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•
–
–
–
–

 ?

Logic Design Tools
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VLSI Design

Games
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CAD Tools
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• Google 
• jvm 

thread 
• Word processor 

• ...
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•  (primitive)
– int, double, char, boolean, ...

•  (class)
– String, Color, BigDecimal, ArrayList, HashMap, ...

•
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 : Collection

•

A C

B A

A
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 : Set

•

A C

B

AA
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 : List

•

A C B A

A
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 : Queue

•  (First-In First-Out)

ACBAX
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 : Stack

•  (Last-In First-Out)

A

C

B

A

X
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•
•
•
•
•

+

3

a b
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List Set
Collection

Stack Queue
Map

Prior
ityQu

eue

ArrayL
ist LinkedList

TreeSet

HashSet

Tree
Map

HashMap

LinkedHashMap
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public static PuzzleBoard solve(PuzzleBoard b) {
Set set = new ArraySet();
Queue queue = new ArrayQueue();
queue.enqueue(b); set.add(b);
while ( !queue.isEmpty() ) {
b = queue.dequeue();
for (int d = 0; d < 4; d++) {
PuzzleBoard b2 = b.moveBlank(d);
if (b2 != null) {
if ( b2.isAnswer() ) return b2;
if (! set.contains(b2) ) {
queue.enqueue(b2); set.add(b2);

}
}

}
}
return null;

}

http://www.cp.eng.chula.ac.th/~somchai
9/235



© S. Prasitjutrakul 2006 04/10/49 19

Collectioncollection

size

3

elementData

0 1 2 3 4

" " " " " "

public class ArrayCollection
implements Collection {

private Object[] elementData;
private int size;

public ArrayCollection(int c) {
elementData = new Object[c];
size = 0;

}
public void add(Object e) {

elementData[size++] = e;
}
public boolean size() {

return size;
}
public int isEmpty() {

return size == 0;
}
...
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 : 15-puzzle

1 2 3 4

5

9

13

6

7 8

10

14 11

12

15
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 Queue 

© S. Prasitjutrakul 2006 04/10/49 24

15-puzzle : 

public static PuzzleBoard solve(PuzzleBoard b) {

Queue queue = new ArrayQueue();
queue.enqueue(b);
while ( !queue.isEmpty() ) {
b = queue.dequeue();
for (int d = 0; d < 4; d++) {
PuzzleBoard b2 = b.moveBlank(d);
if (b2 != null) {
if ( b2.isAnswer() ) return b2;

queue.enqueue(b2);

}
}

}
return null;

}

 queue 
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15-puzzle : 

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15
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15-puzzle : 

public static PuzzleBoard solve(PuzzleBoard b) {

Queue queue = new ArrayQueue();
queue.enqueue(b);
while ( !queue.isEmpty() ) {
b = queue.dequeue();
for (int d = 0; d < 4; d++) {
PuzzleBoard b2 = b.moveBlank(d);
if (b2 != null) {
if ( b2.isAnswer() ) return b2;

queue.enqueue(b2);

}
}

}
return null;

}

Set set = new ArraySet();

set.add(b);

set.add(b);
if ( ! set.contains(b2) )  {

}

 queue 

 set 
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13/235



© S. Prasitjutrakul 2006 04/10/49 27

15-puzzle : 

3

2

1

HashSetAVLSetBSTSetArraySet

( )

552

5242

132049

0.03

1.94

1819.6

0.02

0.22

7.08

0.04

0.18

5.71

0.05

0.12

2.56
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(ArrayCollection)
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 (Collection)

•
•
•
•  : add, remove, contains, size, isEmpty

A C

B A

A
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Collection Interface

public interface Collection {
public void add(Object element);
public void remove(Object element);
public boolean isEmpty();
public boolean contains(Object element);
public int size();

}

public class ArrayCollection implements Collection {
public ArrayCollection(int cap) { ... }
public void add(Object element) { ... }
public void remove(Object element) { ... }
public boolean isEmpty() { ... }
public boolean contains(Object element) { ... }
public int size() { ... }

}

http://www.cp.eng.chula.ac.th/~somchai
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public class TestCollection {

public static void main(String[] args) {

Collection c = new ArrayCollection(100);

