An important property of problem domains in general is the notion of separability. Separability refers to the
ways in which one can partition the string so that the total objective function value is merely the sum of functions
operating over disjoint substrings. A formal definition follows.

Definition 13. A function f: {0,1}n → R is called(r,s)-separable, where r,s∈ {1,2, . . . ,n},

if there exists a partition of{1, . . . ,n} into r disjoint sets I1, . . . , Ir with I j =
{

i j,1, . . . , i j,‖I j‖
}

and‖I j‖ ≤ s, for all j ∈ {1, . . . , r}, and if there exist corresponding pseudo-Boolean functions
g1, . . . ,gr with gj : {0,1}‖I j ‖ → R such that the following holds:

∀x = x1 . . .xn ∈ {0,1}n : f (x) =
r
∑

j=1

g j

(

xi j,1xi j,2 · · ·xi j,‖I j ‖

)

A function that is(r,s)-separable is one that can be broken down intor linearly independent substrings of
length no greater thans. The functionf is exactly(r,s)-separableif f is (r,s)-separable but not(r ′,s′)-separable
for any r ′ > r or s′ < s. So, for example, the ONEMAX and LINEAR functions are exactly(n,1)-separable (or
fully separable), whereas the LEADINGONES and TRAP functions are exactly(1,n)-separable (orinseparable).

During the course of analysis, it will be necessary to construct problems with some specific degree of
separability. There is a common and straightforward way to do this using a tactic calledconcatenation. A
concatenatedfunction is one in which the binary string is partitioned in some way, and the objective function
value is the linear sum of the underlying subordinate function applied to the individual substrings. Typically,
as well as in my case, the underlying function itself is inseparable, so the constructed function is then exactly
separated by the number of concatenated pieces. More directly, one simply defines a function in terms of
the sum ofr independent sub-functions, which are themselves inseparable. A simple example is obtained by
choosing an inseparable function ofs bits and concatenatingr of theses-bit blocks to form anrs-bit (where
n = rs) problem the value of which is just the sum of the individual functional pieces.

4.1.2 Representing Optimization Problems

Given the choice for a binary representation and pseudo-Boolean functions, what remains to be clarified regard-
ing representation is how problem components will be divided. To start with, let me begin by assuming an even
division of bits per population. That is, given a potential solution to f , a bit stringx∈ {0,1}n, andk populations,
x is divided intok separate components of equal sizel = n/k. How those bits are assigned will be the subject of
study later in this section, but unless otherwise stated it should be assumed to be consecutive. That is, assuming
x= x(1)x(2) . . .x(k), where‖x(i)‖ = l is the length of each piece, andi ∈ {1, . . . ,k} represents an index indicating
from which population the substring was drawn. Therefore, Ican define the substringx(i) = x(i−1)·l+1 · · ·xi·l
from the total bit string. A diagram of this is shown below.

x(1) x(i) x(k)

x = x1x2 · · ·xl · · · x(i−1)·l+1 · · ·xi·l · · · x(k−1)·l+1 · · ·xn

Figure 4.1: This figure illustrates how a binary string is partitioned into consecutive substrings, as well as
showing how the notation used relates to this partitioning.
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Here each population is assigned to one of thek substrings, and individuals from that population represent
potential values for that role. During the collaboration process a total string is assembled and evaluated against
the objective function. As discussed in the last chapter, this allows for a very straightforward encoding of the
values for the problem into the representation, and decoding of the represented solutions in order to evaluate
them in the context of the complete problem.

4.1.3 Cross-population Epistasis

What is omitted from the previous subsection is a much wider issue:in generalhow should an engineer stati-
cally decompose a problema priori? A partitioning method like the one above may seem naive, perhaps even
myopic. What are the properties of the problem? How can one tell whether the problem has been “appropriately
divided” or not?

The presence of non-linear relationships between genes,orepistasis, has been an important part of EC
research (Goldberg 1989). In cooperative coevolution the division of the problem into components generates a
new complexity to consider: whether or not such non-linearities cross population boundaries. Indeed, various
researchers working on cooperative coevolutionary algorithms have attempted to understand the effects of non-
linear relationships between components (Wiegand, Liles,and De Jong 2002a; Bull 2001; Wiegand, Liles,
and De Jong 2001; Bull 1997; Potter and De Jong 1994). The prevailing belief is that the existence of cross-
population epistasis poses particular difficulties for CCEAs. There is a certain amount of satisfying intuition to
justify this belief. If an EA’s job is to assemble lower-order blocks into increasingly higher-order blocks then
presumably splitting up a function in such a way that groups have little to no non-linear interactions between
them would seem to give the EA an advantage. At the same time, divisions that preserve or create non-linear
relationships across the population boundaries would seemto pose potential difficulties to CCEAs. The question
of the existence or absence of cross-population epistasis is one of the main properties under investigation in this
chapter. Before this can be done, a more thorough understanding of what this question is really asking and what
the terms really mean must be undertaken.

While it is clear that one can divide the problem any way one wishes, there may be more “natural” places
to divide it than others. By “natural” I mean divisions that correspond to the notions of linearity versus non-
linearity across population boundaries. This is, of course, essentially addressing the issue of the separability
of the function. Indeed, as engineers we are concerned with the degree to which an algorithm’s decomposition
may be closely aligned with the problem’s true separation. Iuse the termmatchto distinguish between such
cases. When the problem pieces are separable between the components represented in the populations, I say that
the decompositionmatchesthe separability of the problem. To be more specific, I say that the decomposition
exactly matchesthe separability of the problem when the pieces are exactly separable. This is defined more
formally below.

Definition 14. Let a function f: {0,1}n → R be(r,s)-separable as in Definition 13. A decompositionmatches
the separability of f if all bits that belong to one index set Ij are in one population.

The decompositionexactly matchesthe separability of f if there are r components, and each EA operates
on the bits contained in exactly one of the index sets Ij .

The phrasing used until this point reflects opposite sides ofthe issue of matching. An algorithm that has a
decomposition that matches the problem can be said to be “separable across population boundaries”, while one
that does not match exhibits “cross-population epistasis”in the sense that there exist nonlinear relationships
between components resulting from decompositions that place portions of inseparable pieces in different popu-
lations. It should be clear that when decompositions do not match the problem’s separability, there will be such
nonlinearities by definition.
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An illustration will clarify the differences between components and pieces, as well as separability and
epistasis. Starting with notation, I will usek to mean the number of populations, or EAs. This corresponds to
the division of the problem created by the algorithm’s designer into distinct components, typically all of the
same length,l . The true problem is divided intor distinct, inseparable pieces, each of lengths. Figure 4.2
below illustrates an example where these two do not match.

components x1x2 · · ·xl x(i−1)·l+1 · · ·x2·l · · · x(k−2)·l+1 · · ·xn x(k−1)·l+1 · · ·xn

pieces x1x2 · · ·xs · · · x(r−1)·s+1 · · ·xn

Figure 4.2: This figure illustrates how differences betweendivisions chosen by the algorithm designer (compo-
nents) and the natural separations of the problem (pieces) can be mismatched.

4.2 Partitioning and Focussing

Perhaps the best place to start to address the reformulated fundamental question is to investigate two specific
questions: “can cooperative coevolution perform better than a comparable traditional EA on static optimization
problems” and, if so, “what properties of CCEAs lead to this increased performance”? As the reader will
see (and as is unsurprising), cooperative coevolution can perform better or worse than traditional evolution,
depending on properties of the problem. In fact, it is the second question that holds more interest: what is the
CCEA advantage?

One nice thing about analyzing this particular class of CEAs(cooperative symmetric multi-population EAs)
is that they are not so fundamentally different from traditional EAs that one cannot see and grasp (at least at a
high level) the differences between the two fairly simply. Indeed, there seem to be only two real augmentations
to these CCEAs that offer potential for outperforming more traditional EAs (in certain circumstances): their
ability to divide the problem into smaller subspaces in which to search and their ability to increase the effects
of the operators on those smaller components. This can be seen as a kind of partitioning and focussing; that
is, exploration of the components can be increased without as much risk of disruption of the entire candidate
solution. Understanding the nature of these two properties, partitioning and focussing, is the point of this
section.

4.2.1 Run Time Analysis

When one is interested in understanding how an algorithm performs, traditional computer science would suggest
an analysis of run time behavior in the context of canonical complexity bounding functions (Cormen, Leiserson,
Rivest, and Stein 2001). However, EAs are very complicated algorithms offering much that creates difficulty for
run time analysis, CEAs are likely to be even more difficult. Nevertheless, a host tools available for analysis of
randomized algorithms (Motwani and Raghavan 2000) providemethods for learning something about relatively
simple EAs.

Analysis of this sort typically works by attempting to answer the question: “How many function evaluations
does one expect to compute, on average, before the first time the global optimum is reached?” Typically the
algorithm is considered to run forever, and the expectedfirst hitting time, or optimization time, is computed—
generally bounded by some probability measure. The resultsof such analysis are firm, trusted predictions of
the order of the number of evaluations needed to find a solution as the problem scales in size.
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This analysis provides a good place to start in terms of understanding wider classes of more complicated
EAs. This subsection discusses some early analysis of a simple CCEA, indicating how and when the partition-
ing and focussing can give the CCEA an advantage. The majority of the formal analysis in this subsection was
performed in collaboration with Thomas Jansen during a visit to Dortmund University. This visit was funded
by the Deutsche Forschungsegemeinschaft as a part of the Collaborative Research Center “Computational In-
telligence” (SFB 531), and much of the results of this work can be found in Jansen and Wiegand (2003b) and
(Jansen and Wiegand 2003c).

The simple CCEA I will analyze here is formulated by using a known simple EA in the Potter framework
described in the previous chapter.

The (1+1) EA

I begin by describing the simple, analytically tractable (1+1) EA, shown in Algorithm 3 below. Analysis of
the (1+1) EA has provided the EC community with many results (Muehlenbein 1992; Rudolph 1997; Garnier,
Kallel, and Schoenauer 1999; Droste, Jansen, and Wegener 2002; Scharnow, Tinnefeld, and Wegener 2002),
as well as tools and methods that could prove useful for analyzing more complicated EAs (Wegener 2002).
This simple EA serves the purposes of analysis well, since itis very simple but still quite similar to many
more complicated EAs in many ways. What follows is a formal definition of the (1+1) EA as applied to the
maximization of pseudo-Boolean functions. The reader should note that this is a specific case of Algorithm 1.

Algorithm 3 (1+1 Evolutionary Algorithm ((1+1) EA)).

1. Initialize population
Choose x0 ∈ {0,1}n uniformly at random.

2. Evaluatepopulation
fp = f (x0)

3. t := 0
4. do

4.1 Select parentsfrom population
Use xt as parent

4.2 Generate offspringfrom parents
Create y∈ {0,1}n by copying xt and, independently for each bit,
flip this bit with probabilitymin{1/n,1/2}.

4.3 Evaluateoffspring
fc = f (y)

4.4 Select survivorsfor new population
If fc ≥ fp, then set xt+1 := y, else set xt+1 := xt .

4.5 t := t + 1
until Terminating criteria is met.

This algorithm can be described very simply. There is only one individual in the parent population. The
offspring is generated by bit-flip mutation on the parent at arate of 1/n, though the mutation probability cannot
exceed 1/2. The offspring and parent compete for survival for the next generation, and the offspring survives if
it is as least as good as the parent. It is, as I have said, a simple algorithm about which much is known in terms
of run time performance. For example, for all linear functions with non-zero weights (such as ONEMAX ), the
running time is known to beΘ(nlnn); the running time for the LEADINGONES problem is known to beΘ(n2)
(Droste, Jansen, and Wegener 2002).
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The CC (1+1) EA

A simple CCEA can be produced by using the EA defined above in the Potter framework. Such an algorithm
has many benefits for the purposes of analysis. For one thing,it is perhaps the simplest conceivable cooperative
coevolutionary algorithm that can be applied to static optimization problems. This is an attractive property
since, like the (1+1) EA, it shares some useful properties with more complicated CCEAs, while being analyt-
ically tractable. Another useful feature of this simplifiedalgorithm is that the issue of how collaborators are
selected is eschewed since the population size for each EA isonly one, by definition. For pedantism, the CC
(1+1) EA is described formally, in detail below in Algorithm4. This is an augmentation of Algorithm 2 below.

Algorithm 4 (Sequential Cooperative Coevolutionary 1+1 EA(CC (1+1) EA)).
1. for a := 1. . .k

1.1 Initialize population a

Choose x(a)
0 ∈ {0,1}l uniformly at random.

2. for a := 1. . .k
2.1 Evaluatepopulation a

Not applicable
3. t := 0
4. do

4.1 for a:= 1. . .k
4.1.1 Select parentsfrom population a

Use x(a)
t as parent

4.1.2 Generate offspringfrom parents

Create y(a) ∈ {0,1}l by copying x(a)
t and, independently for each bit,

flip this bit with probabilitymin{1/l ,1/2}.
4.1.3 Select collaboratorsfrom population

Use all current components of xt , except x(a)
t

4.1.4 Evaluateoffspring with collaborators

f (a)
c = f

(

x(1)
t+1 · · ·y(a) · · ·x(k)

t

)

f (a)
p = f

(

x(1)
t+1 · · ·x

(a)
t · · ·x(k)

t

)

4.1.5 Select survivorsfor new population a

if
(

f (a)
c ≥ f (a)

p

)

set x(a)
t+1 := y(a)

else set x(a)
t+1 := x(a)

t

4.1.6 t := t + 1
until Terminating criteria is met.

There is only one parent component for each of thek populations. The algorithm works by sequentially
moving from one population to the next, producing a mutated offspring component, and comparing it against
the parent in the current context of all other components. Ifthe offspring is at least as good as the parent, the
offspring replaces the parent. It should be noted that this formulation of the CC (1+1) EA requires two evalua-
tions for each generation (the parent must be evaluated for each new offspring component, since collaborating
individuals may have changed from the previous round). Since this results in merely a constant factor in the
analysis, this fact is ignored in this section.

Even at this simple level, there are a variety of choices thatmight have been made yielding slightly different
algorithms. Predominantly these have to do with which generation provides information to the next. The
differences between such “update mechanisms” is explored in more detail in the study presented by Jansen
and Wiegand (2003c). In this work, the update mechanism is assumed to work as described above: each EA
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completes a generation with its respective population before the CCEA moves sequentially to the EA operating
on the next component.

Comparing The (1+1) EA and The CC (1+1) EA (Separability)

Let us suppose for the sake of argument that the CCEA gains itsadvantage chiefly (if not exclusively) from
the advantage of slicing the problem up and solving the pieces in parallel. This certainly seems to satiate the
most straightforward intuition: if the subproblems are linearly independent, surely an algorithm that solves
these independent subproblems independently in parallel has advantage over the algorithm that treats it as one
big problem? After all, their relative search spaces would (presumably) be much smaller. As a vague sort of
justification of this intuition, consider a two dimensionaloptimization problemf (x,y) = g1(x)+ g2(y), where
x ∈ {a,b,c} and y ∈ {d,e, f}. The algorithm that solves the fullf (x,y) must search a space with 9 search
points, while splitting the problem up into two algorithms,each searchingg1(x) andg2(y) respectively only
need search three points each, or a total of 6 search points. As the size of the relative sets increases, this gap
widens, of course.

But this is not the space that a CCEA searches, even under the most ideal circumstances, and this notion
of subproblems that are separable across population boundaries (even if the design engineer “conveniently” is
aware of such divisions in the problem) is also not the advantage it appears to be. To get a better understanding
of this it is necessary to first contradict intuition by analyzing the most separable problems conceivable: LINEAR

problems. If the mere splitting of the problem into appropriate partitions is sufficient to gain advantage, one
would expect the biggest advantage to appear when the problem is most divisible. In fact, this is not the case. As
Jansen and Wiegand (2003b) shows, the CC (1+1) EA is still bounded above byO(nlnn), yielding no advantage
whatsoever. In fact, it is clear from the analysis produced in that work that no division of the problem will result
in an improvement for the CC (1+1) EA over the simple (1+1) EA.

Why is this? Consider that a linear problem still requires nomore than one-bit mutations for there to be
improvements. Such being the case, the increased focus of attention by the mutation operator offered by the
CCEA is not necessary, and cannot be leveraged over the traditional EA for such problems. In fact, for the
CC (1+1) EA to show an advantage over the (1+1) EA, the problemmust requireboth the partitioningand the
increased focus of the operators. It must use the partitioning toprotectthe other pieces of the problem from the
added disruption of the more attentive genetic operator. This is not the case in the linear problem.

A problem can be constructed to exhibit this property very clearly. Taking the LOBb problem described
above, and creating a problem that is separable across population boundaries by “concatenating” several of
them together in a linear manner, it is easy to construct a problem that has exactly the property in which I am
interested. Allowing, for the moment, the algorithm decomposition to exactly match this new problem’s true
separability, I can define the new function CLOBb,k in terms of thek populations in the CC (1+1) EA.

Definition 15. For n∈ N, k∈ {1, . . . ,k} with n/k∈ N, and b∈ {1, . . . ,n/k} with n/(bk) ∈ N, the function
CLOBb,k : {0,1}n → R is defined by

CLOBb,k(x) :=

(

k
∑

h=1

n·LOBb
(

x(h−1)l+1 · · ·xhl
)

)

−ONEMAX (x)

for all x = x1 · · ·xn ∈ {0,1}n, with l := n/k.

Analysis of both algorithms on this problem shows a clear separation between the CC (1+1) EA and
the (1+1) EA, in terms ofb and k. The expected optimization time of the CC (1+1) EA on the function
CLOBb,k is Θ

(

klb
(

l
b + lnk

))

with l = n/k, if the CC (1+1) EA exactly matches the function’s separability
with k (1+1) EAs, and 2≤ b≤ n/k, 1≤ k≤ n/4, andn/(bk) ∈ N hold. The same problem requires the (1+1)
EA Θ

(

nb (n/(bk)+ lnk)
)

evaluations. Dividing the former by the latter, the difference is obtained and shown
below.
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Θ
(

nb ·
(

n
bk + lnk

))

Θ
(

klb
(

l
b + lnk

)) = Θ
(

kb−1)

It is interesting to note that for some values ofk andb this can decrease the expected optimization time
from super-polynomial for the (1+1) EA to polynomial for theCC (1+1) EA. This is, for example, the case for
k = n(log logn)/(2logn) andb = (logn)/ log logn. The proofs for these assertions are demonstrated in detail
in Jansen and Wiegand (2003b).

Comparing The (1+1) EA and The CC (1+1) EA (Inseparability)

Perhaps the reader is willing to accept that separation may be insufficientto guarantee that a CCEA will outper-
form an EA, but thatinseparabilityconstitutes a particular stumbling block for the algorithm. In fact this, too,
need not be the case. This is clear when one considers the LEADINGONES problem. Simple analysis can show
that this problem is still solved in quadratic time by both coevolutionary and non-coevolutionary variants of the
(1+1) algorithms described above. Though the proof of this (shown below) is a bit tedious, it is nonetheless
constructive and I will include it here for completeness.

Theorem 1. The expected optimization time for the CC (1+1) EA on the function LEADINGONES is Θ(n2).

Proof. The proof for the upper bound is very straightforward. Let uspessimistically assume that the algorithm
solves its components from left to right, one at a time. Droste, Jansen, and Wegener (2002) tells us that the
expected number of active steps needed for a given componentof length l to reach the all-onrd string can be
bounded above by 2el2. Since a component is active everyk steps, it will require a given component at most
2el2k steps to reach 1l . Components are solved one at a time, so the sum of the expectations can be used to find
the expected waiting time for the entire process,

∑k
i=1 2el2k = O(n2). For the lower bound, begin by defining

the termprogressive componentto mean the left-most component that is not the all one string. Note that all of
the components to the right of the progressive component evolve without influencing the function value. Since
the original string is drawn at random, and the mutation events are generated independently and uniformly at
random, the result for each of these components to the right of the progressive component must contain random
strings. Thus, the process can be treated as successive solutions to individual leading ones problems for each
component. The lower bound for a given component can be obtained from Droste, Jansen, and Wegener (2002),
except that now one must show that no advantage can be obtained from the partition.

First, a proof the lower bound for the casel > 3 must be provided. I define the termhead start bitsto
be the number of bits that lead a component when that component first becomes the progressive component.
Since the string is random until the component becomes progressive, the expected number of such bits can
be bound above byl/3. Chernoff bounds indicates that the probability that there are more than23 l head start

bits is bounded above by34
l/3

. Thus, from Droste, Jansen, and Wegener (2002) and this, thelower bound
of the expected number of active steps isΩ(l − 2

3 l)2) = Ω(l2/9). A step is active everyk generations, there
areΩ(kl2/9) such generations. The algorithm can be slowed down by assuming that after reaching 1l in the
progressive component, there are no more mutations in the current round. Since each component becomes all
one only once, this slows down the optimization by less thank2. Now, in each round at most one component
can be solved, which yields

∑k
i=1 kl2/9 = n2/9 as lower bound. Altogether this yieldsn2/9− k2 = Ω(n2) for

l > 3.
For l ≤ 3 it suffices to see that the expected number of leading ones gained in one round is constant. This

implies that there are on averageΩ(k) = Ω(n) rounds before the optimum is reached. In each round there are
Ω(n) function evaluations.
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Of course, the LEADINGONES problem is quite simple; however, itis fully inseparable, meaning it cannot
be partitioned into any linearly independent pieces. Yet inspite of this, as can be seen above, there is no
advantage to the traditional EA over the CCEA: in both cases the expected waiting time for the global optimum
is quadratic. The algorithm’s performance seems to be unaffected by the inseparability of the problem. The
proof helps give us insight into at least two of the reasons for this. First of all, this problem must be solved in
a specific order in terms of the bit positions in the string, regardless of which algorithm it uses. As a result, the
partitioning makes very little difference to the problem’ssolution, one way or the other. Second, there is nothing
intrinsically contradictory in the interrelated bits. TheLEADINGONES function cannot drive the algorithm to
a point where its partitioning makes it impossible to make the necessary jump to the solution. This notion of a
certainqualityor characteristic propertyof the cross-population epistatic linkages will become more important
a little later in this chapter.

Not only is it the case that inseparability can posenoproblem for the CCEA over the EA, it is not difficult to
construct problems in which the advantage of the CCEA is preserved, despite the presence of cross-population
epistasis. Moreover, such a problem can exhibit an exponential improvement of the CC (1+1) EA over the
more traditional (1+1) EA. The reader is referred to Jansen and Wiegand (2003a) for more details; however,
this result should not be surprising, given theNo Free Lunch Theorem(Schumacher, Vose, and Whitley 2001;
Wolpert and Macready 1997).

