Design and Analysis of Algorithms

WAL A3, ANWY ﬂszﬁm%mxga
AMAIFIAINTIUABUNUNDT
WNAINTAUMIINGNSY
2542

o A
F11UL10 1

% o

4
iomeuswdNTen I duay dydnval 310 uaz

o

1 Yo o

A58 amﬁqfaﬁﬂ warauelved Aonriee lsuAe

Yy u
=

5])’@1]@7@?’77)711!@'8]7/)’78]7’)\77’)Nﬂ?”Wﬁﬂ”li!iEﬂ! qUAIMNMeY
uae ﬁ"’Uﬂ7Wﬂ¢7?@“} i’)Ll!LlE)\?il"l@"lﬂﬂ?i?‘ifﬁ’@ﬂ?iﬁﬂuu

Algorithm Design Techniques

Divide-and-Conquer

Outline

* General idea

» Examples
— Mergesort, Quicksort
— Selection
— Exponentiation
— Matrix Multiplication

— Closest point

* Conclusion




General Idea

Divide problem instance into subinstances of the

same kind

For each subinstance (conquer)
— solve it directly if it is trivial
— solve it recursively otherwise

Combine subinstance solutions to give the

solution for the bigger problem instance

L4

General ldea

e

D&QC P )
{

if ( P is trivial ) return Solve( P )

Divide P into P,, P,, .., Py

for (1 =1 to k)

S; = D&(C P; )

S = Combine( S;, S,, .., S )

return S
+

Mergesort

Mergesort | | Mergesort 27(n/2)
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Mergesort : Analysis

T(n) = 27(n/2) + OW)

Master method : a =2, b =2, f(n) = On)

c=log,a=log,2=1
n“=n', f(n)=0m)=0(m)

T(n)=O(n‘logn)=0O(nlogn)




Mergesort : Quiz

* What if we do not divide the array in half ?
— 40-60
— 20-80
— 10-90
— 1-99

— random

Quicksort
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Quicksort : Worst-Case Analysis

o T(n) = T(k) + T(n-k) + On)

» Worst-case when k=1 in every step

T(N)=TQ)+T(n-1)+O(n)
=T(n-1)+0O(n)

=Y 0()

i=1
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Quicksort : Best-Case Analysis

o T(n) = 1(k) + T(n-k) + O(n)

» Base-case when k= n/2 in every step

T(N)=T(n/2)+T(n/2)+0O(n)
=2T(n/2)+0O(n)
=O(nlogn)




Quicksort : Partition Quicksort : Partition
Partition( A, p, r ) — Partition( A, p, r ) | ——
{ {
p r c = Alp] \ r
AlX|X|X|X| - |X|X]|X X
N/
p j @ r
AlX[X|X|X] . |X|X]|X
ALp-.i1 # ALi+1..r]
return j return j
¥ 3
Quicksort : Partition Quicksort : Partition
Partition( A, p, r) — Partition( A, p, r ) T—
{ o, 0 | —
c = A[p] p c = A[p] p r
i =p-1; J =r+l i =p-1; J=r+l
A while (i <j) { A
- } -
return j return j
¥ 3




Quicksort : Partition

Partition( A, p, r )

{

}

C
i

ALr]
p-1; jJ =r+l

while (1 <) {

repeat j = j-1
until( A[J] £c )

repeat i = i+l
until( ALi] =2c¢c )

}

return j

Quicksort : Partition

Partition( A, p, r )

{

c = Alp]

i p-1; jJ = r+l

while (1 <jJ ) {
repeat j = j-1
until( A[J] £c¢c)

repeat i = i+l
until( A[i] =2 c )

ifi<j
exchange A[i], A[J]

3

s
return j
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Quicksort : Partition

Partition( A, p, r )

{

by

c
i

ALp]
p-1; J = r+l

while (i <j) {

}

repeat j = j-1
until( A[J] £c )

repeat 1 = i+l
until( A[i] =2¢c )
ifi<j

exchange A[i], A[j]

return j

Quicksort : Partition

-
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Partition( A, p, r )

{

by

c = Alp]

i p-1; jJ = r+l

while (i1 <jJ ) {
repeat j = j-1
until( A[J] £c¢c)

repeat 1 = i+l
until( A[i] =2 ¢ )

itfi<]
exchange A[i], A[j]
}

return j
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Quicksort : Partition
3

X o | X |
=

Quicksort : Partition
3

Quicksort : Partition
I

AlX|IX|X|X] .. I X|X|X
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Quicksort : Partition
3

©
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Quicksort : Partition Quicksort : Partition

3 3
p r p r
AlX|X|X]|X X|X|X AlX|X]|X]|X X | X|X
A X [ X|X X | X AlX|X]|X|[X X X
Quicksort : Partition Quicksort : Partition

o 3
p r /w r

p
AlXDIX | X - [ XXX AlX[X|X|X| - |[X|X]|X
] ]
- i L,
A;/{xx...x§\§ AlXIX|X|X| .. IX|X]|X