System.out.println(c.isEmpty());

c.add("BANGKOK");

c.add("PHUKET");

c.add("BANGKOK");

c.add("SONGKLA");

System.out.println(c.size());

c.remove("PHUKET");

System.out.println(c.contains("PHUKET"));

System.out.println(c.contains("BANGKOK"));

}

}

"BANGKOK"
"PHUKET"

"SONGKLA"

"BANGKOK"

4

false

true

true
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•

Hello

good bye

Hello

good bye
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import java.io.*;

public class Test {
public static void main(String[] args) 

throws IOException {
FileReader fr = new FileReader("data.txt");
BufferedReader br = new BufferedReader(fr);
Collection c = new ArrayCollection(100);
String line;
while ((line = br.readLine()) != null) {
if (c.contains(line))
System.out.println(" : " + line);

else
c.add(line);

}
System.out.println(c.size());

}
}

© S. Prasitjutrakul 2006 04/10/49 8

 ?

•   (ArrayCollection)
•  (LinkedCollection)

« interface »
Collection

+add(e:Object)
+remove(e:Object)
+contains(e:Object):boolean
+isEmpty():boolean
+size():int

ArrayCollectionArrayCollection LinkedCollectionLinkedCollection

http://www.cp.eng.chula.ac.th/~somchai
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ArrayCollection : 

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...

size

3

elementData

0 1 2 3 4

" " " " " "

elementData  0  size – 1 

© S. Prasitjutrakul 2006 04/10/49 10

size elementData

ArrayCollection : constructor

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;

public ArrayCollection(int c) {
elementData = new Object[c];
size = 0;

}

0

0 1 2 3 4 99
...

Collection c = new ArrayCollection(100);

http://www.cp.eng.chula.ac.th/~somchai
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size elementData

0 1 2 3 4 99
...

ArrayCollection : add

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...
public void add(Object e) {
if(e == null) throw new IllegalArgumentException();
elementData[size++] = e;

}

e

3

 elementData[size]

© S. Prasitjutrakul 2006 04/10/49 12

size elementData

0 1 2 3 4 99
...

ArrayCollection : size  isEmpty

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...
public int size() {
return size;

}
public boolean isEmpty() {
return size == 0;

}

3

 true  size  0

 false 
(size 0)

 size 

http://www.cp.eng.chula.ac.th/~somchai
20/235



© S. Prasitjutrakul 2006 04/10/49 13

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;

public ArrayCollection(int c) {
elementData = new Object[c];
size = 0;

}
public void add(Object e) {
if(e == null) throw new IllegalArgumentException();
elementData[size++] = e;

}
public int size() {
return size;

}
public boolean isEmpty() {
return size == 0;

}
...

ArrayCollection : 

© S. Prasitjutrakul 2006 04/10/49 14

ArrayCollection : contains

public class ArrayCollection implements Collection {
...
private int indexOf(Object e) {
for (int i=0; i<size; i++)
if (elementData[i].equals(e)) return i;

return -1;
}
public boolean contains(Object e) {
return indexOf(e) != -1;

}

size

3

elementData

0 1 2 3 4

" " " " " "

 e,  -1
 e,  index 

http://www.cp.eng.chula.ac.th/~somchai
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size elementData

0 1 2 3 4

3

" " " " " "

ArrayCollection : remove

public class ArrayCollection implements Collection {
...
public void remove(Object e) {
int i = indexOf(e);
if (i != -1) {
elementData[i] = elementData[--size];
elementData[size] = null;

}
}

2

i

© S. Prasitjutrakul 2006 04/10/49 16

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...
private int indexOf(Object e) {
for (int i=0; i<size; i++)
if (elementData[i].equals(e)) return i;

return -1;
}
public void remove(Object e) {
int i = indexOf(e);
if (i != -1) {
elementData[i] = elementData[--size];
elementData[size] = null;

}
}
...

http://www.cp.eng.chula.ac.th/~somchai
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 :  Object  root class

•  Object

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...