4.2.2 Empirical Analysis

Though asymptotic analysis provides exact answers to questions about the expected waiting time until the
global optimum is reached, it does have its limitations. Forone, there is a difference between an asymptotic
result and the realistic conditions under which it can be observed. For another, the algorithms analyzed here
were intentionally very simple, and it would be nice to know how the results carry over to somewhat more
complicated algorithms that are more likely to be used by practitioners.

In fact, in this case the results discussed above hold for both realistic conditions of the (1+1) algorithms, as
well as for somewhat more complicated and realistic algorithms. I will address both of these issue empirically
below by considering their behaviors on the CLOBb,k and LEADINGONES problems.

Realistic Problem Conditions

With respect to the first point, knowing that there is an asymptotic difference between the (1+1) EA and the CC
(1+1) EA on the CLOBb,k problem (as an example) doesn’t tell uswhenthat difference may become visible.
If the constant factors are such that the coevolutionary advantage cannot be seen untiln≥ 1,000,000, then the
analysis may mean very little to people who are applying these methods to real problems. This is not the case
though, as we will shortly see. The CC (1+1) EA advantage overthe (1+1) EA is visible with very reasonable
sizes of problem dimensionality.

I performed the following experiments, first on the CLOB2,4 problem, then on the LEADINGONESproblem.
A single (1+1) EA and a CC (1+1) EA withk= 4 populations were compared. The algorithms were run in each
case until the global optimum was found, and the number of function evaluations necessary to achieve this was
tracked and reported.

In the case of the CLOB2,4 problem, the algorithm’s representational decompositionmatched the problem’s
decomposition. Thus, there werek = 4 components ands= 4 pieces; however, the size of the components was
varied, l = {2,4,6,8,10,12,14,16} (n = {8,16,24,32,40,48,56,64}). In the LEADINGONES problem the
same
(n= {8,16,24,32,40,48,56,64}) values were used. This yielded at total of 32 experimental groups (8 for each
problem, for each group). All groups were run for 50 independent trials.

The results of the CLOB2,4 experiments are not surprising. Figure 4.2.2 on page 44 shows that the CC
(1+1) EA performs increasingly fewer evaluations to reach the global peak than its EA counterpart. This
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difference is statistically significant forl ≥ 2 at a 95% confidence usingt-tests and the Bonferoni adjustment
(Hancock and Klockars 1996). On the other hand, Figure 4.2.2(same page) shows no significant difference
(either visually or statistically) between the two algorithms over the same range ofn values. This indirectly
validates the theoretical results directly in realistic sizes dimensions of the search space: the coevolutionary
variant is superior to the traditional variant on the separable CLOB2,4 problem, but they are indistinguishable
(in terms of performance) on the inseparable LEADINGONES problem for alln> 8. In both cases a more direct
validation would be achieved by considering the ratio of thecurves and determining whether this ratio was
non-constant. To do this, experiments with larger values ofn would need to be run.

Realistic Algorithms

One complaint that has been leveled against the analytical work that has focussed on the (1+1) EA (and, by
extension, this work focussing on the CC (1+1) EA), is the fact that it does not appear to be a “realistic”
algorithm in the sense that it is not one that practitioners are likely to use. While a comprehensive study of
a wide catalog of coevolutionary algorithms is outside the scope and point of this dissertation, there are some
natural steps that can be made to make this algorithm a bit more realistic. Here I describe one such step and
conduct the same empirical studies as were presented above on these more plausibly practical EAs.

The non-coevolutionary EA works as follows. There is a population of parents (in this case 10), and at each
step a single offspring is produced by fitness proportionateselection and bit-flip mutation, with a probability of
1/n, wheren is the length of the bit string. The offspring is then evaluated and compared with parent population,
replacing the worst member if it is at least as good. If there are more than one such parents, then one is selected
at random for deletion. This is the so-calledsteady stateEA (De Jong 1975). The reader should be careful
to note that this algorithm is not too terribly different than the (1+1) EA. In a sense, one could consider it a
modified (µ+1) EA, where proportionate parent selection is used ratherthan uniform random selection. This is
an intentional choice, as it lends itself well toward futureexpansions of the theoretical analysis. I will refer to
this as the SS-EA

The coevolutionary variant of this should be of no surprise.In this case, there arek (again herek = 4)
populations, each of size 10. As with the sequential CC (1+1)EA, the populations of this SS-CCEA are
processed sequentially, in order. In each case, one step of the underlying steady state EA is performed. Now
that there is a population, though, I must address the issue of collaboration. For now, I will simply pick a single
individual from each of the other populations that has the highest fitness from the last time that population was
processed (the so-calledsingle-bestcollaboration strategy).

Again I consider the CLOB2,4 and LEADINGONES problems with the same experimental groups:l =
{2,4,6,8,10,12,14,16} for CLOB2,4 andn = {8,16,24,32,40,48,56,64} for LEADINGONES. Again all 32
groups were for 50 independent trials.

The results of the CLOB2,4 experiments are consistent with those of the simpler (1+1) variants. Figure 4.2.2
on page 45 shows that the SS-CCEA still statistically significantly outperforms its EA counterpart (95% confi-
dence usingt-tests and the Bonferoni adjustment), though for thel ≥ 2 groups now. Additionally, Figure 4.2.2
(same page) still shows no significant difference between the two algorithms over the same range ofn values.
This justifies, to some extent, the use of the simple algorithm: the theoretical results for the simpler (1+1) al-
gorithms seem to hold for similar population-based approaches. Here again the values ofn are too small to see
non-constant ratios between the the curves.

4.2.3 The Parallel CC (1+1) EA

The above analysis reflects consideration of Algorithm 4 described on page 39. As I’ve already mentioned,
this algorithm issequentialin the sense the individual components are processed one at atime, in order. This
allows for changes in an individual occurring during a roundto affect the fitness of individuals representing
different components evaluated later that same round. Alternatively, one might apply a moreparallel updating



44

2 4 6 8 10 12 14 16

0
50

00
0

10
00

00

l

E
va

ls
(1+1) EA
CC (1+1) EA

Figure 4.3: Results for the CC (1+1) EA (black) and the (1+1) EA (dashed, dark grey) on the CLOB2,4 problem.
The x-axis shows the length of a component,l , and the they-axis shows the number of function evaluations
until the global optimum was reached. The vertical wings show the 95% confidence interval of 50 independent
trials; the plotted point shows the mean.
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Figure 4.4: Results for the CC (1+1) EA (black) and the (1+1) EA (dashed, dark grey) on the LEADINGONES

problem. Thex-axis shows the length of a component,l , and the they-axis shows the number of function
evaluations until the global optimum was reached. The vertical wings show the 95% confidence interval of 50
independent trials; the plotted point shows the mean.
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Figure 4.5: Results for the SS-CCEA (black) and the SS-EA (dashed, dark grey) on the CLOB2,4 problem. The
x-axis shows the length of a component /piece,l , and the they-axis shows the number of function evaluations
until the global optimum was reached. The vertical wings show the 95% confidence interval of 50 independent
trials; the plotted point shows the mean.
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Figure 4.6: Results for the SS-CCEA (black) and the SS-EA (dashed, dark grey) on the LEADINGONES prob-
lem. Thex-axis shows the length of a component /piece,l , and the they-axis shows the number of function
evaluations until the global optimum was reached. The vertical wings show the 95% confidence interval of 50
independent trials; the plotted point shows the mean.
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approach, where individuals select collaborators from theprevious round, allowing no inter-round changes
to have any affect on the fitness result from individuals evaluated in the current round. I call this parallel
because the components can then be processed asynchronously in any order, or they can be processed in parallel.
Algorithm 5 can be obtained by simply making a slight change in line 4.1.4 of Algorithm 4. This substituted
line is shown below.

Algorithm 5 (Parallel CC (1+1) EA).

4.1.4 Evaluateoffspring with collaborators

f (a)
c = f

(

x(1)
t · · ·y(a) · · ·x(k)

t

)

f (a)
p = f

(

x(1)
t · · ·x(a)

t · · ·x(k)
t

)

The reader should note that using the previous round’s individuals for the evaluation affects not only the
offspring evaluation, but the parent’s as well. In fact, in the parallel variant one need only evaluate the parent
once a round, since its value will never change while the round is in progress. This gives the parallel imple-
mentation an implicit advantage in terms of the number of evaluations performed, albeit by at most the constant
factor 2.

The situations in which these two variants differ are perhaps less than obvious. Let’s first look at the situ-
ation where problems are separable across population boundaries, then turn attention to a problem constructed
to exploit the difference between these two algorithms. I will return to this algorithm at the end of the chapter
to discuss some of its pathologies compared to those of the sequential model.

Equivalence on Separable Functions

Conventional wisdom suggests that, while these two algorithms are very similar, they make a fundamentally
different type of choice with respect to selection and updating, and thus can differ profoundly from one another.
While this is true in the general case, it is not true for problems in which components relate in merely linear
ways. Indeed, the parallel and sequential variants of the CC(1+1) EA have equivalent running times on all
functions that are separable across population boundaries. The proof of this is shown below for Theorem 2.

The result of this is to suggest a far more subtle difference between these two algorithms. Certainly they
differ, and thus must exhibit different running times for some problems, but not for separable ones. This analysis
suggests that if an algorithm designer is confident that their decomposition matches that of the true problem,
there is no reason based on running time alone to choose the sequential algorithm over the parallel, or vice-
versa. Thus they are free to consider other factors in makingthis decision (such as whether or not a parallel
computational environment exists of which they can take advantage, for instance).

Theorem 2. For any function f: {0,1}n → R, if the parallel and sequential forms of the CC (1+1) EA use the
same division into components on f and if f is separable across population boundaries, then the two
CC (1+1) EAs behave identically.

Proof. Contradiction is used to show that the two algorithms must have the same performance because they
behave identically in all cases when applied to the same separable problem. Given that they behave identically,
the number of generations needed for optimization is equivalent, and their respective expected waiting times
for the global optimum cannot differ by more than a factor of two.

For there to be any difference in behaviors, the algorithms must make different decisions during the selection
step, and by consequence the evaluation step, step 4.1.4, must obtain different results. Given that the function
is separable across population boundaries, the linear contribution of the active component to the total fitness,
ga : {0,1}l → R, can be the only difference in the total fitness score. As a result, for a different selection

decision to be made, it must be true thatga(y(a)) ≥ ga(x
(a)
t ) andga(y(a)) < ga(x

(a)
t ). Since both inequalities

cannot be simultaneously true, there is a contradiction.
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Tricking The Sequential (or Parallel) Algorithm

Despite the fact that the parallel and sequential CC (1+1) EAs are very similar algorithms, and despite the fact
that they perform identically on problems that are separable across population boundaries, they are nevertheless
different algorithms and behave differently on some problems. The problem classes for which a distinction in
running time is possible are a subset of problems containingcross-population epistatic linkages; however, there
is no reason to believe that all such problems pose an advantage to one or the other—quite the reverse: some
problems favor sequential algorithms and some favor parallel algorithms. Let’s begin by looking at the latter.

When might a parallel algorithm gain advantage over the sequential algorithm? To see this, first note that
the parallel algorithm actuallythrows information awayin the sense that information might be learned during
a round, but cannot be used until the next round, after other changes may have occurred. It makes sense, then,
that parallel algorithms are favored when such informationis misleading in some way. With a bit of effort, such
a situation can be constructed. Consider the definitions below.

Definition 16. For any m∈ N with m≥ 6, we define n:= 2m and the function g: {0,1}n → R. For
x = x1 · · ·xn ∈ {0,1}n the x string can be written x= x′x′′ with x′ = x1 · · ·xm ∈ {0,1}m and
x′′ = xm+1 · · ·xn ∈ {0,1}m. The function g is defined by

g(x) :=







































2n+2 if x = 0n

2n+n· ‖x‖ if x′ = 0m ∨ x′ = 0m

2n+1 if x′ 6= 0m ∧ x′′ 6= 0m ∧ ‖x‖ = 2

2n+2· ‖x‖ if x′ 6= 0m ∧ x′′ 6= 0m ∧ ‖x‖ > 2 ∧
(‖x′‖ < ⌈m/3⌉ ∨ ‖x′′‖ < ⌈m/3⌉)

n4 +‖x‖ otherwise

for all x ∈ {0,1}n, where‖x‖ = ONEMAX (x).

This function,g: {0,1}n →R, is not(r,s)-separable for anys< n. What is of interest is the performance of
the two CC (1+1) EA variants ong when using two sub-populations, one operating onx′ and the other operating
on x′′. These two parts are non-linearly related, but splitting them up in this way will facilitate opportunities
for the parallel and sequential algorithms to come to different conclusions based on the information they have
at their disposal when processing a given generation. One more layer is needed to complete this picture: let’s
embedg into another function, SEPFUN, the target of our analysis. Now the difference between these two
variants is clear and provable.

Definition 17. For any k∈ N with k≥ 6, define n:= 4k2, m:= n/2 = 2k2 and the function
SEPFUN : {0,1}n → R. For x= x1 · · ·xn ∈ {0,1}, the x string can be written x= x′x′′ with
x′ = x1 · · ·xm ∈ {0,1}m and x′′ = xm+1 · · ·xn ∈ {0,1}m. For x′ = x1 · · ·xm ∈ {0,1}m, the x′ substring can be
written x′ = x(1)x(2) · · ·x(k) with x(i) = x2(i−1)k+1 · · ·x2ik for all i ∈ {1, . . . ,k}. The functionSEPFUN is defined
by

SEPFUN(x) :=











n−‖x′‖+ LEADINGONES(x′′) if x′′ 6= 1m

n+
k
∑

i=1
g
(

x(i)
)

otherwise

for all x ∈ {0,1}n, where‖x‖ = ONEMAX (x).

As I will discuss at the end of this chapter, neither the sequential nor the parallel algorithm are able to find
the global max for some types of problems with cross-population epistasis. This is such a problem: there is no
expectation that the CC (1+1) EA finds the global optimum of SEPFUN. Instead one must change perspective
to one of approximation. I wish to know which of the two algorithms finds the larger function value in a specific
number of generations, fixed in advance. Concentrating on a large but still polynomial numbers of generations,
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Jansen and Wiegand (2003c) prove that for the sequential algorithm, the best fitness is so-far discovered int
steps (wheret ≥ 6n5/2 +6n2 andt = nO(1)) is n2

4 +n3/2+n with overwhelming probability. In the same number
of steps, the parallel variant will have attained then4 case fromg. Jansen and Wiegand (2003c) verify this
experimentally, as well.

Perhaps more interesting than this, however, is the fact that a relatively obvious change in the underlying
function reverses the situation. Consider an alternativeg′ below, substituted in SEPFUN for g.

Definition 18. For any m∈ N with m≥ 6, we define n:= 2m and the function g′ : {0,1}n → R.
For x = x1 · · ·xn ∈ {0,1}n, the x string can be written x= x′x′′ with x′ = x1 · · ·xm ∈ {0,1}m and
x′′ = xm+1 · · ·xn ∈ {0,1}m. The function g′ is defined by

g′(x) :=































2n+2 if x = 0n

2n+n‖x‖ if x′ = 0m∨x′′ = 0m

2n+1 if x′ 6= 0m∧x′′ 6= 0m∧‖x‖ = 2

2n+2‖x‖ if x′ 6= 0m∧x′′ 6= 0m∧‖x‖ > 2

n4 +‖x‖ otherwise

for all x ∈ {0,1}n, where‖x‖ = ONEMAX (x).

Now the sequential implementation is clearly superior, because having
x(i) ∈

{

1k0k,0k1k
}

yields much better pay-off thanx(i) = 12k. Thus, while in some cases the parallel variant
clearly performs better than the sequential algorithm, in other cases the reverse is true. The basic advantage of
the parallel over the sequential CC (1+1) EA seems to center around whether accrual of local information during
a round will be misleading, while this advantage is reversedif the omission of such information is misleading.
Again there is no general reason (without domain knowledge)to apply one or the other type of algorithm.

4.3 Collaboration

Selecting a collaboration method for a CCEA is one of the mostimportant decisions an engineer must make.
Not only can such methods make or break the performance of real CCEAs on real problems, the available
choices seem to be integrally tied to certain problem properties. Many researchers believe that the existence
of cross-population epistasis will demand more sophisticated collaboration methods. This section presents
empirical analysis of the collaboration mechanism from theperspective of this property.

4.3.1 Sampling Interactions

Independent EAs in a coevolutionary framework operates on components with incomplete information. Recall
the thought exercise earlier where the search space seems tobe reduced by splitting the problem into two
parallel and independent searches of the linearly separable pieces of the problem. This idea is flawed because
the coevolutionary algorithm isnot only searching the projection of the problem. It is searching a projection of
the problemat one time, and this projectionchangesthroughout time, as the other populations change.

Collaboration is the process by which the population currently under evaluation collects information and
the whole problem, about the relationship between components. Despite the fact that CCEAs will look only at
a projection of the problem at any one time, the quality of that projection in terms of their ability to characterize
the relevant features of the complete search space depends largely on the tractability of that characterization, as
well as the ability of the collaboration process to gather useful information about the other populations.

The best way to think about the collaboration process is to consider it as a method forsampling interaction
space. Given this view, how one selects collaborators is a major issue since the degree of complexity of the
interaction space is complicated. It may be that more collaborators are needed per evaluation in order to better
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characterize the interaction space (a larger sample size),or that theway they are picked might lead to more
efficient use of the samples one already has (a biased sample), etc. If one selects more collaborators than is
necessary, search performance is harmed by unnecessary evaluations. In the worst case, complete mixing is
used. In complete mixing all individuals are coupled with all individuals from all populations. This becomes
combinatorially large as the number of populations increase linearly. However, if only a single individual
from each population is sampled for collaboration, the algorithm may have insufficient information about the
interaction space with which to construct a suitable searchgradient. This problem is worse when such an
individual is chosen poorly. The questions is: What kinds ofsampling methods are most appropriate for
problems with different properties?

4.3.2 Decompositional Bias

As we have already seen, different problems have different degrees of separability that may or may not corre-
spond with particular CCEA representation choices. Since separability information is not generally available
for difficult optimization problems, the focus here is on thecase where there is a particular kind of mismatch
between the CCEA representation and a problem’s “natural” decomposition. The issue here is not whether such
mismatches make the problem harder to solve. This will clearly happen for some problems (Potter and De Jong
1994; Bull 1997; Bull 2001; Wiegand, Liles, and De Jong 2001). Instead, the question is whether adopting
more complex collaboration methods can alleviate such mismatches.

In order to answer this, it is useful to have problems that canbe explicitly controlled in terms of their
inherent separability. For pseudo-boolean functions thisis not difficult using the method of concatenation
already mentioned. From a practitioner’s point of view, barring any problem specific domain knowledge, the
simplest way to represent pseudo-boolean functions is to again break up the total bit string of lengthn into k
equal sized components of lengthl and assign each component to a different population. Recallthat r denotes
the number of separable pieces of lengths. Given these two different divisions, a decompositional mismatch
of the representation may be due toover-decomposition(k > r) or under-decomposition(k < r). If there are
more populations than there are separate pieces of the problem, there is likely to be strong interaction between
populations in the system with respect to the problem, i.e.,cross-population epistasis. Ifk < r, the advantage
of the parallelism of coevolutionary search is sacrificed.

Again, our interest is whether difficulties due to the existence of decompositional bias can be alleviated by
more complex collaboration methods. The motivation for this interest stems from an important observation: if
there is no cross-population epistasis, a simple selectionmethod for collaboration is sufficient. If two popula-
tions represent independent pieces of the problem, then optimizing one population independently of the other
will result in the complete optimization of the problem. As long as the collaborator chosen for each population
member is the same, it doesn’t matter how one chooses it. However, it does matter how many collaborators
one chooses, since picking more than one will incur more unnecessary evaluations. Therefore, in the absence
of cross-population epistasis, selecting the single best individual (i.e., the most fit individual(s) in other popu-
lation(s) from previous evaluation) from the other populations for collaboration is sufficient. In fact, one could
pick this individual randomly, as long as it was the same individual for each member of the population during
a given generation. The point isn’t that any partnering scheme will result in a better collaboration than another,
but that since each population can essentially be optimizedindependently, one only needs aconsistentsample
from which to establish collaboration.

So when would a more complicated collaboration selection method be needed? Recall that how one chooses
collaborators essentially determines how onesamples the potential interactionswith the other population. There
has to be a reason to believe that more than one sample is needed, or that sampling with a particular bias
(say choosing the best) will result in a qualitatively different characterization of the relationship between the
populations. Either way, some interaction between the populations is certainly needed to justify this need. More
than simply having such epistasis is at issue, however.

In order to study the effects of collaboration on such situations, the following experiment was constructed.
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The steady state CCEA (SS-CCEA) described above was appliedto a concatenated LEADINGONES problem.
In this particular case there were 128 bits in the total bit string of the problem, subdivided evenly intor = 2
pieces. The function below gives a more specific descriptionof this function.

f (x) = LEADINGONES
(

x(1)
)

+ LEADINGONES
(

x(2)
)

A total of 6 collaboration selection methods were used. The number of collaborators chosen for a given
evaluation was varied (1,2,&3) and two selection biases were used:c-best andc-random. These worked as
follows. In the first case, thec best individuals were chosen from each of the other populations, evaluated
with the current individual, and the best of those scores wasused as the fitness value for the individual. In the
second case,c individuals were chosen uniformly at random without replacement, evaluated with the current
individual, and again the best of those scores were used as the fitness value for the individual.

Aside from these 6 collaboration methods, the number of populations,k, was varied. However, in all cases
the number of individuals in each population was 10. The results for k = 2 throughk = 16 in Table 4.1 show
the average number of evaluations for the algorithms to reach the optimum. There were 50 trials performed per
group. Unless otherwise stated, confidence levels for all tests are 95%.