Randomized Partition

Randomized-Partition( A, p, r )
{
i = random( p, r )
exchange A[p]., A[i]
partition( A, p, r )
3

Randomized Quicksort : Analysis

o« T(n) = T(k) + T(n-k) + O(n)

T(n) = %(T(l) +T(n-1) +§(T(j) +T(n- J'))j +0(n)

=15 i+ - i)+ et

j=

:%[ T()+3.T(n- j)J+G)(n)
=231 (j)+0(n)
n°=

j=

Randomized Quicksort : Analysis

T =25 T1(j)+0M)
ne-

T(n) :EET(jﬁcn
nT(n) :ZnZ_%‘T(j)+cn2

=1

(n-1)T(n-1) = 2§T(j) +c(n-1)°

nT(n)—-(n-)T(n-1) =2T(n-1) +c'n
nT(n)=(n+)T(n-1)+c'n

Randomized Quicksort : Analysis

nT(n)=(n+)T(n-1)+c'n
1
T(n) :T(n—1)+ c @
n+1 n n+1
T _T@ telescope
n+l 2 i%:O(Iogn)
m:oaogn) / =

n+1

T(n) =0(nlogn)




Quicksort

* Quicksort

— With random input data, quicksort runs in

expected O( n log n ) time
» Randomized Quicksort

— With high probability, randomized quicksort runs

Randomization

A general tool to improve algorithms with bad

worst-case but good average-case performance
“Robin Hood Effect”

The worst case is still there but we almost

certainly won’t see it

_ , Stay tuned.....
in O( n log n ) time
Quicksort : Quiz #1 Quicksort : Quiz #2
—— -
 If all the elements are the same, P !
— how does Partition divide the array ? T
<cC =2 C
— what is the running time of Quicksort ?
P r
A O n)




Selection

* Input : A set 4 of n (distinct) numbers and a

numberi, with 1 £ i< n

* Output : The element x in A that is larger than
exactly i-1 other elements of 4

Selection Algorithms

o
O Sort the 4 and then pick the i element
O(nlogn)
@® Build a (max) heap from the n elements of 4
Extract-Max i times

O(n+ilogn)=0(nlogn)

Selection

—
e Minimum : select the 1% smallest element : ©(#)
« Maximum : select the n™ smallest element : O(n)

o Select the i smallest element : O(n) ?

Selection in Expected Linear Time

Lot

. 1

k elements

Partition

ifi<k

Selection
Agny
7




Selection in Expected Linear Time

b Ll

k elements

AT

ifi> k HHHHUHHHH“UHU i-k

JL
Selection

s
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Selection in Expected Linear Time

.
Randomized-Selection( A, p, r, 1)
{
if p = r then return A[p]
J = Randomized-Partition( A, p, r )
k=jJ-p+1
ifi<k
return Randomized-Selection( A, p, j, 1 )
else
return Randomized-Selection( A, j+1, r, i-k)
>

Randomized Selection : Analysis

e T(n) £ T(max(k, n-k))+ On)

n-1

T(n)< %(T(max(], n-1)+ (T (max(k,n- k))] +0(n)

k=1

< %[T(n—l) +2 nZ%T(k)j +0(n)

k=[n/2]

=2 Sty +em)

N k=72

=0O(n) [CLR p.188-189]

Selection in Worst-Case Linear Time

e
* Choose Partition that guarantees a good split
* Median-of-median-of-five partitioning

— guarantee 30%-70% split in worst case

— selection achieves a linear time in worst case




Median-of-Median-of-Five
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n=34

divide into n/5 groups of 5 elements

Median-of-Median-of-Five
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n=34

divide into n/5 groups of 5 elements

Find the median of each of the n/5 groups

T(n/5)+O(n)

Om)
O®m)

Find the median of the n/5 medians just found  7(n/5)

Median-of-Median-of-Five

increasing value
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increasing value
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Median-of-Median-of-Five

increasing value
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Median-of-Median-of-Five

increasing value
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increasing value
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Selection using MM5 Partitioning

Selection using MM5 Partitioning

] -
o T(n) = T(7Tn/10+6) + T(n/5) + O(n)
- e Tn/10+6 +n/5 < n when n> 60
mmb5 partitioning T (n/5)+O(n)
1T gl « T(n) = O(n)
worst-case
iy
Selection T (7n/10+6)
T(n)= T(7n/10+6 )+ T(n/5) + O(n)
Selection : Quiz Exponentiation
[ [

Can we use mm?7 partitioning ?
Can we use mm9 partitioning ?
Can we use mm3 partitioning ?

Should we use mmS35 partitioning in Quicksort ?