Object

Font Component

Container Button

Window

© S. Prasitjutrakul 2006 04/10/49 18

 :  Object

•  Object
•  " "  Object
• Object[] 

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...

0 1 2 3

" " " "

0 1 2 3 0 1 2 3

http://www.cp.eng.chula.ac.th/~somchai
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Wrapper Class

• Object[] 
– int, short, byte, long, char, float, double, boolean

•  Wrapper classes
– Integer, Short, Byte, Long, Character, Float, Double, 

Boolean
Collection c = new ArrayCollection(10);
c.add(new Integer(12));
c.add(new Float(17.2f));
c.add(new Double(13.2));

Collection c = new ArrayCollection(10);
c.add(12);
c.add(17.2f);
c.add(13.2);

Java 5  autoboxing 

© S. Prasitjutrakul 2006 04/10/49 20

 : equals

public class ArrayCollection implements Collection {
...
private int indexOf(Object e) {
for (int i=0; i<size; i++)
if (elementData[i].equals(e)) return i;

return -1;
}

if (elementData[i].equals(e)) return i;

elementData[i] e

size

3

elementData

0 1 2 3 4

" " " " " "

e

" "

http://www.cp.eng.chula.ac.th/~somchai
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public void remove(Object e) {
int i = indexOf(e);
if (i != -1) {
elementData[i] = elementData[--size];
elementData[size] = null;

}
}

 : dereference

 " "
Dog a = new Dog(" ");
Dog b = new Dog(" ");
a = b;
a = null;
b = null;

a b

© S. Prasitjutrakul 2006 04/10/49 22

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...
public void add(Object e) {
if(e == null) throw new IllegalArgumentException();
elementData[size++] = e;

}

Collection c = new ArrayCollection(3);
c.add("nok");
c.add("kai");
c.add("bird");
c.add("poo");

3  3 

http://www.cp.eng.chula.ac.th/~somchai
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ArrayCollection : add 

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...
public void add(Object e) {
if(e == null) throw new IllegalArgumentException();
ensureCapacity(size + 1);
elementData[size++] = e;

}
private void ensureCapacity(int capacity) {
if (capacity > elementData.length) {
int s = Math.max(capacity, 2*elementData.length);
Object[] arr = new Object[s];
for(int i = 0; i < size; i++)
arr[i] = elementData[i];

elementData = arr;
}

}

 capacity

© S. Prasitjutrakul 2006 04/10/49 24

 : toArray()

•
• toArray 

–
–

ArrayCollection c = new ArrayCollection(4);
c.add("A");
c.add("B");
c.add("C");
c.add("D");
c.remove("B");
Object[] a = c.toArray();
System.out.println(a.length);
System.out.println(Arrays.toString(a));

[A,D,C]

http://www.cp.eng.chula.ac.th/~somchai
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ArrayCollection : toArray()

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
...
public Object[] toArray() {
Object[] a = new Object[size];
for (int i=0; i<size; i++) 
a[i] = elementData[i];

return a;
}

© S. Prasitjutrakul 2006 04/10/49 26

•
–
–

• ArrayCollection : 
–  (  primitive)
–
–
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27/235



http://www.cp.eng.chula.ac.th/~somchai
28/235



© S. Prasitjutrakul 2006 04/10/49 2

•
•
•
•
•
•
•

ArrayCollection
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•
•
•

 :  int[] d 

 d 

12 7 2 8 5 11 1 4

 11
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 : 

public class Test1 {
public static void main(String[] args) {
for (int n = 3200; n < 100000; n *= 2) {
int[] a = new int[n];
long start = System.nanoTime();
int diff = maxDiff(a);
long d = (System.nanoTime() - start);
System.out.println(n + " : " + d / 1E9);

}
}
static int maxDiff(int[] d) {
int maxDiff = 0;
for (int i = 0; i < d.length; i++) {
for (int j = i+1; j < d.length; j++) {
int diff = Math.abs(d[i] - d[j]);
if (diff > maxDiff) maxDiff = diff;

}
}
return maxDiff;