Table 4.1: Steady state CCEA results on the LEADINGONES problem. Each value represents the mean number
of evaluations needed to reach the optimum out of 50 trials. From the top left corner, proceeding clockwise, the
tables represent data for decompositional biases created using two, four, eight and sixteen populations.

r = k # Collaborators
1 2 3

c-best 8841.56 17546.52 25331.32
c-rand 8838.46 17621.88 25640.28

k = 4 # Collaborators
1 2 3

c-best 9355.16 18994.36 28061.20
c-rand 10636.90 19229.02 28769.28

k = 8 # Collaborators
1 2 3

c-best 10420.48 21178.52 31253.44
c-rand 13161.24 23657.76 34302.52

k = 16 # Collaborators
1 2 3

c-best 11930.08 23723.20 34587.76
c-rand 19458.44 30713.74 42862.28

Statistically, the relevant groups were compared with at-test using the Bonferoni adjustment. In all cases
choosing one collaborator is significantly better. This might at first be puzzling since there is clearly cross-
population epistasis present whenk > 2. However, note that a mutation that turns some bit to 1 in an individual
in the first population will always result either a neutral orpositive change in fitness, regardless of the contents
of the other population. The reverse is also true. In addition, this fact is not true symmetrically fork = 4. The
second and fourth populations will remain relatively unimportant to the first and third populations for some
time during the evolution, since each LEADINGONES subproblem is solved left-to-right. This is essentially the
same observation made by the formal analysis of the CC (1+1) EA, above.

Observe that by changing the number of populations, the mutation rate is effectively being increased (recall
that the mutation is 1/l , wherel is the number of bits per individual in each population). Such issues may affect
the empirical results, consequently I ran all population-oriented experiments discussed above with a constant
1/64 mutation rate. The results (below) remain consistent with those reported above. Again, statistically
speaking it is better to select only a single collaborator.

Recall that one observation about the LEADINGONES problem made during formal analysis earlier in this
chapter was that there is nothing intrinsically contradictory in the interrelated bits of this problem. This can be
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Table 4.2: Steady state CCEA results on the LEADINGONES problem with a constant mutation rate of 1/64 for
all experimental groups. Each value represents the mean number of evaluations needed to reach the optimum
out of 50 trials. From the top left corner, proceeding clockwise, the tables represent data for decompositional
biases created using two, four, eight and sixteen populations.

r = k # Collaborators
1 2 3

c-best 8428.28 17315.64 26535.94
c-rand 9103.48 17128.94 26677.74

k = 4 # Collaborators
1 2 3

c-best 12646.04 27122.52 37218.52
c-rand 13759.30 27517.72 39194.62

k = 8 # Collaborators
1 2 3

c-best 22654.56 42379.00 68231.68
c-rand 24298.46 45986.04 69805.16

k = 16 # Collaborators
1 2 3

c-best 40193.10 79460.12 119571.76
c-rand 43751.84 83424.06 124537.00

easily rectified by a simple change to the problem: scale the LEADINGONES part bys and subtract ONEMAX

from the total, i.e.,g(x(i)) = s· LEADINGONES(x(i))−ONEMAX (x(i))+ s, and f (x) =
∑k

i=1g(x(i)). The en-
tire function is translated up bys to prevent any negative values that will create a difficulty for the fitness
proportionate selection method.

With this new function the right side will affect the search since bits to the right of the left-most zero bit
will contribute to fitness, but there is some tension betweenindividual bit contributions to fitness and those of
their non-linear interactions since those right-side bitscontributenegatively. This modification is a half-step
towards pure contradiction since this tension is one directional. Take the string: “110000. . .” as an example.
Flipping the fourth bit to a one will decrease the fitness slightly if the third bit remains 0, while flipping both
the third and fourth bits will increase the fitness. However,the same is not true on the other side. Flipping the
third bit while the fourth bit remains 0 will also increase fitness. So some of the interactions have this property
of sign-dependent epistasis, while others will not. In addition, the linear effects of the bits are very muted
compared to the non-linear effects due to the scaling issue.

Thiss·LEADINGONES−ONEMAX function is again concatenated using two pieces (r = 2), that is f (x) =
g
(

x(1)
)

+g
(

x(2)
)

. Again, I applied the SS-CCEA algorithm using the 6 collaboration methods described above.
The results fork = 2 throughk = 16 in Table 4.3 show the average number of evaluations it tookthe algorithms
to reach the optimum (50 trials each).

In addition to the data presented, I performed similar experiments at higherk values. In all cases there was
again no statistical reason to choose another collaboration method other than the single best individual from the
other populations. Not only does this increased decompositional bias not alter the collaboration methodology,
it appears as though this problem becomeseasier for the CCEA to solve, not harder, when using thec-best
strategies. This turns out to be statistically significant only for the k = 16 andk = 64 cases where using the
single-best strategy, for thek≥ 16 cases using 2-best, and thek= 32 andk= 64 cases using 3-best. Figure 4.3.2
below shows results for thec-best strategies ask is increased in{2,4,8,16,32,64}.

So far, these experiments confirm what one sees in practice, namely that the simple collaboration method
involving just the best individuals from each population isquite robust even when there is cross-population
epistasis. However, what is still not clear is when it fails.To understand that better, I next focus on the the
various forms of cross-population epistasis.
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Table 4.3: Steady state CCEA results on thes·LEADINGONES−ONEMAX problem. Each value represents the
mean number of evaluations needed to reach the optimum out of50 trials. From the top left corner, proceed-
ing clockwise, the tables represent data for decompositional biases created using two, four, eight and sixteen
populations.

r = k # Collaborators
1 2 3

c-best 15082.82 30814.68 45780.04
c-rand 16207.60 29958.68 46421.48

k = 4 # Collaborators
1 2 3

c-best 15233.84 30805.00 44637.04
c-rand 16213.30 29664.68 45027.10

k = 8 # Collaborators
1 2 3

c-best 14407.84 29190.36 42922.96
c-rand 16437.56 28516.20 46327.98

k = 16 # Collaborators
1 2 3

c-best 13996.32 28421.08 43566.16
c-rand 20674.84 34724.52 49562.24

4.3.3 Linkage Bias

While decompositional bias focusses on potential mismatches between a problem’s “natural” decomposition
in terms of separability and the number of CCEA populations used, there may still be cross-population non-
linearities when the design engineer decomposes the problem into the same number of components as there
are separable pieces of the problem. This is because it is possible to assign lower-order components with such
non-linearities to different populations. Breaking up tightly linked bits can result in significant cross-population
epistasis. Indeed, as I will show at the end of this chapter, this type of non-linearity can become pathological to
CCEAs in some cases. In general, the degree to which linked bits in a piece are assigned to the same population
for the purposes of representation can be thought of aslinkage bias.

Once again it is easy to construct a method for controlling this bias: define a mask over the entire bit string
that specifies to which population a given bit belongs,M ∈ {1,2, . . . ,k}n. Note that in the case of these mask
definitions, the superscript suggests repetition, and not an exponent. For problems like those in the previous
section involving a series ofr concatenated non-decomposables-bit blocks and assuming for the moment that
r = k ands= l , a mask that corresponds to the most biased linkage (i.e. is more closely aligned with the real
problem, ormatchesthe problem well) isMs = 1l 2l . . .kl . Coming up with a highly pathological mask is very
problem dependent, but a mask that will turn out to be commonly quite bad isMh = (123. . .k)l . Here every
bit in a block is distributed to every population, resultingin the likelihood of a high degree of cross-population
epistasis for most common problems.

Again, increases in the amount of cross-population epistasis in this case may affect a problem’s difficulty to
solve with a CCEA. By applying different types of masks, which distribute different pieces of the blocks of the
problem to different degrees, I can explore the affect that varying degrees of linkage bias have on collaboration
methods.

Consider again thes · LEADINGONES− ONEMAX problem, assumingr = k = 2. Using theMs =
11. . .1 22. . .2 mask produces the same decomposition already discussed, where there is no cross-population
epistasis, while the maskMh = 1212. . .12 2121. . .21 creates a situation with very strong cross-population
epistasis. Once more I apply the SS-CCEA problem, with the 6 collaboration methods described above; how-
ever, this time I compare the effects that these two masks hadon the choice of collaboration methods, rather
than the number of populations used. The results are presented in Table 4.4.

Differences between the means forc-best andc-random groups forMh are significant for one and two



53

0 10 20 30 40 50 60

20
00

0
30

00
0

40
00

0

k

E
va

ls

3−best
2−best
1−best

Figure 4.7: Results for the SS-CCEA on thes· LEADINGONES−ONEMAX problem for increasing values of
k. The bottom curve (solid) illustrates results for the single-best collaboration strategy, the middle curve (long
dashed) represents results for the 2-best, and the top curve(short dashed) represents results for the 3-best. The
x-axis shows the size ofk, and the they-axis shows the number of function evaluations until the global optimum
was reached. The vertical wings show the 95% confidence interval of 50 independent trials; the plotted point
shows the mean.

collaborators, but not for three. There are no statistically significant differences between these groups (for the
same number of collaborators) for the simpler linkage bias.

Once again simply distributing the epistatic linkages across the population boundaries is insufficient to
require that a more complicated collaboration method be used. This may seem surprising at first, but note that,
for this particular problem, introducing such masks does not change thetypeof cross-population epistasis, only
its degree. Moreover, although not germane to our question,it is interesting to note that in this particular case
increasing the mixing seems toimproveperformance versus theMs mask (this is significant for all but the
3-random case).

What remains to be shown is what the effect of the most difficult form of cross-population epistasis has on
collaboration selection. When neither the sign nor the magnitude of the interaction can be reliably predicted,
will it become necessary to select collaborators differently? Intuition seems to suggest that it will. If no
prediction can be made about the higher order blocks from thelower order blocks, then a more sophisticated
method of sampling the interaction space should be needed. What I need to do now is construct a problem with
just such a challenge.

Fortunately, the CLOBb,k problem mentioned previously has exactly this property. Note that this problem
is already one constructed by concatenation of functions over smaller, inseparable pieces. Because this problem
is already quite difficult whenb= 2 and I am looking at linkage bias, rather than decompositional bias, here the
focus is on the specific function CLOB2,2. This offers the simplest such problem still more complicated than
thes·LEADINGONES−ONEMAX . As it turns out, it is so difficult under theMh mask that the algorithms did
not find the global optimum withn = 128. The reason for this should be clear by the end of this chapter. At
any rate, as a consequence Table 4.5 represents the mean fitness values obtained after a fixed budget of 100,000
evaluations. The reader should be careful to note that in this case higher values are better.



54

Table 4.4: Steady state CCEA results on thes· LEADINGONES− ONEMAX problem for different linkage
biases. Each value represents the mean number of evaluations needed to reach the optimum out of 50 trials.
The left table represents a linkage bias that uses theMs mask, while the right uses theMh mask.

Ms # Collaborators
1 2 3

c-best 15472.42 30393.32 46064.92
c-rand 15669.34 30830.90 45401.42

Mh # Collaborators
1 2 3

c-best 15558.96 29963.64 45702.88
c-rand 17417.48 32920.20 47527.80

Table 4.5: Steady state CCEA results of the CLOB2,2 problem. Each value represents the mean value obtained
after 100,000 function evaluations out of 50 trials. The left table represents a linkage bias that uses theMs

mask, while the right uses theMh mask.

Ms # Collaborators
1 2 3

c-best 1811.22 1140.4 1002.78
c-rand 1708.34 1167.63 1022.57

Mh # Collaborators
1 2 3

c-best 379.1 477.06 499.38
c-rand 782.65 788.74 810.5

Now we see exactly the reverse situation as we did before. Although it is clearly better to select a single
collaborator when there are no cross-population epistaticlinkages of this type, as soon as those linkages are
spread across populations a more complex collaboration mechanism is required. In the latter case, increasing
the number of collaborators does in fact result in statistically improved performance. Specifically, using one
collaborator is significantly worse than using two or three.This statistical result was obtained using Tukey-
Means at a 95% confidence interval and was confirmed using Fisher LSD. The same result was obtained using
pairwise t-tests and the Bonferoni adjustment when run for 100 trials (not reported). It was also the case
that picking collaborators randomly was statistically superior to picking them greedily when there was cross-
population epistasis.

Though the property of inseparability has a role to play in terms of informing us of how one selects collab-
orators, that role is not a simple one. The formal analysis revealed that the mere presence of cross-population
epistasis is insufficient to guarantee either that the CCEA will be expected to perform better or worse than the
EA. The above empirical analysis indicates that the simple presence of cross-population epistasis is also not a
reason to prefer more complicate collaboration methods. Infact, it appears to be thetypeof non-linearity that is
relevant. More sophisticated methods are needed when neither the sign nor the magnitude of the fitness change
can be predicted from changes in the lower order pieces. Thismakes sense: if collaboration is about sampling
the interaction space, there needs to be a reason to sample. The biggest reason to sample is when lower order
pieces can be contradictory to the result, thus requiring the algorithm to discover more sophisticated informa-
tion about these linkages. I will return to this idea in a bit,but first let’s turn our attention to properties of the
collaboration choice itself.

4.3.4 Selecting Collaborators

In the previous subsection, I identified the salient properties in the problem that result in the need for more
sophisticated methods for collaboration. In this subsection, I will use the CLOB2,2 problem examples with
both the simple and hard masks to discuss the other side of this coin: what kinds of choices can be made when
selecting collaborators, and what results should one expect from these choices? Recall that there are essentially
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three attributes to consider for collaborator selection: sample size, selective pressure, and credit assignment.

The first case is simple since the sample size can be controlled simply by controlling the number of col-
laborators selected. As above, I will usec to denote the size of the collaborator sample. Of course, thelarger
this value is, the more objective evaluations will be required per individual. It should be clear that increas-
ing the sample size and the number of populations together can have a combinatorial effect on these function
evaluations. So, in general, it would seem that the fewer collaboratorswe needto obtain “good” results, the
better.

The second case requires a slightly more complicated mechanism. In this case, a simple tournament draw
method can control the degree of selective bias of collaborators. That is, the algorithm selectsq collaborators at
random with replacement, and chooses the one with the highest fitness from its previous evaluation. This does
not increase the number of function evaluations performed since the algorithm simply uses the results from
previous evaluation. The net effect is that the selection pressure can be increased from purely random (q = 1)
to elitist (q :≈ plg p, wherep is the population size).

When multiple collaborators are evaluated for the purposesof fitness (whenc > 1), there is still the open
question of how one assigns a single fitness score from the results of multiple objective function evaluations,
collaborator credit assignment. Here only three possible credit assignment methods are considered:optimistic,
hedge, andpessimistic. These correspond respectively to using the max, mean, and min of the c available
objective function results.

Let’s consider collaborator credit assignment first, sincethe results of credit assignment are perhaps the
most obvious. I applied the two population SS-CCEA to the CLOB2,2 problem under each of the two masks.
Again the population size is 10, bit-flip mutation at a rate of1/l was used, and the total length of the bit
string was 64 bits. I ran this algorithm 50 times against these two problems using all three credit assignment
methods varyingc∈ {2,3,4,5}. The table below displays the mean best fitness found after 100,000 function
evaluations is computed. Though the hedge and pessimistic methods may notusethe objective value for the
purposes of fitness assignment, any value computedduring the credit assignment process (before a score is
selected to be assigned) is available for consideration of the best-so-far information reported. This alleviates
any unfair advantage the optimistic method may have in this respect. Not surprisingly, the result is a clear
statistical advantage to the optimistic approach. In the case of the simple mask, none of the three approaches
is statistically superior to either of the others for any collaborator sample size. ForMh, the optimistic case is
statistically better than both the hedge and pessimistic methods.

Table 4.6: Collaboration credit assignment results for thesteady state CCEA applied to the CLOB2,2 problem
using two different masks. Each value represents the mean best-so-far of 100,000 objective function evaluations
out of 50 trials. The top table represents a linkage bias thatuses theMs mask, while the bottom uses theMh

mask.

Ms # Collaborators
2 3 4 5

Optimistic 1210.50 984.64 919.04 823.56
Hedge 1216.66 966.14 879.36 817.32
Pessimistic 1226.56 964.96 840.96 828.54

Mh # Collaborators
2 3 4 5

Optimistic 465.28 966.14 595.88 537.74
Hedge 460.32 504.96 507.44 526.04
Pessimistic 361.56 406.56 397.70 379.50
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Let’s now turn our attention to the remaining two parameters: sample size and selective bias. Again, the
SS-CCEA was applied to these two problems. This time a total of 50 experimental groups were used for each
of the two problems:c ∈ {1,2,3,4,5} andq ∈ {1,2,3,4,5}. Figure 4.3.4 below illustrates the results of 50
trials of each group for the CLOB2,2 problem using the simple mask, while Figure 4.3.4 below illustrates the
results of 50 trials of each group for the CLOB2,2 problem using the hard mask.

The results of these experiments are a bit more interesting.Barring a couple of exceptions, there is no
statistical advantage to biasing the selection process forthe problem with the simple mask. The exceptions are
that theq = 2 andq = 4 groups differ for the two collaborator case, but not for anyother collaborator sample
size. The reverse, however, is not true. Clearly the sample size hinders performance in all but a few cases. There
is no statistical difference betweenc = 3 andc = 4 for theq = 1,2, and 3 groups, and there is no statistical
difference betweenc = 4 andc = 5 for any of the groups.

Likewise, when using the more complex mask, biasing did not appear to affect the results. In this case, no
q value was superior to another at a particularc value. Again the collaborator samples size is crucial, but this
time its service is reversed: increasing the sample size leads to better performance.

What is the message? When there is significant contradictorycross-population epistasis, practitioners
should consider using a more sophisticated collaboration method. In the case of static function optimiza-
tion, using an optimistic credit assignment method is typically a good choice. Finally, between increasing the
sample size and biasing the sample, the former is more effective. This is consistent with observations made
from existing research (Wiegand, Liles, and De Jong 2001; Bull 1997).

4.4 Difficulties with CCEAs

The work leading up to this point has shown that CCEAs can sometimes outperform traditional EAs, even when
cross-population non-linearities are present. Moreover,it has also been shown that the reverse is true as well:
there are inseparable problems for which the EA outperformsthe CCEA. The conclusion to draw here is not
that the CCEA is better or worse than the EA, but that there areproperties of the problem that lend themselves
toward CCEAs, and those that lend themselves to EAs. This is not an altogether surprising conclusion, of
course, especially given the No Free Lunch theorem.

However, the crucial piece of (perhaps counter intuitive) understanding is this: the relevant property con-
trolling CCEA performance on static optimization problemsis something more complicated than merely the
presence or absence of separability. The non-linear relationships between components represented in popula-
tions may or may not create difficulties for coevolutionary algorithms. The issue is clearly more complicated
than this. There are some canonical problem properties thattend to lead to difficulties for coevolutionary algo-
rithms, but the multi-population symmetric algorithms discussed in this thesis are carefully designed to avoid
these difficulties. For example, intransitive relationships in the rewards are not possible in the class of CCEAs
under investigation. If not the presence of cross-population epistasis (or, even, thedegreeof such), and if not
the more recognizable coevolutionary stumbling blocks, what then are the relevant properties?

There are at least two important properties that complicateCCEA search: contradictory non-linear effects
between populations and consensus in the joint distributions of strategy rewards. Both of these properties often
cause CCEAs to fail to find the global optimum of an objective function. The subsections below will discuss
both of these, but the first is emphasized here since the second is addressed much more extensively in Chapter 5.

4.4.1 Contradictory Cross-Population Epistasis

The idea that there are differenttypesof epistasis is not new. Reeves (2002) shows that the original study of
epistasis by Davidor (1990) is flawed, in part, because of hisassumption that it is only existence of epistasis that
matters for a traditional GA, and not thetypeof epistasis. Indeed, as for GA hardness, the type of epistasis (in
this case, cross-population epistasis) is the important property. Thedirection (sign) of the non-linear contribu-
tions with respect to the linear contributions is important. Here what is meant bycontradictory cross-population
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Figure 4.8: Collaboration selection results for the SS-CCEA on the CLOB2,4 problem using theMs mask for
linkage bias. Thex-axis shows the best-so-far of 100,000 objective function evaluations. The panels (from top
to bottom) represent increasing selective pressure (q), while the items in each panel represent increasing sample
size (c). The points are plotted at the mean of 50 trials, while the horizontal wings show the 95% confidence
intervals.
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Figure 4.9: Collaboration selection results for the SS-CCEA on the CLOB2,4 problem using theMh mask for
linkage bias. Thex-axis shows the best-so-far of 100,000 objective function evaluations. The panels (from top
to bottom) represent increasing selective pressure (q), while the items in each panel represent increasing sample
size (c). The points are plotted at the mean of 50 trials, while the horizontal wings show the 95% confidence
intervals.
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epistasisis the situation in which the linear effects of lower order components existing in different populations
are opposite in magnitudeand direction of the higher order blocks. This is a type of cross-population decep-
tion where the algorithm is tricked into believing that the lower order components accurately predict the total
function value, when in fact they are misleading.

This is particularly damaging in a coevolutionary process that locks off all but the current component while
conducting a projected search. It is not hard to see that the same partitioning process that assists the CCEA
in gaining advantage against the EA in certain situations can become its Achilles heal in the presence of this
deception. Consider the CC (1+1) EA again, now working on a TRAP function, presented in Definition 10 on
page 34. This function is unsolvable by the CC (1+1) EA presented at the start of this chapter. Consider the
following proof.

Theorem 3. Let TRAP: {0,1}n → R, be decomposed into k≥ 4 equal sized components of length l≥ 2, such
that n= kl. The sequential CC (1+1) EA will fail to converge to the global optimum ofTRAP with
probability 1−2−Ω(n).

Proof. Define the termsolved componentto mean a component that is the all one string, 1l , and the term
unsolved componentto mean a component that contains at least one 0.

The proof consists of two basic parts. First, it is proved that with a probability exponentially approaching 1,
there are at least two subpopulations of the sequential CC (1+1) EA whose individual is an unsolved component.
Next it is shown that, given there are at least two unsolved components after initialization, the mechanism of
the algorithm itself will prevent it from accepting mutations that will lead it to the global optimum.

For the first part of the proof, observe that the probability that a given population’s individual contains the all
one string after initialization equals12l , so the expected number of such individuals ink subpopulations equals
k
2l . Chernoff bounds gives the probability that at most half of thek subpopulations are solved after initialization
is at most

[

e2l−1−1

(2l−1)2l−1

]k/2l

= 1
ek/2l

(

e
2l−1

)k/2l ·2l−1

= 1
ek/2l

(

2e
2l

)k/2

= 2k/2−kl/2 ·ek/2−k/2l

= 1
2Ω(kl) = 2−Ω(n)

So the probability that at least half of thek populations are unsolved is 1−2−Ω(n). Thus, givenk≥ 4, there
are at least two unsolved components with probability exponentially approaching 1.