* Input : Three integers a, n, and k n, k>0

e Output: x=a" mod k




Very Slow Version

- Dy
a"mod k = (afa™ mod k))mod k

ExpoSlow( a, n, k)
{

X = a mod k

for (i =1ton-1) O(n) I

X = (X * a) mod k

return x

bs

O(2"), m is #bits representing the value n I

Imagine if a, n, and k are 200-digit long

Divide and Conquer : 2°° mod 10

..
292 =% x % =4x4mod 10 =6
2% =25 x2* =88 mod 10 =4
28 =2"x2"x2 =882 mod10 =8
2 =2"%x2°%x2 =2x2x2mod 10 =8
2 =22x2°%x2  =4x4xmod 10 =2
2% =2!'x2! =2x2mod 10 =4

Exponentiation : D&C

ExpoDC( a, n, k)

{
if n =1 then return a mod k
X = ExpoDC( a, n/2, k)

if n Is even then

return( (x*x) mod k ) T(n) = T(n/2) + @(1)

eISle’eturn( (a*x*x) mod k ) ==()(10g11)
¥ a if n=1
a"={(@2f  if niseven
affa”?f otherwise

O(m ), m is #bits representing the value n

Fibonacci Number Revisited

[
F=F +F n>1 F,=0F =1
0 1 1 2 3 5 8 13 ...

i .1 i 4 i
0 1 0o 1| |2 3
1 1] 1 1] " [3 5

22 - _ .5 -

0 1| |1 1 0 1| |3 5
1 1] |1 2] 1 1| |5 8
3 . ' 16 ¢
0o 1| |1 2 0 1| |5 8
1 1] |2 3] 1 1| " [8 13




Fibonacci Number Revisited

Exponentiation : Quiz

| I
n « a"” =a(ala a*)*)* requires six multiplications.
0 l B -l "on « Can you compute ' using only five
1 1 i " multiplications ?
O(logn)
Matrix Multiplication Simple Matrix Multiplication
 —— -
 Input: two n x n matrices, 4 and B VatrixMult( A, B, C. n )
* Output : matrix muiltiplication of 4 and B { for (i =1ton) {
for (J =1ton) {
CLilgl =0
for (k=1 ton) {
) CLil01 += ALVILKI{ * BIK1LJ]
3 ¥ Cl,j:kz;ai,k[ﬂ)k,j
) =

3
The number of scalar multiplications = n’° @( n)




Winograd’s Algorithm Divide-and-Conquer
) D
n/2 — , —
X :Zai,Zk—l (& 5 Ay Ay o dy,
k=1 |
n/2 . oo
Y :zbZk—l,j [ﬂ)Zk,j : All ' A12
k=1 1
w2 A | S T St T S
G;~= Z(ai,ZK—l +h, ) U@ 5 By ) = X Y
k=1
4y, i 4,
Number of scalar multiplications = 0.5n°+ n* e Gy e Gy
O(n’)
Divide-and-Conquer Strassen’s Algorithm
) - [——p
i G Ay A || By By M= Ay ) (Byy By T(n) = 7T(n/2) + On®)
- M,=(4, +4,) (B, +B,)
¢ Cy 4y Ay || By By =0(n"")
2 M;=(A4,-4,) (B, +B),)
M, =(A, +A4_)B
Cy = 4,8y, T4,,B,, M4—A M(B IZB 2; Ch =M +M,-M,+M,
Cy = 4y By T4, By, T(n) = 87(n/2) + O(n’) . 11( = 22) C,=M,+ M,
. M =4, (B, -B
C,=4,8,+4,B), log, 8 =3, n=0(n") ° (1;2 ;1 )“ C) =M+ M,
M. = + B
Cp =4, B, t4,B), T(n) = O ’ 2 2o C,=M,-M,+M -M,




Decimal War

|
1969 : theoretical milestone : O( n**")

1978 : O(n* ™)

1979 : O( n>321813)

1980 : O( 2521801y

1986 : O(n**")

None of these algorithms is of much practical use.

Closest Points

-
 Input : n points on a 2D plane.

* Output : the distance of the closest pair of points

d | :\/(K _Xi)2+(yi ‘yj)z

Closest Points : Brute Force

 ——
Try all possible pairs of points

There are n(n-1)/2 pairs

O(n?)

Closest Points : Divide and Conquer

T(n) =2T(n/2) + O(?) -
T(n) = 2T(n/2) + O( n*) =0O(n?)

T(n) =2T(n/2) + ©(nlogn) =O(nlog’n)
T(n)=2Tn/2)+ O(n) =0O(nlogn)

0
O 1
0 : 0
O :
1
o 0 .
g ' recursive call
0 ‘“ 0
7 9090?
1
1

recursive call




Closest Points : Divide and Conquer
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Points in the Peep Hole

O
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no pair has
distance < A

f
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Closest Points : Divide and Conquer

« 2A

O
dp
min( d, ,d, )

O
A

Closest Points : Divide and Conquer
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Points in the Peep Hole

Closest Points : Quiz

| | | I -
no points in by G * How do we divide the set of points into 2 groups ?
this area / « Which points are in the 2 strip ?
C’;\ 2 points * How do we step down the peep hole ?
AP
' CIQ Hint: pre-processing : sorting
A A
At most 8 points fit in the rectangle
Convex Hull Conclusion
— —

DC-Convex-Hull

Animation

Divide-Conquer-Combine

Determine which part dominates the work from
the recurrence a T (n/ b) T f(n)

Usually divide instance size in halve

Avoid overlapped subinstances