}

http://www.cp.eng.chula.ac.th/~somchai
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 :  max  min

public class Test2 {
public static void main(String[] args) {
for (int n = 3200; n < 100000; n *= 2) {
int[] a = new int[n];
long start = System.nanoTime();
int diff = maxDiff(a);
long d = (System.nanoTime() - start);
System.out.println(n + " : " + d / 1E9);

}
}
static int maxDiff(int[] d) {
int max = Integer.MIN_VALUE;
int min = Integer.MAX_VALUE;
for (int i = 0; i < d.length; i++) {
if (d[i] > max) max = d[i];
if (d[i] < min) min = d[i];

}
return max – min;

}

© S. Prasitjutrakul 2006 04/10/49 6

3200     6400     12800    25600    51200    

16

14

12

10

8

6

4

2

0

 ( )

max  min

n

t(n)
 1 : t n2

 2 : t n
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•
•
•

–

•
•
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public class Test1 {
public static void main(String[] args) {
int[] a = new int[5];
int diff = maxDiff(a);

}
static int maxDiff(int[] d) {
int maxDiff = 0;
for (int i = 0; i < d.length; i++) {
for (int j = i+1; j < d.length; j++) {
int diff = Math.abs(d[i] - d[j]);
if (diff > maxDiff) maxDiff = diff;

}
}
return maxDiff;

}

5, 10, 20
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public class Test2 {
public static void main(String[] args) {
int[] a = new int[5];
int diff = maxDiff(a);

}
static int maxDiff(int[] d) {
int max = Integer.MIN_VALUE;
int min = Integer.MAX_VALUE;
for (int i = 0; i < d.length; i++) {
if (d[i] > max) max = d[i];
if (d[i] < min) min = d[i];

}
return max – min;

}

5, 10, 20

© S. Prasitjutrakul 2006 04/10/49 10

n = 5    n = 10   n = 20

 1 10 45 190

 2 5 10 20

n(n-1)/2
n

(5 4)/2 (10 9)/2 (20 19)/2
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public class Test1 {
public static void main(String[] args) {
int[] a = new int[5];
int diff = maxDiff(a);
}
static int maxDiff(int[] d) {
int maxDiff = 0;
for (int i = 0; i < d.length; i++) {
for (int j = i+1; j < d.length; j++) {
int diff = Math.abs(d[i] - d[j]);
if (diff > maxDiff) maxDiff = diff;

}
}
return maxDiff;

}

n

1

0

n

i

1

1

n

j i

1
1

0
( 1 )

n

i

n i
2

2 2
n n2 ( 1)

2
n n

n n
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public class Test2 {
public static void main(String[] args) {
int[] a = new int[5];
int diff = maxDiff(a);
}
static int maxDiff(int[] d) {
int max = Integer.MIN_VALUE;
int min = Integer.MAX_VALUE;
for (int i = 0; i < d.length; i++) {
if (d[i] > max) max = d[i];
if (d[i] < min) min = d[i];

}
return max - min;

}

n

1

0

n

i

1 = n
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•
–
–

, , , ...

•
–
–
–
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n

n
2

log n

n
2n

log n n n2 2n

http://www.cp.eng.chula.ac.th/~somchai
35/235



© S. Prasitjutrakul 2006 04/10/49 15

 : 

for (int i = 0; i < n; i++) {
for (int j = 0; j < n; j++) {
sum += j;

}
}

1 1 1
2

0 0 0
1

n n n

i j j

n n

for (int i = 1; i < n; i++) {
for (int j = 3; j < n-1; j++) {
sum += j;

}
}

1 2 1

1 3 1

2

1 ( 4)

( 1)( 4)

5 4

n n n

i j j

n

n n

n n
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n               n2 n2 – 5n + 4

 : 

10
20
40
80

160
320
640

1280
2560

100
400

1600
6400

25600
102400
409600

1638400
6553600

4
4
4
4
4
4
4
4

54
304

1404
6004

24804
100804
406404

1632004
6540804

5.63
4.62
4.28
4.13
4.06
4.03
4.02
4.01

 2
 

 4
 

 4
 

 quadratic function
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log n, n, n log n, n2, n3,     2n, nn

n2, 0.01n2,     2n2 – 10n,    5n2 + 8

( )lim
( )n

f n

g n

0 f(n) g(n)

f(n) g(n)

f(n) g(n)
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polylogarithm  sublinear