For the second component of the proof, let us first suppose that all the subpopulations contained the all one
string except for two of them, one that is the current active subpopulation under consideration by the algorithm,
populationa, and another that has yet to be considered during the currentround, populationb. Suppose that the
necessary mutations are performed inx(a) such that the offspring,y(a) is the all one string. The offspringy(a)

can be accepted if and only if the following holds.

TRAP(x(1)
t+1 · · ·y(a) · · ·x(b)

t · · ·x(k)
t ) ≥ TRAP(x(1)

t+1 · · ·x
(a)
t · · ·x(b)

t · · ·x(k)
t )

However, this cannot be true sincex(b)
t does not contain the all one string. Therefore the offspringwill not be

accepted. Since the parent,x(a)
t was not the all one string, the same event will be true symmetrically for x(b)

t .
Given thatk ≥ 4, there cannot be fewer than two unsolved components. Having more than two unsolved

components cannot resolve the problem, since an offspring that contains more ones than the parent will have a
lower fitness than the parent if at least one other component is unsolved.
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Is this result surprising? Perhaps it is a function of the fact that the algorithm processes the populations
sequentially, rather than updating all the populations simultaneously and in parallel to advance to the next
round. Unfortunately this is not the case, as the following theorem and proof demonstrate.

Theorem 4. Let TRAP : {0,1}n → R, be decomposed into k≥ 4 equal sized components of length l≥ 2, such
that n= kl. The parallel CC (1+1) EA will fail to find the global optimum ofTRAP with probability
1−2−Ω(n).

Proof. Recall that the termsolved componentrefers to the the all one string, 1l .
Again, the proof consists of two basic parts. The first part isobtained from the proof to Theorem 3, since

the two algorithms do not differ with respect to initialization. With a probability exponentially approaching 1,
there are at least two subpopulations of the parallel CC (1+1) EA whose individuals are unsolved components.
The second part is also similar: it must be shown that given there are at least two unsolved components after
initialization, the mechanism of the algorithm itself willprevent it from accepting mutations that will lead it to
the global optimum.

To see this, first suppose that all the subpopulations contained the all one string except for two of them,
one that is the current active subpopulation under consideration by the algorithm, populationa, and another
that has yet to be considered during the current round, population b. Suppose that the necessary mutations are

performed inx(a)
t such that the offspring,y(a) is the all one string. The offspringy(a) can be accepted if and only

if T RAP(x(1)
t · · ·y(a) · · ·x(b)

t · · ·x(k)
t ) ≥ TRAP(x(1)

t · · ·x(a)
t · · ·x(b)

t · · ·x(k))t , which cannot be true, sincex(b)
t does not

contain the all one string. Therefore the offspring will notbe accepted. Since the parent,x(a)
t was not the all

one string, the same event will be true symmetrically forx(b)
t . Given thatk≥ 4, there cannot be fewer than two

unsolved components. Again, having more than two unsolved components cannot resolve the problem, for the
same reason as in the last proof.

This problem cannot be solved by the CC (1+1) EA even when the update mechanism is performed in
parallel, no matter how much time the algorithm waits. The likelihood of finding the solution on initialization
is 1−2−Ω(n), but even an infinite number of steps will not be sufficient to discover the solution in the event that
it is not discovered during initialization. The reason is that the algorithm is misled by the problem to solve the
−ONEMAX portion, leading to the bit string of all zeros; however, no single n-bit mutation is possible due to
the division (irrespective of the updating mechanism). Theproblem can be made less difficult by aggregating
many smaller trap functions, producing a problem that can besolved by an EA in a tunable amount of time
(depending on the size of the traps), butstill can never be solved by the CCEA assuming there is still a division
that splits at least one trap between two populations.

Is this result attributable to the fact that only a single parent individual exists in the population? Again,
unfortunately this is not the reason. Many larger population approaches (including the SS-CCEA) will not
resolve the problem even when the populations are very largeand arbitrarily complex collaboration mechanisms
are used. The populations will quickly become flooded by the all zero string. Maintaining enough diversity to
preserve at least one all one string component in even one population would require a population size isΩ(2n).
Looking back at earlier parts of the chapter, this is exactlywhy the CLOB2,2 problem using theMh mask could
not be solved by the SS-CCEA, and why neither the sequential nor parallel variant of the CC (1+1) EA can
solve the SEPFUN problem.

The optimization problem need not be so difficult to see this pathology. Consider the followingr = 1
problem that nevertheless divides the bit string into two equal substrings of 8 bits apiece (for a total of 16 bits).

f (x) = n·
[

LEADINGONES
(

x(1)
)

·LEADINGONES
(

x(2)
)]

−
LEADINGONES

(

x(1)
)

− LEADINGONES
(

x(2)
)

+n
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I applied the same two population SS-CCEA used earlier in thechapter on this problem, rangingc ∈
{1,2,3,4,5} and running the algorithm for 100,000 function evaluations. The global optimum was never found
out of 50 trials (the reader should note that 65,536 evaluations would be needed to find the optimum under full
enumeration). In fact, as should be clear from the above analysis, the highest value ever found by the SS-CCEA
was 16.0. The SS-EA found the optimum in, on average, 208.46 evaluations.

4.4.2 Consensus in Joint Distributions

The second difficulty that challenges the CCEA is much more subtle. If one considers the rewards of the payoff
function for fitness as a mere projection in the search space,it becomes clear that the collaborators, or samples
of the interactions, are samples from a joint distribution across all conjoining strategies.

Consider that many potential collaborators are unlikely tobe represented in the other populations, much
less be selected for collaboration. Given this, it is possible that such a sample may misleading. The bias
in the alternate population indicates a possible bias in thesample. Since high rewards are likely to draw
populations, those problems for which there are local peakshaving large joint distribution values are likely to
pull populations away from peaks with smaller joint distribution values, even when the peak is much larger. This
is a form of “rule of the mass” that misdirects search into areas that are suboptimal, because the populations
themselves prefer the consensus. In other words, CCEAs working on problems with broad, but suboptimal
peaks and narrow peaks for the global optima, will tend to converge the the broad suboptimal peaks. This effect
is the predominant subject of Chapter 5.

Obviously such a fact is often true of many traditional EAs, as well; however, in the case of the CCEA
the pathology is more endemic to the structure of the algorithm itself. Consider that even a perfect local
optimizer working on an incorrect component projection of the problem will suboptimally converge. The CCEA
is directed, not just by the problem itself, but by the interacting dynamics between the populations working
on that problem. As larger joint distributions attract one population, that population becomes a degenerate
representation for the others. This idea will be clarified formally in the next chapter since the idea ultimately
stems from the fact that the CCEA is not really meant to optimize the external static objective functions as
described so far.
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Chapter 5

Optimization versus Balance

One key property with all coevolutionary systems is that ofbalance. At least two different notions of balance
are important to CCEAs. First, the systems tend to continue to make progress only as long as a certain degree
of balance in evolutionary change is maintained dynamically during the run of the algorithm, calledadaptive
evolutionary balance. The second, more important form of balance is calledrobust resting balance. Trajectories
describing dynamic behaviors of CCEAs tend to come to rest inparts of the space that offer a type of game-
theoretic balance between populations: the most importantcharacteristic for stability is that both populations
consist of individuals representing strategies that can dono worse when collaborating with the individuals from
the other populations.

This latter notion of balance is a familiar one in game-theory: it is exactly the idea of Nash equilibria (Nash
1950). Unfortunately it turns out that in many cases the mostattractive Nash equilibria for coevolutionary
systems are not ones that correspond with ideal partnership(i.e., the specific collaboration that results in the
optimal fitness) in any objective sense. This chapter makes use of a familiar game-theoretic modeling technique
for coevolution in order to explore these notions of “balance” more explicitly. In particular, the chapter looks
at the traditional goals of optimization applications as they are often encoded into CCEAs and examines how
well these goals correspond with the CCEA propensity towards balance. I begin by first offering the assertion
that naively applying CCEAs to static optimization problems may constitute a fundamental failure to appreciate
the true function of these algorithms. The two sections thatfollow first defines, then analyzes the evolutionary
game-theoretic model in order to justify this assertion. Inthe final section, I provide empirical investigations
based on the theoretical results demonstrating real consequences for CCEAs in applied settings.

5.1 CEAs are Not Static Optimizers of Ideal Partnership

A cooperative coevolutionary algorithm can be modeled as a dynamical system. Like many dynamical systems,
trajectories describing system behaviors over time tend tomove toward, and settle in, stable fixed points—points
that often have certain (sometimes predictable) properties, such as the afore mentioned game-theoretic balance.
To some extent the question of whether or not cooperatively coevolutionary systems optimize is semantic: in
fact, in a sense CCEAsdooptimize. It is simply a question ofwhat they optimize.

In the previous chapter, the reader was asked to assume that CCEAs are well-suited to static optimization
problems that are straightforwardly encoded into a representation in more or less the same way that traditional
EA static optimization problems are encoded. In such a situation there is an implied optimization goal: find the
arguments that correspond to the optimal objective value (see Definition 7 on page 29, for example). But what
is themeaningof this argument in a cooperative coevolutionary setting?

Let us define the termideal partnership(or ideal collaboration) to mean a particular set of all component
strategies of a problem as yielding the highest objective reward. In other words: assuming each population
offers a particular individual to be evaluated, if the collaboration yields the highest possible reward of any
collaboration, we consider it ideal. Consequently, such collaborations would correspond with the global max-
imum of the problem, at least insomuch as it is defined by the encoding scheme so far assumed. To believe
that CCEAs are “well-suited” for optimization problems represented in this way, is to believe that they are
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dynamically predisposed to move toward (and rest in) spots in the search space that correspond with the ideal
partnership.

Unfortunately, this is not the case. Importantly, its failure to be so driven results not from stochastic error,
or being mislead by sampling of the search space (as is often the case with traditional EAs), but by the CCEA’s
very nature to move toward parts of the space that are not necessarily considered “optimal” in the above sense.
In other words, even with perfect information, infinite population sizes, and no probabilistic noise, CCEAs
can be expected to settle in suboptimal areas of the space. Alternatively, it has been shown in many places,
traditional EAs do not suffer from this affliction (Reeves and Rowe 2002; Schmitt 2001; Vose 1999).

In the previous chapter, I discussed two properties of problem domains that can become stumbling blocks
for CCEAS: contradictory cross-population epistasis and consensus in joint distributions of the reward. Both
of these properties can lead to an optimization failure. However, knowing that these problem properties are
possible, and theymight lead to unfortunateresults, does not help us understand how certain behaviors observed
in CEAs relate to these problems. What are we looking for in the dynamics of a CEA? What is good and what
is bad? Indeed, the goal of this chapter is to uncover some of thesedynamicproperties of the CCEA.

I begin by providing a brief overview of some dynamical behaviors associated with coevolutionary algo-
rithms. I attempt to classify these behaviors in a tangible and appropriate way. After the analysis presented
in this chapter, I will offer specific empirical examples demonstrating two of these pathological behaviors in
CCEAs. The point of this section, however, is to show some of the symptoms of common afflictions of CEAs
such that the reader will have some perspective for the theoretical analysis to follow, which attempts to explain
two specific pathologies of cooperative coevolution in greater detail. These pathologies (loss of gradientand
relative overgeneralization) are, in fact, outward symptoms of the more fundamental problem: CCEAs are not
static optimizers of ideal partnership.

5.1.1 Overview of CEA Dynamics & Pathologies

This section provides an overview of the types of dynamics commonly observed in coevolutionary algorithms.
Some of these dynamics have been mentioned in passing in the introduction. Frequently they bring to mind
certain qualitative judgments: fecund (good) behaviors and pathological (bad) behaviors. Alternatively, other
behaviors are merely descriptive of certain characteristics observed of CEAs during run time. A more directed,
specific discussion is needed. To be clear, the discussion isbroken into two categories: fecund behaviors and
pathological behaviors. To suit the interests of the viewpoint of this thesis, some of the early terms used to
describe various behaviors are altered for clarity and context.

Fecund Behaviors

What promise coevolution suggests! In the case of competitive coevolution, practitioners are attracted by its
potential for inherent adaptiveness. It offers the opportunity to adaptively focussing a search on only those
portions of a space that are important—of driving populations towards increasingly better results by the sim-
ple mechanisms of co-adaptation between populations. Indeed, sometimes CEAs work in exactly this way, a
behavior typically referred to as anarms race. More explicitly,

Definition 19. Arms race– A behavior in a coevolutionary system in which changes in one group or population
results in reciprocal, co-adaptive changes in the other groups or populations, and by iterative
application of this process the system produces increasingly better performing individuals by an external
measure.

To take a competitive example, consider two populations evolving game-playing strategies against the op-
posing population for some arbitrary game. In an arms race, when players in one population learn some new
tactic to gain an advantage over players in the second population, the second is forced to respond and adapt. If
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this innovation–response cycle continues indefinitely, there seems to be the opportunity for limitless progress
for both players.

Of course, the very termarms raceimplies a competitive system; however, a similar phenomenacan be
observed in cooperative models. The term is often used in cooperative domains, as well, though perhaps it
would be more aptly (and generally) considered a type of balanced evolutionary change. Indeed, this is exactly
the property mentioned above:adaptive evolutionary balance. Preserving such a balance in a cooperative CEA
is akin to preserving an arms race in a competitive domain: aslong as the balance is maintained, objective
progress can continue.

Pathological Behaviors

Though productive behaviors from coevolutionary systems are behaviors for which we, as users of such sys-
tems, most desire, they are not the only behaviors, nor even the most common ones. Many coevolutionary
behaviors lead to poor or middling external performance such as those described at the end of the last chapter.
There are at least three common behaviors that are widely considered pathological in this way:loss of gra-
dient, relative overgeneralization, andmediocre objective stasis. While all three can occur in competitive or
cooperative algorithms, some are more problematic for one than for the other.

Perhaps the simplest to describe isloss of gradient. This term refers to the event that the search gradient
suddenly becomes too steep to climb while a run is in progress.

Definition 20. Loss of gradient– The coevolutionary behavior that occurs when one population or group
reaches a state such that other groups and populations lose necessary relative fitness diversity from
which to continue meaningful progress.

A classic example of a lack of gradient between competitive coevolutionary opponents is the situation were
a chess Grand Master plays a small child. If the child receives no information other than the outcome of the
game, she has almost no means of learning how to improve her game. A “loss” of gradient can occur in this
competitive setting when one population suddenly achievesa level so superior to the other, that simply nothing
can be learned by either population by competing.

Loss of gradient is not strictly a competitive CEA problem, though. In a more general setting including
cooperative CEAs, the same behavior can be seen as simply a loss of fitness diversity in one or both popula-
tions with respect to the other. That is: one or more populations suddenly loses diversity and the remaining
population(s) are reduced to searching the projected spacecreated by this diversity loss.

A different pathology can be seen inrelative overgeneralization: the subjective nature of coevolution drives
populations towards areas of the search space that are very general relative to the performance of other similar
strategies. As a result, trajectories tend toward overly general solutions that may not be in any way optimal.
Indeed, for cooperative algorithms, the result of such behaviors isrobust resting balance.

Definition 21. relative overgeneralization– The coevolutionary behavior that occurs when populationsin the
system are attracted towards areas of the space in which there are many strategies that perform well
relative to the interacting partner.

Again, this behavior can be observed in both competitive andcooperative algorithms, alike; however, stated
as it is above, it is more an issue for cooperative algorithmsthan for competitive ones. Historically, papers
discussing competitive algorithms have more often referred to such behaviors more generally as “relativism”.
This alternate term reflects behaviors that result from situations in which the adaptive changes in a coevolu-
tionary system become disconnected from some absolute measure and may be driven to parts of the space that
are undesired (Watson and Pollack 2001). I do not use this definition, since it describes some sets of behaviors
that can be categorized in “relative overgeneralization” group, and other sets that can be categorized in the next
pathology (mediocre objective stasis). Such a division between these two groups is important for categorical
purposes with respect to the underlying algorithms (cooperative versus competitive).



66

The final pathology is one that is primarily an issue for competitive algorithms:mediocre objective stasis.
In such cases objective progress seems to have stalled whilethere is still apparent subjective change going on.
Since the multi-population, symmetric CCEA has such an intimate connection between subjective and objective
measures, this pathology is particularly unlikely, if not impossible.

Definition 22. mediocre objective stasis– The coevolutionary behavior that occurs when there is no apparent
progress according to some reasonable objective measure, despite continued adaptive subjective steps
in the interacting individuals and population(s).

The term “mediocre objective stasis” corresponds, in part,with the more common term “mediocre stability”
as well as some behaviors alternatively classified as “relativistic” (see above). I have altered the terminology
for clarity since it is possible that such behaviors arenot stable in the dynamical systems sense. The term
specifically refers to a stalling in the objective measure, not necessarily in domain space (Watson and Pollack
2001; Ficici and Pollack 1998). I also include in this definition the “focussing problem” described by Watson
and Pollack (2001), in which competitive coevolution failsto find general solutions as a result of alternating
between two or more specialized exploitation of particularweaknesses.

5.2 Modeling CCEAs with EGT

In order to get a better understanding of the behaviors of cooperative coevolution, a dynamical systems model
was constructed. It is a well-known model, which that exploits the game-theoretic properties of coevolution:
an Evolutionary Game Theoretic model. This section will describe the model in detail, beginning with a short
discussion about notation.

5.2.1 Notation

Throughout this chapter the following notional conventions will be used. Lower case letters will be used to
represent real numbers and functions. Vectors will be lowercase letters denoted as~x, while capital letters will
be used to denote sets and matrices. Euclidean spaces will bedenotedR

n, wheren is a positive integer and
indicates the dimensionality of the space. Given a set of connected points in Euclidean space,X, theinterior of
it is denoted as int(X). The boundary ofX is denoted bnd(X).

Then dimensional sub-Euclidean space given by∆n := {~x : xi ∈ [0,1] and
∑n

i=1 xi = 1} is called theunit
simplex. The Cartesian product of two simplexes is denoted∆n×∆m. I represent infinite sized populations by
describing ratios of genotypes in the total populations using a point in the unit simplex. A point in∆n×∆m

describes the state of a two-population CEA.
In simpler models, omitting genetic operators entirely, noparticular genotypic representation is implied

or assumed by the above notation; however, to be consistent with earlier chapters a binary representation is
assumed when genetic operators are applied. More formally,xi refers to theith element of the population
vector, wherei is a binary string in the set of all strings of lengthl . That is, i ∈ Ω, whereΩ = {0,1}l and
‖Ω‖ = n. In this chaptern is the number of distinct genotypes represented in the population. The symbols⊕
and⊗ will representbit-wise exclusive orandbit-wise andoperations on binary strings, respectively. In the
context of bitwise operations,̄k will mean bitwise complement and the notation‖k‖ signifies an explicit count
of one bits in the bits string.

5.2.2 Modeling The CCEA with Multi-Population EGT

As stated above, the dynamical systems model I present makesthe assumption that populations are infinitely
large. This allows existing EA theory to be leveraged (Vose 1999) directly, as well as the more biologically-
oriented EGT theory (Weibull 1992; Hofbauer and Sigmund 1998; Maynard-Smith 1982). In both cases,
populations consist of an infinite number of individuals, but a finite number ofn distinct possible genotypes.
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With this, one can represent the state of a population at any given time by a vector in the unit simplex and
changes in a population over time as dynamical system trajectories in the simplex.

This thesis investigates a class of multi-population CCEAsthat are relatively straightforward applied to
static optimization problems. Modeling these CCEAs on suchproblems affords several analytical conveniences.
In addition to these, there are one or two simplifications made to ease the burden of analysis. A short discussion
of some of these conveniences and simplification follows.

Symmetry

Consider a two-population cooperative coevolutionary algorithm. A common way of expressing the payoff
rewards from individual interactions in the system is by using a pair ofpayoff matrices. In general, when
individuals from the first population interact with individuals from the second, one payoff matrix is used (e.g.
A), while the second population receives rewards defined by a second payoff matrix (e.g.B). Figure 5.2.2 below
illustrates this idea. However, my model is somewhat more specifics.

A pop2

1 3 2
pop1 2 5 3

1 2 4

B pop1

1 2 1
pop2 3 5 2

2 3 4

Figure 5.1: Example of payoff matrices for the rewards population 1 receives when playing population 2 (A),
as well as the rewards population 2 receives when playing population 1 (B).

The approach to static optimization used here is one in whicheach population is assigned a specific argu-
ment of the function to represent or a partition of some totalstring (as in the case of binary representation),
and individuals in a given population must collaborate withindividuals from other populations in order to form
a complete input with which to obtain a fitness value, the value of the objective function (Potter and De Jong
1994). The reader is referred back to the diagrams shown in Figures 3.3 and 3.4 on pages 31 and 31 in Chapter 3.

Recall the comments about symmetry made at the end of Chapter3. Notice that the two payoff matrices
for static single-objective optimization problems have a certain kind of symmetry—not symmetry with respect
to each matrix independently (they are not necessarily symmetric), but symmetry with respect to the game
itself. That is, when a specific strategy from one populationis pitted against a specific strategy from the other
population, the reward is the same regardless of which population one is scoring. The game issymmetric,
B = AT .

A simple two argument function serves as an example. Supposewe would like to optimize the function
f (x,y) = x2 + y2 + x using cooperative coevolution. Potentialx argument values are represented in one popu-
lation, and potentialy argument values in a second population. In the CCEA, of course, one evolves the two
populations separately (i.e., they do not interbreed), butwhen it comes time to evaluate an individual in thex
population, as always, we will need to select collaboratingindividuals from they population in order to obtain
a value from the objective function. The same process is truein reverse for they population, with respect to
collaborations fromx. Assuming the number of distinct genotypes for each population is finite, one can elicit
a payoff matrix for the first population by simply determining the objective function values at each combi-
nation of genotypes with the collaborating population’s genotypes. Since the game is symmetric, the second
population uses the transpose of this matrix.

Indeed, the CCEAs discussed here are modeled well by what areknown as multi-population symmetric
(MPS) games (Wiegand, Liles, and De Jong 2002a). The definingcharacteristic of MPS games is that they
are symmetric with respect to their payoff matrices. This symmetry assumption allows for some subtle simpli-
fications of the mathematics involved. For example, simple algebraic expansion will show that the weighted
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average payoff of the first population is the same as that of the second,~x ·A~y = ~y·AT~x. In the game-theoretic
framework, the genotypes from thex population determine which row of the payoff matrixA will be used, and
genotypes from they population to determine which column ofA will be used.