( ) log ( )f n n g n n

0

loglim
n

n

n

1 lnlim
ln10 n

n

n
1 1lim

ln10 1 2n

n

n

1 2lim
ln10 n n

lnlim
ln10n

n

n

log n n0.5

(log n)c nk

c, k > 0

(log n)1000 n0.0001
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•

•

•
1 1

0 0
1

n n

i j

2( )n

1

0

n

i

n

2n

2( )n

1 2

1 3
1

n n

i j

1

1
( 4)

n

i

n

1 1

1 1
( )

n n

i j

n n
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• o(g(n)) g(n)

• (g(n))    " " g(n)

• (g(n))   " " g(n)
– (g(n)) = O(g(n)) (g(n))

• O(g(n))   " " g(n)
– O(g(n)) = o(g(n)) (g(n))

• (g(n))   " " g(n)
– (g(n)) = (g(n)) (g(n))
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(g(n)) g(n)

1
100

3100
2 log n

50 log n + 9

12n0.5 + log n

2n0.5 + 107
2n5 + n3

6nlog n + n
9n5 + 2

7 log n!

(1) (log n) (n0.5) (n log n) (n5)

...
...

... ...

... ...

...
f(n) (g(n)) f(n) g(n)
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O(g(n)) g(n)

1
100

3100
2 log n

50 log n + 9

12n0.5 + log n

2n0.5 + 107
2n5 + n3

6nlog n + n
9n5 + 2

7 log n!

...
...

... ...

... ...

...

(1) (log n) (n0.5) (n log n) (n5)

f(n) O(g(n)) f(n) g(n)
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O(g(n))

n

f (n)
g(n)

cg(n)

n0

O(g(n)) = { f(n) | c > 0 n0 0
f(n) cg(n) n n0 }

f (n) O(g(n))
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(g(n))

(g(n)) = { f(n) | c1, c2 > 0 n0 0
c1g(n) f(n) c2g(n) n n0 }

n

f (n)

n0

c1 g(n)

c2 g(n)

f (n) (g(n))
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 1

O(g(n)) = { f(n) | c > 0 n0 0
f(n) cg(n) n n0 }

  15n2 + 10n O(n2)

c n0   15n2 + 10n cn2 n n0

n2   15 + 10/n c

c = 16          15 + 10/n 16 n 10

 15n2 + 10n 16n2 n 10

            15n2 + 10n O(n2)
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 2

  15n2 + 10n (n2)

          15n2 + 10n 16n2 n 10

c1 n0 c1n
2 15n2 + 10n n n0

c1 = 1 n2 15n2 + 10n n 0

n2 15n2 + 10n 16n2 n 10

 15n2 + 10n (n2)

(g(n)) = { f(n) | c1, c2 > 0 n0 0
c1g(n) f(n) c2g(n) n n0 }
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 3

1

1
O

2

kn
k

i

i
n

1 12 2

k kn n

i i

i n

1

n
k

i

n

1kn

1O kn
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 4

2log

0
O( )

2

n

h
h

n
h n

2 2log log

0 02 2

n n

h h
h h

n h
h n

0 2h
h

h
n

2 O( )n n
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 5 : log n! (n log n)

n! = n (n-1) ... 2 1
n n ... n n = nn

log n! log nn = n log n n 1

n! = n (n-1) ... (n/2) (n/2-1) ... 2 1
n/2 n/2 ... n/2 1 ... 1 1
(n/2)n/2

log n! (n/2) log (n/2)
= (n/2) log n – (n/2)

0.4n log n n 105

0.4n log n log n! n log n n 105

log n! (n log n)
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• constant : ( 1 )
• logarithmic : ( log n )
• polylogarithmic: ( log c n ) , c 1
• sublinear : ( na ) , 0 < a < 1
• linear : ( n )
• quadratic : ( n2 )
• polynomial : ( nc ) , c 1
• exponential : ( cn ) , c > 1

http://www.cp.eng.chula.ac.th/~somchai
43/235



© S. Prasitjutrakul 2006 04/10/49 31

 O, 

•
•

– cg(n) = (g(n)) c

– loga n = (logb n) loga n = (logab) logb n

– .
•

– akn
k + ak-1n

k-1 +...+ a0 = (nk)
– 0.001n3 + 7000n2 – 11 = (n3)
– log2 n10 = 10(log2 n) = (log n)
– .

( ( )) ( )t n t n

2

1 1
( ) ( 1) / 2 ( )

n n

i i

i i n n n
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 ArrayCollection 

• constructor
–

– (c)

• isEmpty  size
–  1  : (1)

public class ArrayCollection implements Collection {
private Object[] elementData;
private int size;
public ArrayCollection(int c) {
elementData = new Object[c];

}
public boolean isEmpty() { return size == 0; }
public int size() { return size; }
...
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ArrayCollecton.add

• (1)
• n

• (n)
public void add(Object e) {
if(e == null) throw new IllegalArgumentException();
ensureCapacity(size+1);
elementData[size++] = e;

}
private void ensureCapacity(int capacity) {
if (capacity > elementData.length) {
int s = Math.max(capacity, 2*elementData.length);
Object[] arr = new Object[s];
for(int i=0; i<elementData.length; i++)
arr[i] = elementData[i];

elementData = newA;
}

}
n =

(n)

© S. Prasitjutrakul 2006 04/10/49 34

ArrayCollection.contains

• contains  indexOf 
•  for n

•  0 
• O(n)

public boolean contains(Object e) {
return indexOf(e) != -1;

}
private int indexOf(Object e) {
for(int i=0; i<size; i++)
if (elementData[i].equals(e)) return i;

return -1;
}

O(n)
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ArrayCollection.remove

• remove  indexOf 
•  for O(n)
• (1)
• remove O(n)

public void remove(Object e) {
int i = indexOf(e);
if (i != -1) {
elementData[i] = elementData[--size];
elementData[size] = null;

}
}

(1)

O(n)

© S. Prasitjutrakul 2006 04/10/49 36

•
•

•
•  O 
•
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size

3

elementData

0 1 2 3 4

" "" " " "
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first

" "" " " "
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public interface Collection {
public void add(Object element);
public void remove(Object element);
public boolean isEmpty();
public boolean contains(Object element);
public int size();

}

public class LinkedCollection implements Collection {
public LinkedCollection() { ... }
public void add(Object element) { ... }
public void remove(Object element) { ... }
public boolean isEmpty() { ... }
public boolean contains(Object element) { ... }
public int size() { ... }

}

© S. Prasitjutrakul 2006 04/10/49 6

public class LinkedCollection implements Collection {
private static class LinkedNode {
Object element;
LinkedNode next;
LinkedNode(Object e, LinkedNode next) {
this.element = e;
this.next = next;

}
}
...

" "

static inner class
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first

0

size first

2

size

"A""D"

public class LinkedCollection implements Collection {
private static class LinkedNode { ... }

private LinkedNode first;
private int size;

public LinkedCollection() {
first = null;
size = 0;

}
...

© S. Prasitjutrakul 2006 04/10/49 8

public class LinkedCollection implements Collection {
private static class LinkedNode { ... }

private LinkedNode first;
private int size;

public LinkedCollection() {}

public int size() {
return size;

}
public boolean isEmpty() {
return size == 0;

}
...

first

0

size

(1)
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public class LinkedCollection implements Collection {
private LinkedNode first;
private int size;
...
public void add(Object e) {

first = new LinkedNode(e, first);

++size;
}

firstsize

"A""D"

n

3

(1)
e
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"C" "B" "A""D"

first

4

size

node

LinkedNode node = first;
node = first.next;
node = node.next;
node = node.next;
node = node.next;
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public class LinkedCollection implements Collection {
private LinkedNode first;
private int size;
...
public boolean contains(Object e) {
LinkedNode node = first;
while( node != null ) {
if (node.element.equals(e)) return true;
node = node.next;

}
return false;   

}
...