Another advantage to this approach is that it provides a certain clarity with respect to the algorithm’s coop-
erative nature. When rewards are symmetric between two distinct populations, there can be no doubt that the
problemis cooperative by nearly any definition. Individuals from the two populationscan onlysucceed or fail
together, due specifically to the symmetry. While it may not be true that cooperative coevolutionary algorithms
musthave a symmetric payoff, it is almost certainly true that anymulti-population coevolutionary algorithm
with symmetric rewards between the populationsis cooperative. This allows me to avoid the debate discussed
in Chapter 3 entirely: these algorithms are definitely cooperative ones.

Model Assumptions & Simplifications

With an EGT model comes a variety of simplifying assumptions, several of which have already been touched
upon. For example, it has already been stated that the model assumes that populations are infinite in size. This
assumption, while certainly important and restrictive, isnot as naive as it might first appear. First of all, the
model can be expanded in the future to consider populations of finite size by modeling populations assamples
of the infinite population. Existing Markov model theory canthen be applied to these augmented systems (Vose
1999; Schmitt 2003; Liekens, Eikelder, and Hilbers 2003). Second, there has been some study suggesting
that finite population models with very large population sizes approximate behaviors of infinite population EC
models (Vose 1999), albeit the meaning of the word “large” has admittedly only been investigated in certain
constraining circumstances (Rabani, Rabinovich, and Sinclair 1998; Schmitt 2001).

Another simplification mentioned above is that the model presented here specifically describes dynamics
for only two populations. While this again may seem an extreme simplification, it should be noted that the
original intent of this work was to lay a foundation of study,and that this foundation would, by definition, begin
with simpler systems for which behavioral understanding ismore tractable. Multi-population models become
complicated quickly, both in terms of their demands on our intuition, as well as the mathematics involved
to model them. Modeling CCEAs with two populations is a reasonable way to gain a better fundamental
understanding of the behavior of these algorithms.

In addition to these two issues, assumptions must be made as to how individuals interact in order to obtain
an assessment of fitness. Although many kinds of interactions are possible, I will retain the standard EGT
assumption ofcomplete mixing. This means that during the evaluation phase of the algorithm, individuals
in one population are assumed to have interacted with all members of the alternate population in pairwise
collaborations, and vice-versa. To be clear, here the word “mixing” refers to how individuals interact, not
variation. However, unless it is otherwise stated, the reader should assume that references to the word “mixing”
refers to variation. With complete mixing, one not only evaluates a given member ofx with every member of
y for collaboration purposes, but also takes the average of the resulting fitness values. Other mixing methods
are often used in practice (see Chapter 4 of this dissertation, for example) due to the computational difficulties
that arise from this method; however, the theoretical modelis complicated by such methods because they can
introduce discontinuities and other complexities. Analysis that relaxes this assumption is the topic of future
research; however, several alternative mixing models are presented at the end of this chapter as a first step
toward such an analysis.

Parents in the CCEA modeled here are chosen using proportionate selection. In this case the algorithm
is generational1. It should be noted that the EGT framework allows for analysis of coevolution using other
selection methods (Ficici and Pollack 2000b).

One final important difference between the algorithm described so far and the model about to be presented
should be discussed. Recall that the abstract CCEA presented in Chapter 3 on page 29 issequentialin the sense

1In a generational EA a new population entirely replaces the old population in a given step, while in a steady state EA each step
replaces only one parent with one child.
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that each population is processed and updated in a particular order. The EGT model that follows performs such
an update simultaneously, so reflects aparallel update mechanism. That is, generations for the first population
and the second population are processed at the same time, using information from the previous round. The
net effect is that changes in one population in the middle of around cannot affect the other population in
such a model. Since both are legitimate implementation choices for the CCEA, and since there are reasons to
believe that many CCEA properties are general between the two (Jansen and Wiegand 2003c), this is reasonable
modeling choice.

The MPS Model

I now define the MPS dynamical system specifically, initiallywithout variational operators. A round consists
of two phases for each population: fitness assessment and selection. At an abstract level, one might write the
equations as a composition of these two phases for each population. The equations below show this abstraction
using the notationF to represent a function that assigns some vector of relativefitnesses to the strategies and
the notationS to represent a function for selection. Note that selection must consider fitnessand the population
vector itself.

Gx = S (Fx,~x) (5.1)

Gy = S (Fy,~y) . (5.2)

Biologists and economists have a more specific form of this abstraction, defined by what they callreplicator
dynamics(Weibull 1992; Hofbauer and Sigmund 1998). I make use of thismodel, in discrete time form, in
order to describe the CCEA in the following way. Given two populations,(~x,~y) ∈ ∆n×∆m, representing ratios
of genotypes in two infinite populations, the following equations are used to define the dynamical system for a
cooperative coevolutionary algorithm (without variation) operating on these populations:

~u = A~y (5.3)

~w = AT~x (5.4)

x′i =

(

ui

~x·A~y

)

xi (5.5)

y′i =

(

wi

~x·A~y

)

yi (5.6)

where~x′ and~y′ represent the new population distributions for the next generation. A and AT describe the
payoffs associated with each pair of possible interactions. This more specific model relates to the abstract one
in a straightforward manner. Given the payoff matrixA,~u = Fx(~x,~y) and~w = Fy(~x,~y)

For completeness, it should be noted that frequently an additive constant appears in the first equation,
~u = A~y+ ωo, whereωo = 1−min(A), as well as a similar constant for the second equation. Theseconstants
are used to make sure elements of~u and~w are non-negative so that under proportionate selection thesystem
remains invariant in the simplex. That points remain in the unit simplex as trajectories are advanced through
the replicator dynamics. To keep the model simple, the payoff matrices will contain only positive values. As a
result, the constants are not really necessary and will not be used.

Though variation is omitted here, it will be discussed laterin the chapter.

5.2.3 Term, Tools and Problems

Before conducting the analysis, some further groundwork must be established. I begin by providing more
explicit definitions for terms that are important for the discussions relating the dynamical systems ideas to the
algorithm being modeled. After this, I present two specific tools that I will use to help augment formal analysis:
rain-gauge validation and trajectory visualization. Finally, I describe some useful problem domains.
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Terms and Concepts

One of the benefits of having a more rigorous description of the CCEA is that it provides the opportunity to be
more specific in describing intuitive ideas. Let’s begin by making it clear what we mean by several common
dynamical systems terms.

Definition 23. Given a function f: S→ S, a point s∈ S is said to be afixed pointif f (s) = s.

Definition 24. TheEuclidean lengthof a vector~x = 〈x1, . . . ,xn〉 ∈ R
n is ‖~x‖ =

√

x2
1 + · · ·+x2

n. Let

v̄ = 〈v1, . . . ,vn〉 ∈ IRn, and letε be a positive number. Theε-neighborhoodNε(v̄) is the set
{~x∈ IRn : ‖~x− v̄‖ < ε}, the set of points within Euclidean distance ofε of v̄.

Definition 25. Let f be a map onRn and letv̄∈ IRn be a fixed point. If there is anε > 0 such that for all~x in
theε-neighborhood Nε(v̄), limk→∞ f k(~x) = v̄, thenv̄ is astable fixed point.

Definition 26. Let there be a function f: S→ S and a fixed point s∈ S, f (s) = s. We define the set B(s) ⊂ S
to be the set of initial points in S that eventually map to the sfixed point. The set defined by B(s) is
considered thebasin of attractionof s.

In conjunction with the dynamical systems terms, it is necessary to clarify some basic game-theoretic terms,
as well. For example, the termpure strategyrefers to a population vector that is at a basis vector (~x = ~ei ,
whereei = 1 and∀ j 6= i,ej = 0). For clarity I will distinguish non-pure strategy population vectors by the
term polymorphic. In order to keep the notation clean and simple, the term ¯v is used to refer to a fixed point
(~x,~y) ∈ ∆n×∆m, whether polymorphic or not.

Perhaps the most important game-theoretic term that must bedefined is that of Nash equilibrium (Nash
1950).

Definition 27. A pure Nash equilibriumof a two player, strategic game is a pure strategy s∗
i, j such that for

every player i∈ I we have:

πi
(

si, j ,s
∗
¬i, j

)

≤ πi
(

s∗i, j ,s
∗
¬i, j

)

, ∀si, j ∈ Si

A Nash equilibrium is considered astrict Nash equilibriumif it is unique, that is the inequality is
strictly >.

Less formally, a Nash equilibrium is a point such that, if either population adopts the strategy associated
with the equilibrium, the interacting population cannot get a better payoff than to also play at the Nash point.
As a result, the best course of action for both populations isto play at a Nash equilibrium (there may be more
than one). The basic idea of this definition is the same for polymorphic Nash equilibria.

All of this terminology from the mathematical tools is useful, but there is still the question of how to relate
the mathematics to the study of the algorithm in ways that address the fundamental question. For instance, what
does it mean for such a system to “converge”, or to “nearly converge”? In the previous chapter, the run time
analysis viewpoint seems to suggest that convergence occurs with first hitting time: the algorithm has converged
when it has first reached the global optimum. While this is a useful viewpoint for that kind of analysis, it is
not consistent with the way most practitioners use the term.Since EAs have no guarantee of finding the global
optimum in some fixed budget of time, real-world applications seldom consider the algorithm in terms of its
having run until the global optimum is reached (even if it were known). Generally practitioners refer to the term
loosely to mean the event that occurs when there is very little diversity left in the system, and objective progress
seems to have stalled. In this dynamical systems context thetermconvergencecan be defined as follows.

Definition 28. A population vector,~x, in a CCEA hasconverged, or converged to homogeneity, when it is
represented by some basis vector.~x hasnearly convergedwhen there is some very small, positive
constantε such that‖x−ei‖ < ε.

An algorithm hasconvergedor nearly convergedwhen all its populations have done so.
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When populations~xand~yhave both converged, I say that the those populations areassociatedorcorrespond
with a payoff valueai, j ∈ A, when~x·A~y = ai, j . When a CCEA has converged to a basis vector associated with
the maximum value in the payoff matrix, I say that it hasconverged to the global optimum. The example below
shows a sample payoff matrix with a maximum value of 5. The pure strategy population vectors~y=~x= 〈0,1,0〉
correspond with this global maximum.

A pop2

1 3 2
pop1 2 5 3

1 2 4

Figure 5.2: This figure demonstrates an example payoff function with a maximum value of 5. The pure strategy
population vectors~y =~x = 〈0,1,0〉 correspond with this global maximum.

Modeling Iteration: Validation and Visualization

In the previous chapter all analysis was conducted directlyon the actual algorithm. In an effort to provide a
more general theory for understanding CCEA behavior, this chapter instead analyzes amodelof the algorithm.
Specifically, it analyzes this multi-population symmetricEGT model we’ve discussing. It isn’t always clear
how closely the model matches the real algorithm, or perhapsmore foundational what the mathematical results
meanin terms of the real algorithms.

To help bridge this gap, it is often useful to take the mathematical model anditerate it. By this I mean pick
a random initial condition and apply the model repeatedly until I believe some limit behavior has been reached.
How this end point is determined is a relatively complicatedquestion, which I will forgo for the moment. The
result of this iteration is atrajectory through the Cartesian product simplex space, as well as the fixed point
resting place of the trajectory. With these pieces of information, projections of the trajectories can be visualized
and the basins of attraction can be measured. These two toolswill help us understand some of the connections
between the model and the real algorithm at a less formal level.

I have defined the term basin of attraction in the usual way: the basin of attraction of a given fixed point,
or any limiting behavior, is the set of initial points that will eventually map to that point, or appropriate limit
behavior. Measuring the sizes of the basins of attraction ofall the various limiting behaviors of a dynamical
system is difficult. First of all, there is no guarantee that there is any general analytical way to do so. Second,
it is typically difficult to definitivelyknowall the possible limiting behaviors, much less measure their basins.
Moreover, the dimensionality of the spaces of the systems inwhich I am interested are very large, so even
when restricting attention to just the fixed points, assuming there are no cyclical or chaotic orbits, the space of
potential attractors may be quite large. Fortunately, as wewill shortly see, the results of my analysis will allow
me to make this more tractable. This will be discussed in moredetail after the analysis.

To estimate the size of a basin of attraction the simple method called arain gauge measure(Alligood, Sauer,
and Yorke 1996) is used. An initial point is selected uniformly at random from the product simplexes using
Zuev’s method (Zuev and Kahan 2001), a trajectory through the space is computed using the initial point, the
system is iterated some large number of times, then the limiting behavior is examined. In my case all trajectories
move to a finite set of known potential fixed points, so I maintain a histogram corresponding to these points.
If the trajectory seems to have converged “very close” to a particular basis vector, I increment its value in the
histogram. I then repeat this process some large number of times (5000).

While the condition “very close” is somewhat qualitative, and ingeneralmay not be sufficient (e.g., unstable
points will push points that are “very close” away), wecanbe more comfortable with this choice if an observed
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trajectory approaches a known stable fixed point (which willbe shown in this case). Validation studies of this
nature were run for 2000 iterates, or until they were “very close” meaning within a delta of 10−4 in terms of
variational distance. All iterates in this work met this latter criterion.

Iterating the model not only offers the opportunity to assess the relative sizes of the basins of attraction,
an additional benefit is its ability to help us visualize and characterize the trajectories themselves. This can be
done by plotting something similar to the so-calledtakeover curvesused for standard GA analysis (Goldberg
and Deb 1990). However, in this case the curves must be two dimensional in order to capture both populations.
The plots are constructed by first identifying which genotypes correspond with the maximum payoff value in
each population and plotting over time the proportions of these genotypes in their respective~x and~y population
vectors. This can be seen as a top-down view of these two-dimensional takeover curves.

With these two tools, one can gain intuition about a number ofthings. First of all, with the visualization we
can gain some limited understanding of what the population itself is doing during the search: where it is going
and how various algorithmic and problem characteristics are affecting this trajectory. Second of all, with the
validation we can gain some perspective on how likely trajectories are to move to particular fixed points. This
helps connect us to the real algorithm by addressing the question of likelihood of global convergence.

Problem Domain

In order to conduct an analysis, I will need to do so in the context of problems or, at the very least, properties
of problems. Thus, it is necessary to explain how a simple encoding of a static optimization problem can be
mapped into this EGT model context. The process is quite simple.

Any two argument function can be mapped into a payoff matrix for a two population symmetric game
(Wiegand, Liles, and De Jong 2002a). Doing so only requires an assumption that the fitness space is discrete.
A matrix can be produced by simply enumerating all genotypicvalues for one population along the rows, and
all genotypic values for the second population along the rows, and evaluating the given function at each ordered
pair. In practice this process would be absurd (since enumerating the space would solve the optimization
problem), but here the idea is an abstraction for the purposeof theoretical research.

Let us start with a straightforward problem for which it is easy to gain some intuition, and for which
visualization is tractable, a simple 2D parabolic function, SIMPLEQUADRATIC .

Definition 29. Given a constant offset k and a location for the center peak(xc,yc), the function
SIMPLEQUADRATIC : N×N → R is defined by

SIMPLEQUADRATIC (x,y) = k−
[

(xc−x)2 +(yc−y)2] .

In my case, the domain values for both arguments are in the interval [1,8]. To be specific, let us say that the
maximum value,k = 100, is found near the center of the bowl—located at(xc,yc) = (4,4). In all cases each
argument has eight distinct genotypes represented by both populations, making a 8× 8 payoff matrix (when
variation is considered, this can be seen as being represented by 3-bit strings each). The figure below illustrates
a surface plot of this function, as well as the payoff matrix elicited by this objective function.

This landscape is helpful precisely because of its simplicity. While it is simple, there are still interesting
observable phenomena when the CCEA is applied to it, as will be clear when we look at the effects variation
has on CCEA dynamics. Further, in these cases the unimodality of the simple 2D parabolic function allows
more complicated dynamical behaviors (such as convergenceto suboptimal, local peaks) to be ruled out as a
means of explaining some of these effects.

A somewhat more interesting object of study is the MAX OFTWOQUADRATICS landscape, which presents a
bimodal problem. This problem retains much of the simplicity of the SIMPLEQUADRATIC in terms of analysis,
while adding the additional complexity of having two peaks.This provides the possibility of converging to a
suboptimal peak in the landscape. I define a broad class of configurable landscapes below.
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Figure 5.3: This figure depicts the SIMPLEQUADRATIC function pictorially (left), as well as the payoff matrix
it elicits (right). The global maximum appears in bold in thepayoff matrix.

Definition 30. Given constant values defining the two peaks: k1 and k2 to define the peak heights, s1 and
s2 to define the peak width, as well as(x̄1, ȳ1) and(x̄2, ȳ2) to define the locations of the peaks, the function
MAX OFTWOQUADRATICS : N×N → R is defined by

quad1(x,y) = k1−s1 ·
[

(x̄1−x)2 +(ȳ1−y)2
]

quad2(x,y) = k2−s2 ·
[

(x̄2−x)2 +(ȳ2−y)2
]

MAX OFTWOQUADRATICS(x,y) = max(quad1,quad2)

The useful thing about this function class is that the problem can be tuned in such a way that the global
peak covers much of the domain, covers an equitable portion of the domain, or covers very little of the domain
relative to the local peak. This allows one to define specific landscapes where the globally optimal and locally
sub-optimal peaks have different attracting potential. The parameter settings for MAX OFTWOQUADRATICS

used for my investigations are defined in Table 5.2.3 on page 74.
The value fors1 will be varied in order to control relative amount of coverage the two peaks have over the

domain. The two figures on page 74 show two different instantiations of this problem class, at the extremes
of s1. The first provides one in which the global and local peaks cover more or less comparable areas of the
domain, while the second shows a landscape with a broad suboptimal peak and a narrow global peak.

5.3 Dynamical Systems Analysis

With this model, and these definitions in place, the fundamental question can now be stated much more specif-
ically: “Are CCEAs generally predisposed to converge to theglobal optimum?” Rephrased, this can be stated
as follows. Starting in an arbitrary spot in the Cartesian product simplex, are trajectories likely to converge to
homogeneity at, or near, the basis vector associated with the maximum payoff value? For dynamical systems
models, this raises such questions as what points in the space are fixed points, what is the stability of those fixed
points, and what is the relative size of basins of attractionof such points?

The remainder of this chapter will focus on attempting to answer questions about these characteristics with
the tools I mentioned above, both without and with variational operators. I begin with the model as it as already
been presented, without variation.
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Table 5.1: This table describes the parameter settings usedfor the MAX OFTWOQUADRATICS function.

Parameter Value(s)
k1 100
k2 75
s1 {2,4,8,16,32,64}
s2 1

(x̄1, ȳ1) (8,1)
(x̄2, ȳ2) (1,8)
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74 73 70 65 58 49 38 28
75 74 71 66 59 50 39 26

Figure 5.4: This figure depicts the MAX OFTWOQUADRATICS function withs1 = 2 pictorially (left), as well as
the elicited payoff matrix (right). The global maximum appears in bold in the payoff matrix.
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Figure 5.5: This figure depicts the MAX OFTWOQUADRATICS function withs1 = 64 pictorially (left), as well
as the elicited payoff matrix (right). The global maximum appears in bold in the payoff matrix.
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5.3.1 Analysis without Variation

The goal of this section is to communicate a better understanding CCEA dynamics by analyzing the correspond-
ing MPS models from a dynamical systems perspective. In particular, the focus is on population trajectories,
the existence and location of fixed points and their basins ofattraction. I summarize what is known for MPS
models without variation, set the stage for studying the effects due to variation, and address questions about
where fixed points are, and when they are stable.

Stability of Fixed Points

If variation is excluded, there is much that can be said analytically about MPS models. For example, any
strict Nash equilibria (see Definition 27 above) must contain only pure strategies; that is, they must be at the
basis vectors, the corners of the simplexes (Hofbauer and Sigmund 1998). This means that in the absence of
variational operators, one can expect the populations in these systems to converge to homogeneity. It is also
known, however, that mixed strategy equilibria are possible on the bnd(∆n×∆m) when the Nash points are not
strict. This can happen when there are plateaus or ridges in the objective landscape, for instance.

Indeed, there’s much that can be understood about the limiting behavior of these algorithms from this model.
Below, I present proofs of some useful properties about discrete time MPS systems as models of CCEAs applied
to static optimization. These proofs are very instructive.From them several things are shown about when basis
vector fixed points are purely stable and purely unstable. Inaddition, a basis is provided for understanding
how certain kinds of local convergence problems can occur ina CCEA, even with infinite populations and no
variation.

However, before beginning, some context and plan for the proofs should be established. The intent is to
be able to make some general statements about theJacobianof the system of equations generated by algebraic
expansion of the replicator and selection equations (See Eq. 5.3–5.6 on page 69) evaluated at fixed points, ¯v that
are associated with the corners of the simplex. Since one canshuffle rows and columns of the payoff matrix and
the game remains the same, without loss of generality I restrict the discussion to the case where ¯v corresponds
with the elementa1,1 in theA payoff matrix. A can be expressed as shown below. All other cases follow as a
result.

A =













a1,1 a1,2 · · · a1,n

a2,1
. . . · · · a2,n

...
...

an,1 · · · an,n













(5.7)

I start by showing that there are particular patterns that will necessarily be found in theJacobianwhen
evaluated at the fixed point,Jv(v̄a1,1). This structure allows me to make assertions about the eigenvalues of the
Jacobianin the general case. These steps lead directly to a theorem that explains that the fixed point associated
with the maximum value in the payoff matrix is always stable.Several corollaries follow directly from this
theorem that give more information about the nature of stability in basis vector fixed points.

Lemma 1. Let Jv be theJacobianof the system of equations generated by algebraic expansionof the
two-population, n-strategy evolutionary game, where A is the payoff matrix and the replicator equations
are given in Equations 5.3 – 5.6. Given the fixed pointv̄a1,1 associated with the a1,1 item in A, the
eigenvalues of theJacobianevaluated at thēva1,1 fixed point, Jv(v̄a1,1), are the diagonal elements.
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Proof. The proof begins by partitioningJv(v̄a1,1) into four partitions. These partitions are used to show that
Jv(v̄a1,1) must be in a particular form, then conclude it by proving thatlemma 1 follows as a result of this form.

Jv(v̄a1,1) can be partitioned into four equal sized partitionsB, C, D, andE shown in equation 5.8 below.

Let partitionB of the Jacobiancorrespond to all∂x′i
∂xj

, C to ∂x′i
∂yj

, D to ∂y′i
∂xj

, andE to ∂y′i
∂yj

. Let’s begin with theB
partition.

Jv(v̄a1,1) =

[

B C
D E

]

(5.8)

The nth column and row from the matrix are omitted. This can be done because thexn variable may be
re-written using the other components in~x (that is,xn = 1−∑n−1

i=1 xi), and because the new proportion for the
xn component in the next generation is fully specified by the equations without the redundantx′n. Of course, a
similar argument holds for thenth column and row of all four partitions.

The algebraic form ofui = ai,1y1 + ai,2y2 + · · ·+ ai,(n−1)y(n−1) + ai,n

(

1−∑n−1
i=1 yi

)

can be obtained from

equations 5.3 and 5.4. In theB partition case the partials are taken with respect to one of the~x variables, so the
~y values can be substituted from ¯va1,1 since they will be considered constants in the derivatives.This provides
a somewhat simpler algebraic form to use:ui = ai,1y1 + ai,n(1− y1) = ai,1. Most of the~x values may also be
substituted as constants as long as the partial derivativescan still legitimately be taken. Elements that fall in
the ith row or jth column, as well as those in the first column and row are preserved in order to examine the
partial—all other values in~x are zero, so further simplification is possible. Thex′i algebraic form is shown
below.

x′i =
ai,1xi

x1ai,1 +xi(ai,1−an,1)+x j(a j,1−an,1)

If i 6= j then one can substitute either 0 or 1 forxi when taking the partial with respect tox j . If i 6= 1, then

it is true that∂x′i
∂xj

= 0 since the numerator will remain a zero factor after the derivative. Therefore it can be said

that all elements in theA partition ofJv(v̄a1,1) are zero as long asi 6= j and i 6= 1. The form of the partition is
shown below in equation 5.9.

Jv(v̄a1,1) =











j1,1 j1,2 · · · j1,n−1

0 j2,2 0 · · ·
... 0

... 0

(5.9)

By symmetry theE partition has the same form.
TheC andD partitions never havei = j, so their diagonals are always zero. There is only one case for

these partitions that remains to be considered: wheni = 1. This is dealt with by first taking thei = 1 case for
C and returning to the replicator function to get the following algebraic expression after appropriate constant

substitutionsui = ai,1 +ai, jy j −ai,ny j . After simplification, the selector equation is thenx′i =
xi(ai,1+ai, j yj−ai,nyj)
x1(ai,1+ai, jyj−ai,nyj)

.

The terms in the numerator and denominator cross out wheni = 1 and becomes constant, the partials of which
are zero. Thus all elements in theC partition (andD by symmetry) are zero.

Now that the structure ofJv(v̄a1,1) is known, consider the eigenvalues of this matrix. Recall that to compute
this, the characteristic equation must be solved such that det

(

Jv(v̄a1,1)−λI
)

= 0. One can compute this by
expansion of cofactors on the first column. From the above discussion it is known that the first column of the
Jacobianare all zeros except elementsj1,1. The cofactors ofj1,1 is the product of the diagonal termsJv(v̄a1,1)
excluding j1,1. This can be seen by repeated application of the expansion ofcofactors.

Thus, the determinate is simply the product of the diagonal terms of the matrix
Jv(v̄a1,1)−λI , and the roots of the characteristic equation will be the diagonal elements of theJacobian. There-
fore the eigenvalues ofJv(v̄a1,1) are its diagonal elements.
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Lemma 2. Given Jv(v̄a1,1), the following properties are true.

∂x′i
∂x′i

(

v̄a1,1

)

=
ai,1

a1,1
∀i 6= 1 (5.10)

=
an,1

a1,1
i = 1 (5.11)

∂y′i
∂y′i

(

v̄a1,1

)

=
a1,i

a1,1
∀i 6= 1 (5.12)

=
a1,n

a1,1
i = 1 (5.13)

(5.14)

Proof. Again, begin with partitionB of Jv(v̄a1,1). Returning to the replicator Equation 5.6 after appropriate
constant substitution providesui = ai,1y1 +ai,n(1−y1) = ai,1. There are two cases:i 6= 1 andi = 1. In the fist
case, again retainingxi for the partial, the remaining values for~x are substituted as constants and obtain the
following selection equation and subsequent partial derivation.

x′i =
xiai,1

x1a1,1 +xi(ai,1−an,1)

∂x′i
∂x′i

(

v̄a1,1

)

=
ai,1x1a1,1

(x1a1,1 +xiai,1−xian,1)
2

=
ai,1

a1,1

In the case wherei = 1, xi is not preserved, so the following is obtained after relevant substitution.

x′i =
x1a1,1

x1a1,1 +an,1−x1an,1

∂x′i
∂x′i

(

v̄a1,1

)

=
a1,1an,1

(an,1−a1,1−an,1)

=
an,1

a1,1

The proof for the∂y
∂i i case can be obtained from theD partition by symmetry.

Theorem 5. Let m be a unique maximum value in A, m= max(A). Given a non-polymorphic fixed point̄v,
if the payoff value ai, j = m andv̄ corresponds with ai, j , thenv̄ is a stable fixed point.

Proof. Givenai, j = mand thatai, j can be moved into positiona1,1, then all eigenvalues are< 1 by lemma 2.

Noting in lemma 2 that all the eigens for a particular ¯v are ratios ofA values at some fixed column or row,
and applying the same juxtaposition logic from Theorem 5, several interesting corollaries can be derived. For
example, it follows directly that anyai, j that is the unique maximum value of theith row and jth column ofA
is also a stable fixed point. Additionally, anyai, j that is the minimum value of theith row and jth column ofA
is a purelyunstablefixed point (meaningall its eigenvalues are> 1). With these, I can bound the number of
stable and unstable basis vector fixed points in the system ingeneral. These corollaries are stated more formally
below.

Corollary 1. From Theorem 5 it follows directly that if

ai, j > al , j ∀l 6= i, and

ai, j > ai,k ∀k 6= j,

thenv̄ai, j is a stable fixed point.
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Corollary 2. As per corollary 1, lemma 2 and theorem 5 dictate that if

ai, j < al , j ∀l 6= i, and

ai, j < ai,k ∀k 6= j,

thenv̄ai, j is a purely unstable fixed point. The global minimum value,min(A) is always purely unstable.
Additionally any other fixed points at the corner of the simplex which are neither purely unstable nor
stable will be an unstable saddle point.

Corollary 3. From corollaries 1 and 2 we also know that the maximum number of stable basis vector fixed
points is n and the minimum number of stable basis vector fixedpoints is1. The same rule is also true
for the number of purely unstable fixed points. Therefore thenumber of unstable saddle basis vector fixed
points must be at least n2−2n.

What does this analysis explain about convergence and optimization? As I made clear in Definition 28
above, when trajectories limit to a fixed point at the basis vector, this corresponds to the populations becoming
homogeneous. The question is, where can this occur in terms of the fitness landscape? Recall that in our MPS
model of cooperative coevolution, the payoff matrix is really just a quantized version of the fitness landscape.
Given this, perhaps the most important thing worth noting isthat a form of local convergence is possible
even with an infinite population, no variation, and unique values in the fitness landscape. Trajectories can fall to
basis vectors that correspond with suboptimal fitness values. This is not possible in the simple genetic algorithm
under the very same assumptions (Reeves and Rowe 2002; Vose 1999).

However, knowing the stability of a fixed point in a system does not necessarily indicate how likely it will
be reached by any arbitrary initial condition, unless more is known about the dynamical system (Hofbauer and
Sigmund 1998). Fortunately, even without the deeper understanding required for formal proofs, considerable
insight into these issues can be obtained using the model validation and visualization techniques discussed
earlier. In the following section I summarize these insights for MPS models without variation.

Population Trajectories and Basins of Attraction

Let us now turn to the visualization and validation tools mentioned previously to help clarify the meaning of
the formal results. Recall that visualization of these systems involves iterating the model until the fixed point is
reached, then displaying its trajectory in terms of a projection offered by looking only at the component vectors
associated with the global maximum. The visual effect corresponds to a form of 2D takeover curve and helps
one understand where trajectories are going relative to theglobal peak. A rain-gauge measure can be taken for
the relative sizes of the basins of attraction of the fixed points by doing this many times and recording where
the final resting points.

Of particular interest is the size of a fixed point’s basin of attraction relative to the other fixed points to
which trajectories go. Since I’ve now some idea that these are very likely to be basis vectors (in the absence
of variation), the question of global convergence can be addressed in a way that makes sense relative to the
problem space itself. In other words, viewing convergence to a basis vector as a collapse to homogeneity in
both populations and knowing the relative sizes of the basins of attraction of each possible pair of homogeneous
populations should give us insight into how likely it is thata pair of random initial populations will converge to
some particular pair of homogeneous populations.

Indeed, there is reason to believe that the size of the basinsof attraction of a fixed point indicated by a
basis vector has more to do with relative local column and rowvalues in the payoff matrix than how large the
specific payoff value is at that point. The idea is that thejoint distribution of the rewards for a given strategy
in one population as defined by the set ofpossiblecollaborating strategies from the alternative populationis
more attractive for trajectories than thespecificvalue of the optimal collaboration for that strategy. In other
words, broad and suboptimal peaks will pull trajectories away from taller, more narrow peaks. This is the form
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of local convergence in CCEAs mentioned above, and touched upon in other studies (Ficici and Pollack 2000c;
Wiegand, Liles, and De Jong 2002a).

Recall that measuring the basins of attraction can be quite complicated in general. In this case though, there
are three things we know, or can do, to make this a more tractable problem. First, some useful properties are
already known about these systems that help. For instance, it is known that as long as the maximum values on
the rows and columns are unique, the only strict Nash equilibria are at the basis vectors. Second, knowing this,
I can construct a problem such that this property is true of mypayoff matrix. Finally, I can apply the validation
method already discussed in order to obtain this measure.

As an example, consider the SIMPLEQUADRATIC function previously discussed. In particular, I take the
8×8 payoff matrix elicited for this function and iterate the MPS model many times until convergence is reached.
Having done so, the expected result that all trajectories lead to the basis vector fixed point associated with the
global optimum was obtained. That is, when an initial starting state for the populations is chosen at random, the
model predicted that a CCEA algorithm will converge to homogeneity at the global maximum of this function.

Figure 5.6 illustrates this for several example trajectories. Each curve begins at the point indicated by a
hollow circle, and terminates at the point indicated by an “x” (in this case all of these terminate in the corner).
Every 100 steps of the trajectory are marked on the curves to get an idea of the rate of progress of the curves,
though all points on the plot represent steps produced by themodel. Trajectories that converge near the global
optimum appear as thicker lines than those that do not. In this way, one can track the proportions of the com-
ponents associated with the maximum value over time as they move from the initial population configurations
toward its ultimate limit behavior. Asymmetries in the projected trajectories are due to asymmetric differences
in the sample of initial points or asymmetries that exist in the function itself (the latter of which, in this case,
are minimal).
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Figure 5.6: 2D Takeover plot for trajectories operating on the simple quadratic problem with no variation.
Curves begin at points indicated by hollow circles, and terminates at the point indicated by an “x”. Every 100
steps of the trajectories are marked.

The result of the of this is expected. But what of the fact thatanalysis reveals that there can be other
stable basis vector fixed points than the one associated withthe global maximum, and what of the problem of
consensus caused by cumulative weights along joint distributions in the payoff matrix mentioned in the previous
chapter? Indeed, the MAX OFTWOQUADRATICS problem is constructed so that trajectories are more attracted
to the suboptimal peak than to the global maximum. This is done by making sure the rows and columns
in the payoff matrix corresponding with the suboptimal local peak are significantly biased over the row and
column values corresponding with the global peak. Ranging thes1 parameter in the MAX OFTWOQUADRATICS

problem presented above makes this fact palpably clear.
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Consider all 6 example functions from the MAX OFTWOQUADRATICS class presented above resulting from
varying s1 ∈ {2,4,8,16,32,64}. Again, I use these functions to elicit 8× 8 sized payoff matrices; however,
varying the parameter now results in different amounts of coverage between the two peaks. Table 5.3.1 below
describes the percentage of domain that the global peak covers ass1 is increased.

Table 5.2: This table describes the percentage of domain points in MAX OFTWOQUADRATICS that are covered
by the global peak as thes1 parameter is varied.

s1 Coverage of global peak
2 43.75 %
4 29.69 %
8 17.19 %
16 12.50 %
32 6.25 %
64 4.69 %

The rain gauge method described above was also run for each ofthese problems. The result was that in all
cases trajectories converged to basis vectors associated with one of the two peaks, but not necessarily the global
peak. Note that the relative difference in height between the peaks remains the same in all functions, regardless
of s1 (refer again to the figures on page 74).
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Figure 5.7: This graph shows the ratio of trajectories that converged to the basis vector associate with the global
maximum of the MAX OFTWOQUADRATICS function as thes1 parameter is varied in{2,4,8,16,32,64}.

Looking more closely at where the trajectories are actuallygoing helps these results. Figure 5.8 on page 5.8
illustrates trajectory behavior for a subset of the those initial conditions for each of the problems generated
by varyings1. The panels appear in order from left to right, top to bottom.Some minimal amount of initial
probability in the components associated with the global peak is necessary to converge to the global optimum.
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As the coverage of the global peak diminishes, we begin to seethe effects of the increased attraction to the local
peak. This justifies our intuition that cumulative payoff values local to some suboptimal maxima can distract
trajectories from finding the global peak when they are sufficiently large.

5.3.2 Analysis with Variation

In order to extend the MPS framework to model variational operators, the methods outlined by Vose (1999) have
been employed. Hence, the dynamical system becomes a composition of the original model and a variational
mixing function,M . For simplicity, I assume that the variational operators are the same for both populations
and the populations have the same number of distinct genotypes, so the sameM can be used for both popula-
tions. With these assumptions the abstract formulation of the MPS model now becomes:Gx = M (S (Fx,~x))
andGy = M (S (Fy,~y)).

Mixing can be done in any number of ways, so this abstract formulation does not commit to a particular
representation; however, to build concrete mathematical models I will need to be more specific—and doing
so will imply particular representations for individuals,as well as particular operators. Remaining consistent
with earlier chapters, I assume that the representation is binary, and focus on two common operators for such
representation (one for mutation and one for crossover). The M function is constructed for these operators.

Let’s start by enumerating what the probability is that the all zero string will be produced by any arbitrary
pair of individuals acting as parents. It is clear that ann× n matrix, M, results from such an enumeration.
Supposing one has such a matrix, obtaining the probability that the all zero string is generated after replication
and variation is a relatively straightforward exercise:

x′′0 =
∑

u,v∈Ω

x′ux′vMu,v (5.15)

y′′0 =
∑

u,v∈Ω

y′uy′vMu,v (5.16)

Variation works as follows. Parents are selected using Eq. 5.3–5.6. The resulting probabilities are used for
~x′ and~y′. TheMu,v value represents the likelihood that the all zero string is constructed or not destroyed whenu
andv are parents. Finally, the sum over all such combinations is taken. To produce a value for any child string,
not just the all zero string, the mixing matrix is permuted (see Vose (1999) for more details). Given this, the
next generation’s population states (now notated~x′′ and~y′′) can be obtained using the following equations:

x′′k =
∑

u,v∈Ω

x′ux′vMu⊕k,v⊕k (5.17)

y′′k =
∑

u,v∈Ω

y′uy′jvMu⊕k,v⊕k (5.18)

Computing values for the mixing matrix,M is involved. The reader is referred to Vose (1999) for the deriva-
tion and motivation. Given two parents,u andv, what is the probability that the all zero string is constructed, or
survives? To answer this, we first note that masks can be used to instantiate the effect of a particular crossover
or mutation event. To determine probabilities for a givenMuv, a distribution across all such masks will be nec-
essary. To be consistent with existing work, I use the symbolχ to represent the distribution of crossover masks
andµ to represent the distribution of mutation masks. Modeling particular genetic operators involves eliciting
these two distributions. The probabilityMuv can be obtained as follows.

Muv =
∑

u,v,k∈Ω

µuµv
χk + χk̄

2
· I(i, j,u,v,k) (5.19)

I(i, j,u,v,k) =







1 if ((i ⊕u)⊗k)⊕
(

( j ⊕v)⊗ k̄
)

= 0
0 otherwise (5.20)
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Figure 5.8: MPS trajectories on MAX OFTWOQUADRATICS with s1 ∈ {2,4,8,16,32,64}. The panels appear in
order, left to right and top to bottom. Open circles represent initial points for trajectories converging to global
maximum. Closed circles represent initial points bound forsmaller local maximum.
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The meaning of the indicator functionI described in Equation 5.20 is this: indicate whether or not the all zero
string is formed when thei mutation event mask is applied to parentu, the j mutation event mask is applied
to parentv, and thek crossover event mask is used for the recombination of those two parents. Crossover
produces two children, sōk is needed to represent the reflected side of the recombinatoric symmetry. The
model assumes only one of the two children is used, thus the expected value is taken between the masksk
andk̄. The reader is referred to Vose (1999) for a more in depth explanation of how these mixing matrices are
constructed for particular operators that are not discussed here. I will illustrate howM can be created using two
specific operators, but first let’s look more formally at the more general MPS model under mixing.

Fixed Points under Mixing

There is little doubt that variational operators significantly change the underlying dynamical system of a CCEA,
just as they do in a traditional EA. Not only can the limiting properties of the fixed points of the system change,
but the location of the fixed points themselves can change. Tosee this, note that for a fixed point of the MPS
model toalsobe a fixed point of the variational model, it must be true that~x′′ =~x′ =~x and~y′′ =~y′ =~y. For the
purpose of this fixed point discussion, Equations 5.17 and 5.18 are re-written as follows.

x′′k =
∑

u,v∈Ω

xuxvMu⊕k,v⊕k (5.21)

y′′k =
∑

u,v∈Ω

yuyvMu⊕k,v⊕k (5.22)

As we saw earlier, the fixed points of MPS models without variation were basis vectors. What happens when
variation is added? Suppose we are interested in the basis vectors associated with payoff valueapq, that is
xi = 0,∀i 6= p,xp = 1 andyi = 0,∀i 6= q,yq = 1. If such is the case, then the resulting values from the above
equations are always 0, except whenu = v = p for the first case, andu = v = q for the second case. Thus, the
next point in the trajectory, when starting at the basis vector is the following:

x′′k = Mp⊕k,p⊕k (5.23)

y′′k = Mq⊕k,q⊕k (5.24)

There are two important things to note about this observation. First, one can ascertain theG1
x (~x,~y),G1

y (~x,~y)
step of the MPS model from any arbitrary basis vector pointfrom just the mixing matrix. Second, resulting
values turn out to be diagonals of thepth andqth permutation of the mixing matrix forGx andGy, respectively.
If this diagonal is equal to the original bases, then the fixedpoint of the original system is also a fixed point of
the system under variation, and if not then it is not. As I willdiscuss in the following sections, this is true for
almost all traditional crossover operators and never true for traditional (non-zero) mutation.

Assessing fixed point stability under mixing is harder than without variation, since the fixed points may
now be in the interior of the simplex product. This means thatit becomes necessary to simultaneously solve
the collective system forGx(~x,~y) =~x andGy(~x,~y) =~y. However, when one is certain that the basis vectors are
fixed points, even under mixing, one can evaluate them as I didin the previous paragraph.

Stability of Fixed Points

Unlike the MPS models without variation, the stability of fixed points of the model under variation is a function
of M. Moreover, this dependence is not due simply to the inclusion of M itself into the model, but also from the
resulting non-linearity added from the crossover operation. The proof of this is trivial, but I offer it for the sake
of completeness.

Theorem 6. Let v̄ be a fixed point of the cooperative coevolutionary algorithm with variation as described by
equations 5.17 and 5.18. The stability of such a fixed point will depend on the specific values in the
mixing matrix, M.
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Proof. To assess the stability of a fixed point, one must first know what the fixed point is. While some of the
fixed points are known for crossover, this is not necessarilytrue for mutation (or for mutationand crossover).
Still, assuming one knew what the fixed point was, theJacobianof the system could be evaluated at that fixed

point. Let’s look at one term
∂x′′k
∂xl

, but first let’s expand and re-write the equations 5.17 and 5.18. The variablef
is used for the convenience of notational simplification only.

x′′k =
∑

u,v∈Ω

(A~y)uxu(A~y)vxvMu⊕k,v⊕k

(~xTA~y)2

=

∑

u,v∈Ω(A~y)vxu(A~y)vxvMu⊕k,v⊕k

(~xTA~y)2 =
f

(~xTA~y)2

∂x′′k
∂xl

=

∂ f
∂xl

·
(

~xTA~y
)2− f · ∂

∂xl

(

~xTA~y
)2

(~xTA~y)4

=

∂ f
∂xl

·
(

~xTA~y
)2− f ·2

(

~xTA~y
)

(A~y)l

(~xTA~y)4

Taking the partial off now results in the following.

(A~y)l

∑

i∈Ω,i 6=l

(A~y)ixl Mi⊕k,l⊕k +2(A~y)2
l xl Ml⊕k,l⊕k

By symmetry, the same is true for
∂y′′k
∂yl

. From this we learn that both terms in the numerator depend onvalues
from M, and that they cannot be eliminated.

Although this was perhaps already obvious, the proof is instructive since it illustrates the fact that the non-
linearities introduced by equations 5.17 and 5.18 presentsa far more complicated expression that requires that
change in any given component depends on all the components from both populations. This differs from the
model without variation, since in that case taking the derivative eliminated all components of one population
from the expression. Therefor, its dependence is due not just to the explicit presence of the values inM, but
also due to the non-linearities created by its inclusion.

Parameterized Uniform Crossover

Let’s look at the effects of crossover alone. In this case, for most types of crossover, the probability of obtaining
some stringk when crossing over two identical parents is 0 unless the parents are themselvesk. Whenk
is crossed-over withk, the probability that the resulting child is alsok is 1. Thus the diagonal of thekth

permutation ofM is always 1 atmkk and zero elsewhere. This implies that the pairs of basis vectors forming
fixed points of the MPS model without variation are still fixedpoints under crossover. This is consistent with an
understanding of the effect of crossover on a totally homogeneous population (namely that there is no effect).

In order to study the effects of crossover on population trajectories and basins of attraction, one needs
to complete the MPS model by selecting a particular crossover operator and constructing the corresponding
mixing matrixM. I model parameterized uniform crossover (Syswerda 1989; Spears and De Jong 1991). Here
pc represents the probability that a crossover event will occur. If a crossover event occurs, two individuals are
mated and each bit position is considered independently forpotential exchange. The parameterps represents
the probability that the values at a given bit position will be exchanged between the mates. Thereforeps = 0.5
corresponds with traditional uniform crossover.
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Recall that the method described above models particular crossover events using a mask over the bit strings
and a crossover operator is modeled by describing a distribution across such masks. For parameterized uniform
crossover, this distribution is obtained as follows.

χi =

{

pc

(

p‖i‖
s (1− ps)

l−‖i‖
)

i > 0

1− pc+ pc (1− ps)
l i = 0

(5.25)

Having created an MPS model that includes parameterized uniform crossover, validation and visualiza-
tion of population trajectories through the mathematical model is now possible. Let’s consider again the
SIMPLEQUADRATIC problem and assess the effects of crossover on population trajectories and basins of at-
traction. Since it is known that the basis vectors of the Cartesian product of the unit simplexes are also fixed
points of this model (though not necessarily stable in the same places), rain-gauge measures can be obtained.
However, one must be careful to account for any trajectoriesthat do not converge to a basis vector, since the
existence of interior fixed points have yet to be formally eliminated as a possibility as it was without variation.
As it turned out, all of the trajectories converged to a basisvector of one sort or another.

Initially, ps was set to 0.5 to obtain pure uniform crossover. The rate of crossover,pc, was varied between
0.0 and 1.0. All trajectories moved to one of four basis vectors, those vectors associated with thea4,4, a4,5, a5,4,
anda5,5 payoff values (the center four cells of the payoff matrix, from the top left as described in equation 5.7
and page 75). Example results are shown in Table 5.3. This shows the percentage of trajectories from the
randomly chosen initial populations that go to each of thesefour basis vectors. More specifically, it shows
that as the rate of crossover is increased, the number of initial points that eventually converge to a fixed point
associated with the global maximum shrinks. In other words,the measure of the size of the basin of attraction
of that fixed point associated with the global peak is reducedby increasing crossover.

The reader should be careful not to draw too many conclusionsabout the significance of the “nearness” of
these fixed points from a topological point of view. From the simplex product space, every basis vector is a
distance of either 1.0 or

√
2 from every other basis vector,

√
2 is the largest distance possible between any two

points in the space. Moreover, as long as the relationships between the strategies of the game remain the same,
one could permute the payoff matrix and the underlying non-variational dynamics would not change. Thus it
is possible to imagine the very same model with resulting measures that seem topologically farther apart. The
relationship almost certainly has to do with the level of fitness on a given row and column relative to other
strategies and the topological relationships are established by the representation assumed under the operator
modeled.

Table 5.3: Rain gauge results of model validation studies onMPS cooperative coevolution model with uniform
crossover. The tables represent the measure of the basins ofattraction of the fixed points associated with the
a4,4, a4,5, a5,4, anda5,5 payoff values. The probability of crossover,pc is varied in{0.0,0.2,0.4,0.6,0.8,1.0}.

pc = 0.0 100.0 % 0 %
0 % 0 %

pc = 0.2 84.8 % 7.7 %
7.0 % 0.5 %

pc = 0.4 79.0 % 10.1 %
10.0 % 0.9 %

pc = 0.6 75.9 % 11.0 %
11.3 % 1.8 %

pc = 0.8 73.2 % 12.0 %
12.5 % 2.3 %

pc = 1.0 71.6 % 13.1 %
12.8 % 2.5 %
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I also looked at parameterized uniform crossover whenps = 0.2 andpc = 1.0. The results for this showed
that the(4,4) basin captured roughly 62.6% of the trajectories, while the(4,5), (5,4), and(5,5) basins captured
16.2%, 17.0% and 4.2% of the trajectories, respectively. Again, all trajectories found their way to one of these
four basis vectors.

These are interesting results. They suggests that it is possible that previously unstable basis vector
fixed points become stable attractors under crossover. In a sense, crossover seems to “distract” trajecto-
ries from always converging to the basis vector associated with the maximum value. To get a sense for
why this might be, let’s look again at the 2D takeover plots shown in Figure 5.9 on page 87. In this case,
pc ∈ {0.00,0.05,0.15,0.15,0.20,0.25}.

There seems to be some kind of stretching transformation on the outer corners of the product simplex going
on as a result of crossover. As the rate of crossover increases, the trajectories are pushed away from the center
and move toward the edges at a much faster rate. In some cases these trajectories are drawn to basis vector
fixed points (homogeneous populations) not associated withthe global optimum. This behavior is observed
in CCEA applications as well where one population convergesmuch faster than the other and reduces the
dimensionality of the search by collapsing the space in which trajectories can pass to a face of the Cartesian
product simplex. This corresponds to a reduction of the space to the unit simplex for the second population,
still evolving population.

This is most likely explained by the accelerating effect crossover can have on population convergence
(Menon 2002; Rabani, Rabinovich, and Sinclair 1998). This acceleration is applied asymmetrically, since the
initial conditions of the populations are almost certainlyasymmetric. To test this hypothesis, I ran an additional
experiment in which all initial points for~x were chosen uniformly at random from the unit simplex, and all
initial points for~y were set symmetrically,∀i (~y)i = (~x)i, where(~x)i is the ith initial point. Although not all
trajectories converge to proper basis vector (the corner associated with the maximum value),noneconverged
sooner in one population than in the other. Figure 5.10 illustrates these results for different values ofpc.

Bit-flip Mutation

In a similar fashion, the mixing matrix M for the bit-flip mutation operator can be constructed. In this case,
the diagonal elements ofM cannot be basis vectors as long aspm 6= 0 andpm 6= 1 since a population that is
completely converged cannot remain so after mutation (in aninfinite population model). Therefore it is fair to
conclude that the basis vectors are no longer fixed points under mutation.

Modeling bit-flip mutation is much simpler than modeling crossover, though analysis is much more difficult.
Again a mask is used to apply a specific mutation event and the distribution of mutation masks models the
operator as a whole. With bit-flip mutation this is determined using a simple binomial distribution

µi = p‖i‖
m (1− pm)l−‖i‖ (5.26)

wherepm represents the independent probability that a bit in a givenposition will be flipped. A careful review
of the mixing formula will confirm that as long aspm 6= 0 andpm 6= 1, the diagonal of any valid permutation of
the mixing matrix cannot be a basis vector. This makes sense:a population that is completely converged cannot
remain so after mutation.

Unfortunately, this means that rain gauge measures of the type I used so far are not practical. Instead, I
can measure the distance of the point to the basis vector associated with the maximum payoff value. I ran
trajectory studies withpm set to a variety of values. The result was that all the trajectories converged very close
to the same fixed point in all cases for a givenpm value, all 5000 initial conditions mapped to the same interior
point within an error radius of 10−4. Nevertheless, this point moved into the interior of the simplex product as
mutation was increased. Figure 5.11 shows the 2D takeover plots for a few of these runs. The reader should
note that the distortions of the trajectories due to mutation are different than those produced by crossover.

This behavior matches intuition, as well as known results for the simple GA. As mutation is increased, the
limiting behavior is characterized as a distribution of population states that spread out away from the peak into
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Figure 5.9: 2D takeover plots for MPS trajectories in with uniform crossover. Reading from the left to the right,
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Figure 5.10: 2D takeover plots for MPS trajectories in with uniform crossover with symmetric initial conditions.
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Figure 5.11: 2D takeover plots for MPS trajectories in with bit-flip mutation. Reading from the left to the right,
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the rest of the fitness landscape. However, notice that the destabilizing effects of crossover do not seem to occur
in the case of mutation.

Mutation and Crossover

Validating and visualizing the effects of MPS models with both crossover and mutation (pc ∈ {0.0,0.1,0.2}
and pm ∈ {0.000,0.005,0.05}) is now a straightforward exercise in producing a combined mixing matrix. It
is clear that the basis vectors are no longer fixed points. What is unclear is whether the combination of both
operators will amplify the trajectory distortions produced individually, diminish them, or produce some other
effect.
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Figure 5.12: 2D takeover plots for MPS trajectories in with bit-flip mutation and parameterized uniform
crossover. Reading from the left to rightpc ∈ {0.0,0.1,0.2}, from top top bottompm ∈ {0.000,0.005,0.05}.
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Figure 5.12 on page 90 shows six combinations of the model. Interestingly, the result of combining the
variation operators is additive in a sense. In these studies, trajectories fall towards the basis vectors associated
with the center four payoff values as they did under crossover alone. The bottom two graphs in figure 5.12
shows a projected version of this effect. However, observing the right two graphs, the limit point is pulled into
the interior of the simplex product space due to mutation.

5.3.3 Alternative Mixing Models

One reasonable complaint about the traditional EGT model isits supposition of complete mixing. Real CCEAs
rarely evaluate an individual by pairing it with all possible collaborators. Indeed, as I discussed in the previous
chapter, many CCEAs use a very few, fixed number of collaborators.

Still, there is no reason that the model cannot be modified to consider alternative mixing models, though
what kind of quality of analysis is possible with them is as yet unclear. I will discuss two very simple partial
mixing models as a proof of concept. These two methods consider both the idea of biasing the collaboration
sampling process an the idea of enforcing a fixed size to the sample: complete-weighted collaboration and
c-random collaboration.

Complete-Weighted Collaboration

The idea behind complete-weighted collaboration is simple: individuals are paired with all possible individuals
from the alternate population, but the degree of contribution to the fitness assessment process is weighted by
fitness result of the individual in the previous generation.Implementing this approach requires modifications
of the original replicator equations that consider a time variable, t. Given thatt := 1 is defined in the initial
conditions, then the system can be described by the following equations.

ui(t) = (A~y)i ·wi(t −1) (5.27)

wi(t) =
(

AT~x
)

i ·ui(t −1) (5.28)

x′i =
( ui

~x·~u
)

xi (5.29)

y′i =

(

wi

~y·~w

)

yi (5.30)

ui(0) = 1 ∀i ∈ {1, . . . , r} (5.31)

wi(0) = 1 ∀i ∈ {1, . . . , r} (5.32)

c-Random Collaboration

Constructing a partial mixing model that uses only a finite number of collaborators in an infinite population is
somewhat more difficult. I begin by noting that the original replicator equations (Eq. 5.3–5.6) can be used as
is for a single-random collaborator. In such a case, the vector components in the first two utility assessment
equations refer to the probability that a particular collaborator is picked. Since the population is infinite, and
the collaborator is picked uniformly at random, the result of the same set of equations for complete mixing can
be see as a model for theexpectedoutcome when one selects a single random collaborator.

To c such selections, return to the idea of using masks. Define a masking bit string of lengthn and a
particular string indicating the outcome of a particular collaboration event in terms of which genotypes will
serve as collaborator. Given a distribution of masks,C, the augmented replicator equations follow.
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~u =
∑

j∈Ω

Cj ·A(diag( j) ·~y) (5.33)

~w =
∑

j∈Ω

Cj ·AT (diag( j) ·~x) (5.34)

x′i =
( ui

~x·~u
)

xi (5.35)

y′i =

(

wi

~y·~w

)

yi (5.36)

The function diag( j) considers the bit stringj of lengthn and constructs ann×n matrix such that the bit string
represents the diagonal of the matrix and all other values are zero.

This is a somewhat general mechanism that allows for many kinds of collaboration methods by detailing
different kinds of mask distributions; however, I will concern myself with using only a fixed number ofc ran-
domly selected collaborators. The result is again theexpectedoutcome of the particular collaboration sampling
method. For a fixed number of collaborators, the distribution of collaborator masks can be computed as follows.

Cj =

{ c!(n−c))!
n! if ‖ j‖ = c
0 otherwise

(5.37)

This model still suggests an averaging of multiple functionevaluations is used for credit assignment pur-
poses (i.e., thehedgemethod). There are obvious augmentations that can be applied to construct a model that
assigns fitness using the maximum possible payoff of the collaborators, but they have the distinct analytic dis-
advantage of being discontinuous. Additionally, the two suggestions here may be naturally combined with one
another to produced a biased, finite sample expected outcomemodel for collaboration.

5.4 Empirical Examples

Some empirical examples are helpful since the theoretical models I’ve provided differ in several significant
ways from real CCEAs applied to static optimization problems. One difference is that populations are quite
obviously not infinite in size. Another difference is that collaboration methods do not really resemble complete
mixing, in general.

However, despite its limitations, this dynamical systems model has provided some concrete answers to rel-
atively philosophical questions, as well as some insight into what some coevolution pathologies might actually
look like. Moreover, the infinite population model can be seen as an expectation for the behavior of finite
population models. With this, we have an answer to the fundamental question: one cannotexpectthese sys-
tems to gravitate toward optimal collaborations, even in the ideal case where stochastic effects are minimal, or
non-existent. This corresponds exactly with the relative overgeneralization pathology discussed above.

Moreover, visualization of the model has revealed insight into how asymmetries in initial conditions and
problem characteristics can exacerbate asymmetries in rates of evolutionary changes between populations. As
such, we canseeloss of gradient actually occur.

Nevertheless, a bridge between the abstract model in which these pathologies gained clarity, and real al-
gorithms in which they are manifested is necessary. Indeed,now that a better understanding of these two
difficulties has been achieved, it is a simple matter to create examples that illustrate them in more realistic set-
tings. This section provides two such examples. In the first case, the pathology of relative overgeneralization is
demonstrated using the MAX OFTWOQUADRATICS problem already defined, while in the second case a variant
of this problem is used to show loss of gradient. Such examples will make tangible connections between theory
and practice.
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In both cases I used a two population, generational cooperative coevolutionary algorithm with fitness pro-
portionate selection. Collaboration involved all membersof the cooperating population, and the mean result
(hedge) was assigned as fitness. This is consistent with the complete mixing idea in the formal model. The pre-
vious generation of the alternate population was used to assess fitness for individuals (i.e., the parallel updating
mechanism). Each population contained 100 individuals. Individuals are encoded using a binary representation
(64 bits), and the genetic operators were bit-flip mutation (pm = 1/64) and parameterized uniform crossover
(parameter values vary between experiments, see subsections below). In all, the real CCEA was quite similar
to the theoretical model.

Comparisons to a traditional EA are made in both examples. The EA in question is as analogous to the
CCEA with which it is compared as is possible. The populationcontained 200 individuals, and individuals
were bit strings of length 128. The same genetic operators were applied, but the mutation rate was set at 1/128.
Again, fitness proportionate selection was used.

5.4.1 Relative Overgeneralization

In order to demonstrate the relative overgeneralization pathology in an empirical setting, the algorithms de-
scribed above were applied to the MAX OFTWOQUADRATICS problems defined the parameters listed in Ta-
ble 5.4.1. Each algorithm was run 50 independent times against each of these 8 problems for 100,000 function
evaluations per trial. Crossover was not used in these cases(pc = 0.0).

Table 5.4: This table describes the parameter settings usedfor the MAX OFTWOQUADRATICS function in the
empirical experiments.

Parameter Value(s)
k1 150
k2 140
s1 {2,4,8,16,32,64,128,256}
s2 1

(x̄1, ȳ1) (8,1)
(x̄2, ȳ2) (1,8)

Two graphs were produced to illustrate the results, shown onpage 94. The first (on top) shows the averages
and confidence intervals for the final best-ever fitness values obtained for each group, while the second more
informatively shows the ratio of those values that exceed 140. The purpose of this second plot is to illustrate
the ratio trials that escaped the suboptimal peak.

Pairwiset-tests with Bonferoni adjustments show that the best-ever fitness values obtained by the CCEA
were statistically inferior to the comparable EA for all groups. In both cases, however, the best-ever result
unsurprisingly declines as the value ofs1 increases. From the ratios we see what differs between thesetwo
algorithms: in the CCEA case, an increasing number of trialsare being mislead and converge to the suboptimal
peak, rather than the global optimum. Conversely, the EA does not seem to suffer from this problem as deeply.
While average best-ever fitness values are clearly affectedby the parameter change, no such drastic increase in
the local convergence is observed at very high values ofs1, s1 = 256 in particular (wherenoneof the CCEA
trials escape local convergence).

5.4.2 Loss of Gradient

The loss of gradient challenge is more difficult to illustrate in realistic settings. To try to do so, let’s consider
the algorithms described above were applied to a modified form of the MAX OFTWOQUADRATICS problem
class, called ASYMMETRICTWOQUADRATICS. In this case, the peak widths can be varied independently to
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Figure 5.13: CCEA and EA empirical results on MAX OFTWOQUADRATICS ass1 is increased. Thex-axis for
both graphs shows the value for thes1 parameter. In the top graph, they-axis displays final best-ever fitness
results. The points are mean values of 50 trials, while the wings are 95% confidence intervals. The bottom
graph shows the ratio of the 50 trials in which the best-ever value exceeds 140.0.

adjust asymmetric conditions in the landscape between the two arguments. The function is defined below. In
the experimental groups here, all problem class parametersare defined as they are above, save for the following
differences. Thesx2 andsy2 parameters were both set to 1, and thesx1 parameter was held fixed at 4. Thesy1

parameter, however, was varied using the values{2,4,8,16,32,64,128,256}.

Definition 31. Given constant values defining the two peaks: k1 and k2 to define the peak heights. Asymmetric
peak widths are defined by the parameters sx1, sx2, sy1, and sy2. Again, the points(x̄1, ȳ1) and(x̄2, ȳ2)
define the locations of the peaks. The functionASYMMETRICTWOQUADRATICS : N×N → R

is defined by

quad1(x,y) = k1−
[

sx1 · (x̄1−x)2 +sy1 · (ȳ1−y)2
]

quad2(x,y) = k2−
[

sx2 · (x̄2−x)2 +sy2 · (ȳ2−y)2
]

ASYMMETRICTWOQUADRATICS(x,y) = max(quad1,quad2)

Again, each algorithm was run 50 independent times against each of these 8 problems for 100,000 function
evaluations apiece. This time crossover was applied (pc = 1.0, ps = 0.5) in order to exaggerate the effects of
loss of gradient. The first figure below again shows the best-ever fitness values and convergence ratios for each
of the 8 groups with crossover.
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Figure 5.14: CCEA and EA empirical results on ASYMMETRICTWOQUADRATICS without crossover assx1 is
increased. Thex-axis for both graphs shows the value for thesx1 parameter. They-axis displays final best-ever
fitness results. The points are mean values of 50 trials, while the wings are 95% confidence intervals.

Statistically speaking, there is no doubt that the parameter value has an effect on CCEA performance, much
as it did in the previous section with the MAX OFTWOQUADRATICS problem. However, with this visualization
it is nearly impossible to see what exactly is happening in terms of gradient loss. To see this, I tracked the
standard deviation in fitness values for each of the two populations. The resulting standard deviations from
the final generation of the two populations can be visualizedas a scatter plot of the 50 order pairs considered.
The result (shown in Figure 5.15 on page 96) shows that assx1 increases, the it becomes harder and harder for
the algorithm to maintain a consistent standard deviation between the two populations. To help see this effect,
I’ve provided a linear regression of the scatter plot. This line “tips” as the landscape becomes more skewed,
showing a greater tendency for the populations to attain different levels of diversity. Points begin to line up in
the scatter plots, suggesting that when the CCEA terminated, it was typical for one population to be much more
diverse than the other.

These graphs indicate loss of gradient. Adding asymmetry causes population diversity between the two
populations to become increasingly more asymmetric, the result of which is shown in Figure 5.14. Further, the
convergence problems (as illustrated by the ratio graph) seem even more disparate between the EA and CCEA
than they did in the MAX OFTWOQUADRATICS case. Indeed, loss of gradient can be among the most serious
stumbling blocks for cooperative coevolution.
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Figure 5.15: These four graphs show co-plotted standard deviations of population fitness at the end of the run.
The line is a linear regression fit of the scatter plot. The groups shown appear left to right, top to bottom as
sx1 = 4, 16, 64, and 256, respectively.



Chapter 6

New Views of CCEAs

In the previous chapter, I showed that the cooperative coevolutionary algorithm may not be particularly well-
suited (in general) to static optimization problems that are straightforwardly encoded. In some sense, this can be
seen as the main message of this dissertation. It addresses the fundamental question posed in the introduction:
“What does this tooldo?”. Put more specifically, I asked “Do CCEAs optimize?”. The answer here is: the tool
is not a static optimizer of ideal collaboration (i.e., the specific collaboration that results in the optimal fitness),
but rather it seems to be an adaptive optimizer of the joint distribution of rewards described by collaboration
space.

I believe this knowledge is helpful and useful to practitioners. The general contribution of this is to illustrate
plainly to those studying cooperative coevolutionary algorithms that anew viewof what CCEAs do, and how
they work is imperative if we are to make progress in applyingthem successfully. This chapter attempts to make
my main message clearer by offering several specific high level suggestions of such new views. These views
stem from answers to the question, “If one should not apply the simple CCEAs described here to straightforward
static optimization problems, what is to be done with them?”

There are several things this thesis doesnot say. First, it does not suggest that CCEAscannotbe applied to
static optimization problems, nor does it even suggest thatsuch applications will never be successful. Second,
it does not really directly answer the most basic form of the fundamental question since it is not at all clear
what the application-oriented meaning of an “adaptive optimizer of the joint distribution of rewards described
by collaboration space” is. These are fair observations, and I will respond to both of these points at the end of
the chapter.

This chapter provides the community with some high level advice for the direction that future researchers
might take, given the message established here. I take the very simple tack that if the CCEA should not
necessarily be expected to perform static optimization tasks, something should be done to either change the
existing algorithms or how, and to what, one applies them. With this view in mind, the chapter offers three
simple high level suggestions for how one might improve the results of the algorithm by either altering the
algorithm itself or by applying it more appropriately. The first section addresses the difficulties caused by
the algorithms’ propensity towards robust resting balanceby describing a simple, but extensible method for
biasing the algorithm toward a preference for ideal collaborations. Maintenance of the adaptive evolutionary
balance is the subject of the second section, which describes an attempt reduce the problems of gradient loss by
augmenting a CCEA with a means of balancing the rates of evolutionary change in the respective populations.
The third section provides a short philosophical discussion about the kinds of problems for which traditional
cooperative coevolutionary algorithms may be more appropriate. In the final section I will provide a brief
conclusion about the main theme of the dissertation.

6.1 Biasing Towards Static Optimization

Part of the difficulty the CCEAs I’ve discussed thus far face when applied to static optimization problem is the
fact that an individual’s fitness is commonly assessed only by a subset of the potential interaction space. That is,
it is assessed (typically) based on how well it performs withimmediate individuals from the other populations.
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In a very literal sense, this is taking aprojectionof the total interaction space. Such a projection, generated by
sampling the space using the collaborating populations, may or may not provide the search with adequate or
appropriate information to lead it towards the ideal collaboration.

This difficulty speaks to the first form of balance discussed earlier, the one most stressed by this dissertation:
the tendency towardrobust resting balance. That is CCEAs tend toward the resting balance of Nash equilibria
associated with high joint distribution values in the payoff matrix, not toward optimal collaboration. Since for
many very realistic problems such equilibria may be highly-suboptimal, this tendency can lead to one of the
pathologies discussed in the previous section: relative overgeneralization.

To find optimal collaborations, the search process may need to be more aggressive than this: assessing
fitness based more on thehighest-rewardinteractions between an individual and various members of the other
population. Indeed, this is part of the spirit of the empirical ideas discussed in Chapter 4 with respect to the use
of the optimistic credit assignment collaboration method,which tended to yield better results than when using
the mean or minimum performance. This has the advantage of being more opportunistic, forming a projection
that considers the basic intent of the optimization algorithm: find the ideal. But it is still a projection—and the
information used to construct this projection is still limited to the current context.

The idea presented here is similar to this opportunistic approach, and bears a slight resemblance to the “Hall
of Fame” concept introduced by Rosin and Belew (1997) for competitive coevolution. An individual’s fitness
might be based on a combination of its immediate reward whileinteracting with individuals in the population
and an estimate for the reward it would have received had it interacted with its “ideal collaborators”. Moreover,
the fraction of reward due to the immediate (as opposed to theideal) interaction might be adjusted during the
course of the run. In this way, the projection that is formed during one part of the search is one that considers a
wider context that allows for more exploration of unseen parts of the space, or it may consider a more narrow
scope at other times during the search.

This idea of an optimization biased CCEA can be justified in the following way. Recall that if an individual’s
fitness is based on its immediate interaction with individuals from the other population, then~u = A~y and~w =
AT~x, as described in equations 5.3 and 5.4. Now, let us consider afunction max(A) that returns a column vector
corresponding to the maximum value of each row in matrixA. Now, if an individual’s fitness is based on its
maximum possible performance in conjunction with any individual from the other population, then one may
modify equations 5.3 and 5.4 to be~u = max(A)T and~w = max

(

AT
)T

.

In this modified system, the tendency to optimize performance is clear since the new fitness measure will
result in populations that converge to basis vectors associated with any unique maximal value in the payoff
matrix. At each iteration of the model, the fitness of each strategy will be its best possible fitness. If there is a
unique maximum, that result will have the highest fitness, and so the proportion of the corresponding strategy
will increase in the next step. The reason for this should be obvious: the problem has lost the dimension-
ality added due to the nature of the interactions between thepopulations and has been reduced to a simple
evolutionary algorithm. Regardless of the content of the opposing population, the fitness measure for a given
strategy is the same. As shown in Reeves and Rowe (2002, Vose (1999), an infinite population model of this
reduced evolutionary algorithm will converge to a unique global maximum. In fact, the algorithm is no longer
coevolutionary in any real way.

Of course, this idyllic discussion has a major flaw: a real CCEA algorithm would not know the maximum
possible reward for a given individuala priori. To make use of any bias, this knowledge will have to estimated
using some kind of learning mechanism. One approach is to usehistorical information during the run to
approximate the maximum possible collaborative fitness foran individual. However, if the approximation is
too large (or has too strong an effect on the overall fitness),and if it appears too early in the evolutionary run,
then it can deform the search space to drive search trajectories into suboptimal parts of the space from which
they cannot escape. On the other hand, if the approximation affects the fitness measurement very weakly, and
too late in the run, then it may not be of much help, and the system will still gravitate towards balance. To better
see this tradeoff, equations 5.3 and 5.4 may be again alteredsuch that a bias weight parameter,δ, is added
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(shown below). Varyingδ between 0 and 1 will control the degree to which the model makes use of the bias.

~u = (1−δ) ·A~y+ δ ·max(A)T (6.1)

~w = (1−δ) ·AT~x+ δ ·max
(

AT)T (6.2)

Even in this formal setting there are challenges. The theoretical model itself is enough to see how sensitive
the algorithm can be to theδ parameter. To help see this, let’s again return to the technique of measuring
the basins of attraction discussed in the last chapter. Although this time I will keep track of only the ratio of
trajectories that eventually map to the global maximum, theidea is the same: select initial points at random
from the product simplex, iterate the model until it has converged to a fixed point, then record whether or not the
resting point corresponds with the global maximum. I again consider the MAX OFTWOQUADRATICS problem
class as an 8×8 payoff matrix and use the specific problems given bys1 = {2,8,32}. Figure 6.1 below shows
what happens to the expectation of global convergence as thedelta value is increased.
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Figure 6.1: Measures of the basin of attraction of the globalpeak for MAX OFTWOQUADRATICS with varying
values ofs1 in terms of theδ bias parameter.

Notice from this figure that as the peak shape is narrowed (ass1 increases), the sensitivity of the delta
parameter is increased. While it is clear that even if we had areasonably accurate way of estimating the ideal
collaborator from historical information, the proper setting for the delta parameter may be quite difficult to
attain. For some problems there may be a reasonable range of values for which good results are possible (as is
the case with MAX OFTWOQUADRATICS whens1 = 2), while for other problems settingδ may be quite tricky
(as is the case with MAX OFTWOQUADRATICS whens1 = 32).

This sensitivity notwithstanding, it is clear that some kind of biasing method may help address the inherent
tendency of CCEAs to seek balance rather than optimality. A somewhat more realistic example application of
this approach can be found in Panait, Wiegand, and Luke (2003). Here it is shown that for a relatively naive
mechanism that uses historical information to estimate theideal collaborator, it is possible to improve upon
results produced to an unaltered CCEA. Moreover, recent work in competitive domains show a similar idea
with respect to retaining and using historically found Nashequilibria to keep the search on track (Ficici and
Pollack 2003).
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There are, of course, many open questions about how to apply such a method in a more realistic way;
however, given the right estimation methods and parameter settings, biasing coevolution towards optimality
might be one effective way of altering the basic cooperativecoevolutionary algorithm to more more geared
towards the task of static optimization. For these reasons,it certainly merits further study.

6.2 Balancing Evolutionary Change

Like the previous section, this section attempts to resolvethe problem with CCEAs by correcting the algorithm.
Indeed, both sections consider the ideas of balance, thoughdifferently. In the previous section, the idea was
to thwart the natural tendency of the CCEA toward robust resting balance by biasing the algorithm toward
optimal collaboration. This section, however, attempts toaddress the issue of dynamic balance by attempting
to preserve that balance.

As I described in Chapter 5, coevolutionary algorithms “progress” while remaining in a type of adaptive
balance. To lose that balance means that one or more populations will collapse to near homogeneity, and the
remaining populations will lose some, or all, of their gradient for search. In the context of the application
of these symmetric CCEAs on static optimization problems, it is clear that if one can keep the algorithm
progressing in terms of increased payoff values, the optimum will be reached (eventually). So how can this be
done?

Recall that the effects of variation (and possibly even stochastic selection) can exacerbate asymmetries in
the initial conditions and the problem itself, which can lead to the destabilization in the balance the the search.
The result is often some form of loss of gradient. Is there a way to protect the dynamic balance of the search by
dampening these effects?

One possible approach might be to localize the operators using some kind of spatial embedding (Sarma
1998). For example, a two-population CCEA might be distributed on two, matched-up grids such that each grid
point corresponds to an individual (e.g., see Figure 6.2). Selection is performed locally within some pre-defined
neighborhood, and collaboration is similarly constrainedto the corresponding neighborhood in the matched
grid. Indeed, such coevolutionary algorithms have been shown to work better than corresponding non-spatial
CEAs for some, very specific problems (Pagie 1999). The reasoning behind their advantage has, until now, not
been explained.

Figure 6.2: Example spatial distribution grids for a two-population CCEA

One reason might be that, transmission of information within a population is not only slowed and localized,
but it is in some sensecapped. That is, there is a maximum computable rate at which information can diffuse
across the population, given the relationship of the local neighborhoods to the population itself (Sarma 1998).
This means that the two populations might be way “locked” together in terms of their rate of change. Moreover,
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asymmetries in the problem can be in some way countered (if they are known or suspecteda priori) by adjusting
the neighborhoods for collaborations relative to one another.

To test this idea, the following experiments were performed. A two-population CCEA was applied to the
ASYMMETRICTWOQUADRATICS static optimization problem class, save that the domain values were scaled
between 1.0 and 8.0, as with the experiments discussed at theend of the previous chapter. The parameters to
instantiate the problems used here are shown in Table 6.2.

Table 6.1: Parameters for the MAX OFTWOQUADRATICS problem used in the spatial embedding experiments.

Parameter Value
k1 150
k2 140
sx1 {2,4,8,16,32,64,128,256}
sx2 1
sy1 4
sy2 1

(x̄1, ȳ1) (8,1)
(x̄2, ȳ2) (1,8)

I compare the CCEA results on the ASYMMETRICTWOQUADRATICS problem from the previous chapter
to a spatial model where 49 members of each population are laid out in 7× 7 toroidal grids. A given grid
position refers, then, to two individuals: one in the first population and one in the second. Collaboration
consisted of using the 3×3 Moore neighborhood in the alternate population centered at the same position as
the individual being evaluated. The mean of these 9 values was used as the fitness value for the individual being
evaluated. Proportionate selection likewise used a 3×3 Moore neighborhood around the present individual in
the populations. This meant that the 9 individuals associated with a given position were used to construct a
weighted distribution, a draw was taken from that distribution, and the winner was substituted into the given
position in the next round. The positions were processed in random order (without replacement). Again,
crossover was applied as it was before (pc = 1.0 andps = 0.5). The update mechanism was parallel.

Each group was run 50 times and the best result found during the search was preserved in each trial. The
best-ever results, as well as the ratio of final generation best values exceeding 140, are shown in Figure 6.3. The
values for every group are far improved over the non-spatialresults shown on page 95. The best-ever results
are statistically significant for all values ofsx1. Looking again at the scatter plots of the standard deviations
of the final generation of the runs (Figure 6.4 on page 103) provides with some clue as to why. Though at
first it may appear that all of the regression lines are tippedin this case, there are two important things to note.
First, the overall standard deviations are much lower than those shown on page 96. Second, the differences
between the relationships of standard deviations are much less pronounced between different values ofsx1.
This suggests that increasing the value ofsx1, in effect skewing the problem more and more, had little impact
on the relationship of the final generation’s population diversities.

Again, it is obvious that there are more questions about how to go about applying this method than there is
advice provided here. The point was not to demonstrate a particular method, but to underscore the idea that by
preserving the dynamic balance of the CCEA, better results might be obtained by reducing the risks associated
with the problem of loss of gradient. Many other methods exist for accomplishing something similar.
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Figure 6.3: Spatial CCEA empirical results on ASYMMETRICTWOQUADRATICS with crossover assx1 is in-
creased. Thex-axis for both graphs shows the value for thesx1 parameter. They-axis displays final best-ever
fitness results. The points are mean values of 50 trials, while the wings are 95% confidence intervals.

6.3 Optimizing for Robustness

To the last two sections, one might respond with questions like, “Why change the algorithm? Why not apply
the existing algorithm to more appropriate problems?” Unfortunately it is not altogether clear what “more
appropriate” problems are. Returning to some of the initialsemantic discussion may help shed some light on
the question, though. Recall that in Chapter 3 I defined the term single objective, static optimization problemin
such a way as to direct our discussions throughout the rest ofthe dissertation. Directing it in this way stipulated
that “optimal” meant “ideal collaboration” in the simple encoding I chose for the CCEA in this work. Suppose
now that the problem being solved is not one in which the idealcollaboration is desired at all, but rather we
want to find a reasonably good solution that works well across a wide range of alternative collaborations?

Indeed, according to the analysis in the last chapter, this is exactly what CCEAs are constructed to do:
find the pure Nash equilibrium with the highest cumulative joint distribution in the payoff matrix. Since the
solution is a Nash point, if one strategy in the collaboration is fixed, no alteration in the other strategies will
produce a higher reward (such is the definition of a Nash equilibrium). In this sense, the fixed point might
be considered “relatively good”. Moreover, Nash points with higher joint distributions have greater attracting
power, the attracting fixed point is likely to be one in which altering one of the non-fixed strategies will be
less damaging than some other Nash point with a lower joint distribution. In this way, we might consider our



103

0
2

4
6

8
10

12

2 4 6 8 10 12

2
4

6
8

3 4 5 6 7 8 9

Figure 6.4: These four graphs show co-plotted standard deviations of population fitness at the end of the run.
The line is a linear regression fit of the scatter plot. The groups shown appear left to right, top to bottom as
sx1 = 4, 16, 64, and 256, respectively.

solutionrobust: it is relatively good and is susceptible to harm by minor changes in the alternate strategies than
other such points. Suppose, then, one is interested in optimizing for robustness, rather than ideal collaboration?

It is reasonable to consider such a viewpoint. Take, for example, the problem of learning behaviors for
multiple, collaborating agents in some kind of stochastic domain. Presumably one is, on the one hand, less
interested in the best possible solution than a satisfactory one and, on the other hand, more interested in solutions
that are reasonably stable in the face of minor fluctuations in the team behaviors. In other words, it is usually
better to have a team that will still perform relatively wellwhen one or more members behaves differently than
one expects, than it is to have one which performs very well only if every member does exactly what it should.

Consider the MAX OFTWOQUADRATICS, s1 = 32 problem example again. For the sake of argument, let’s
suppose that this landscape describes the performance results of two, cooperating agents. If the object is to learn
good, but robust behaviors, which peak is the “better” peak?The global peak has the disadvantage that any
change by either partner in their strategy could bring abouta rather dramatic loss of performance. In realistic
multi-agent settings, this could happen for a variety of reasons (e.g., a servo on the robot fails for some reason).
The second, suboptimal peak offers a much more stable result.
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6.4 Conclusions

The main message of this dissertation is a response to the fundamental question posed at its start: one should
not expect CCEAs (in general) to perform well on single objective, static optimization problems because dy-
namically they are predisposed to achieving states of robust resting balance over those of ideal collaboration.
Recall, though, that there are at least two important caveats mentioned above: I do not suggest that CCEAs
cannot be successfully applied to static optimization problems, nor do I offer a great deal of detailed advice
clarifying how they should be applied.

I will now look at these two issues in turn, suggesting futureresearch opportunities as I do so, as well as
underscoring the research contributions of this work. Afterward, I will suggest the less tangible methodological
contribution of this work.

6.4.1 Applying CCEAs to Static Optimization

Can CCEAs be applied successfully to static optimization problems, despite their internal dynamic tendencies?
Of course they can be. In Chapter 4 I show clearly that CCEAs can perform competitively with more traditional
EAs on some kinds of problems. Moreover, the No Free Lunch theorem tells us that all algorithms perform (on
average) the same against any problem set that is closed under permutation (Schumacher, Vose, and Whitley
2001). Onecanapply CCEAs to such problems, and onecanexpect it to perform reasonably well at times.

Nevertheless, in the more specific situations where practitioners are interested in a subset of problems that
have certain, very reasonable and common properties, the use of CCEAs should be reconsidered. I have shown
that for very simple problems that contain some kinds of cross-population nonlinearities, the CCEA can have
some very pathological difficulties. Moreover, whatever the underlying relevant property that creates challenges
for these methods, it is something more complex than simply the existence of such epistatic connections. There
are clearly certainkindsof nonlinear relationships between populations that create difficulties, and there are
clearly other relationships at play as well. The existence of cross-population epistasis is neither a necessary nor
sufficient condition to raise the red flag of warning.

However, in spite of the challenges presented by these algorithms, there’s some hope that they can be
modified to be more suited for static optimization procedures. I suggested two such ways. In the first, the
algorithm might be explicitly biased toward ideal collaboration by considering historical information regarding
the interaction search space. In the second, I offered one method for how adaptive balance in the algorithm
might be preserved by harnessing the constraining effects of spatial embedding as a means of tying changes in
two populations together. Both ideas are only one of many ways to address their respective issues. I presented
them as conceptual examples, not as specific rigid dictums for how to solve these cooperative coevolutionary
difficulties.

At this level of abstraction, these ideas contribute adviceto the future of the study of cooperative coevo-
lutionary algorithms in a very real way: researchers shouldfocus on similar kinds of modifications to address
these challenges, if they wish to continue to use these algorithms in such settings.

6.4.2 Adaptive optimization of robustness

So what do CCEAs really do? My answer is that they are adaptiveoptimizers of robustness or, more explicitly,
they attempt to adaptively discover places in the search space with maximal joint distribution of rewards as
described by the collaboration space. It might be intimatedthat this is only an indirect answer to the fundamental
question since it is not necessarily clear exactly what thisstatement means. Moreover, while it is important to
know what CCEAsdo notdo, it is also important to know what theydo.

Research into the field of coevolutionary computation has been distracted by several misconceptions about
the algorithms themselves, and particularly about how theyfunction. To some extent, we must revisit investi-
gations of CEAs in a more focussed light. The contributions provided here are more than simple disputation
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because they inform researchers that we must step back and take a new look at the algorithms from a more
informed perspective with respect to their function. What is needed is a new view of the CCEA in terms of the
problems it solves.

While the clarity of what the real-world implications of “adaptive optimization of robustness” may be in
doubt, researchers who view CCEAs through this lens will be more successful at determining how CCEAs can
be best applied. If nothing else, future researchers of coevolutionary computation should consider this before
beginning their research: make certain that the algorithm is solving the problem that is being encoded, and not
something quite different than one might have expected.

6.4.3 A Methodological Framework

Perhaps a far less tangible contribution of this dissertation can be found in its methodological approach. There
are two points in this matter that I would like to underscore.

On a general level, there is at least one classical methodological decision made by this research that is
worth pointing out. I began with a question and addressed allanalysis and experimentation to that question,
or subordinate instantiations of that question. Specifically, I began with a very broad question, and refined
it in different ways based on context. These refinements produced more specific questions that were more
researchable. The process of starting broadly and refining to specific question is a framework that offers great
deal in focussing research that has many angles,.

As an example, the “fundamental question” was just such a broad question. I outlined this at the start of the
document and continually refined it in each context of my analysis. Moreover, I kept the question as simple as
possible. Indeed, I offer this suggestion for future research in coevolutionary computation: continue tobegin
research with that fundamental question: “What do these algorithms really do?”

However, beyond the more obvious and classical methodological observations, I want to say a few words
about the analytical tools used in my research. There is a great deal of controversy and tension in the evolu-
tionary computation field about the utility and informativeness of various theoretical ideas. Some believe that
dynamical systems approaches tell us very little about whatreal algorithms will do in terms of how long we
can expect to wait for “good” solutions, while others believe that they help us model and understand algorithm
limiting behaviors as they are in their most abstract and simplest form. Some believe that run time analysis
is unhelpful because it can only answer questions about verysimple, unrealistic algorithms on very contrived
problems, while others believe that they provide very specific and precise information about real algorithms
(rather than models of algorithms). Even more extremely, some believe that no theoretical approach has so far
proved helpful to practitioners, while others hold practitioners as irresponsible for poor empiricism born out of
a lack of fundamental understanding of the algorithms they use.

What is the truth? The truth is that one needn’t discard any ofthese tools, but recognizing their advantages
and limitations, one can apply many them in different ways.Many of these methods can help answersome
types questions, as long as the questions are properly posed. It may be difficult to understand how dynamical
systems methods can be used to inform us of how long users mustwait for solutions, but it is not difficult to
understand how they can inform us about whether not the algorithms are even attracted to those solutions in the
first place. It may be that run time analysis is nearly impossible for the complicated algorithms that are actually
employed in real-world environments, but it is also true that knowing something about the run time behaviors
of simpler algorithms on well constructed problems with useful properties is more than knowing nothing at all
in terms of what kind of performance we can expect from similar EAs. Moreover, to fill the gaps left by various
formal methods, there is always empiricism. The key to understanding these algorithms is to take a multi-lateral
approach in terms of formalism, to use the results from a variety of formal methods to pose real and informative
hypotheses for testing, then validate and confirm (or reject) these hypotheses by empirical investigation.

In particular, I believe that formal methods help in the process of refining questions. Transforming broad
questions into particular, researchable questions from which hypotheses can be generated is difficult. Here is
one place for formalism. Which theory is used says more abouthow one wishes to refine the question than
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it does about their theoretical philosophy in general. Fromthese more specific questions and hypotheses, one
can design and implement experiments that are very compact and focussed. The key message here is that
analysis should begin with formalism and end with empiricism, and in both cases researchers should not limit
themselves by ascribing to, or omitting, any particular method merely on the basis of its inability to answer
other questions that one has. They each have their use, and ifapplied carefully in the context of a particular
question, can be informative in their own way.

6.5 Future Research

There are three areas of research extensions of this work that are foremost on my list of items to pursue in the
near future. First, I am interested in continuing the theoretical run time analytic work. I also continue to have
an interest in working on biasing methods to improve CCEA optimization applications. Finally, I would like
to turn game-theoretic tools toward the task of understanding specialization in multi-agent systems in which
behaviors are learned via CCEA methods.

I continue to believe that run time analysis can provide powerful and decisive answers to particular questions
with respect to the performance of CCEAs on optimization problems. I am interested in extending the analysis
already accomplished in two, very different ways. First, the next step in analysis would seem to be moving to
providing theoretical complexity results for a CC (µ + 1) EA. Such an algorithm is a good next-step, since it is
similar to a steady-state GA and constitutes a relatively obvious augmentation of the (1+1) versions discussed
in the current work. Second, I would like to study the effectsthat different collaboration mechanisms can
have on run time performance. This can be done even without a population by using an external source to
provide collaborators (they can be provided randomly, for instance). Such methods would not be identical to
true collaboration, but may still provide useful results.

Finding a biasing mechanism that will help focus the CCEA more on static optimization will be of great
value to the community of practitioners. The key lies in developing a realistic and tractable method for learning
increasingly more optimal collaborations during the run ofthe algorithm. Even if such methods could be
determined, some problems will make them more suitable thanothers. Understanding what properties of the
problem make this a tenable method and what properties make it infeasible continues to interest me.

As I’ve already said, I am convinced that the native CCEA’s true potential will be found by applying it to
problems in which our interest is finding robust solutions, and that one such problem domain might be that of
learning multi-agent behaviors. One of the challenges of learning such behaviors is that of determining what
kinds of specialization of behaviors is needed within an agent team, as well as what kinds of specialization
are even possible. I believe that the game-theoretic and dynamical systems tools established here will provide
a good foundation for answering such questions. It is my intention to continue the research started in my
dissertation by extending the analytical and empirical methods used here to the domain of multi-agent learning
via cooperative coevolution.
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