"C" "B" "A""D"

first

4

size

node O(n)
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p

"C" "B" "A""D"

first

4

size

LinkedNode p = first;
p = p.next;
p.next =  p.next.next;
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"C" "B" "A""D"

first

4

size
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public class LinkedCollection implements Collection {
private LinkedNode first;
private int size;
...
public void remove(Object e) {
if (first == null) return;
if (first.element.equals(e)) {
first = first.next; --size;

} else {
LinkedNode p = first;
while( p.next != null &&

! p.next.element.equals(e)) {
p = p.next;

}
if (p.next != null) {
p.next = p.next.next; --size;

}
}

}
O(n)
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public void remove(Object e) {
if (first == null) return;
if (first.element.equals(e)) {
first = first.next; --size;

} else {
LinkedNode p = first;
while( p.next != null &&

! p.next.element.equals(e)) {
p = p.next;

}
if (p.next != null) {
p.next = p.next.next; --size;

}
}

}

© S. Prasitjutrakul 2006 04/10/49 16

header

0

size

header

1

size

"A"

header

2

size

"B" "A"
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public class LinkedCollection implements Collection {
private LinkedNode first;
private int size;

public LinkedCollection() { }
public void add(Object e) {
first = new LinkedNode(e, first);
++size;

}
public class LinkedCollection implements Collection {

private LinkedNode header 
= new LinkedNode(null, null);

private int size;

public LinkedCollection() { }
public void add(Object e) {
header.next = new LinkedNode(e, header.next);
++size;

}

© S. Prasitjutrakul 2006 04/10/49 18

public class LinkedCollection implements Collection {
...
public boolean contains(Object e) {
LinkedNode node = first;
while( node != null ) {
if (node.element.equals(e)) return true;
node = node.next;

}
return false;   

} public class LinkedCollection implements Collection {
...
public boolean contains(Object e) {
LinkedNode node = header.next;
while( node != null ) {
if (node.element.equals(e)) return true;
node = node.next;

}
return false;

}
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public class LinkedCollection implements Collection {
private LinkedNode header = new LinkedNode(null,null);
private int size;
...
public void remove(Object e) {
if (first == null) return;
if (first.element.equals(e)) {
first = first.next; --size;

} else {
LinkedNode p = header;
while( p.next != null &&

! p.next.element.equals(e)) {
p = p.next;

}
if (p.next != null) {
p.next = p.next.next; --size;

}
}

}

© S. Prasitjutrakul 2006 04/10/49 20

public Object[] toArray() {
Object[] arr = new Object[size];
LinkedNode p = header.next;
int k = 0;
while (p != null) {
arr[k++] = p.element;
p = p.next;

}
return arr;

}

arr

header

4

size

"C" "B" "A""D"

p

(n)
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public interface Set extends Collection {
/**
* add a new element without duplication.
*/
public void add(Object element);

}

© S. Prasitjutrakul 2006 04/10/49 22

public class ArraySet extends ArrayCollection
implements Set {

public void add(Object element) {
if (!contains(element)) {
add(element);

}
}

}
public class LinkedSet extends LinkedCollection

implements Set {
public void add(Object element) {
if (!contains(element)) {
add(element);

}
}

}
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public class LinkedSet implements Set {
private Collection c;
public LinkedSet() {
c = new LinkedCollection();

}
public boolean isEmpty() {
return c.isEmpty();

}
public int size() {
return c.size();

}
public boolean contains(Object e) {
return c.contains(e);

}
public void remove(Object e) {
return c.remove(e);

}
public void add(Object e) {
if (!c.contains(e)) c.add(e);

}
}

© S. Prasitjutrakul 2006 04/10/49 24
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< a0, a1, a2, ..., an – 1 >

public interface List extends Collection {

public void add(int index, Object e);

public void remove(int index);

public Object get(int index);

public void set(int index, Object e);

public int indexOf(Object e);

}

© S. Prasitjutrakul 2006 04/10/49 4

<"SU", "MO", "TU", "WE", "TH", "FR", "SA">

f(x) = 2x5 + 4x3 – 6x + 9 < (2,5), (4,3), (-6,1), (9,0) >
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List x = new ArrayList(10);

x.add(0,"A");

x.add("B");

x.add(0,"C");

x.set(2,"D");

int i = x.indexOf("A");

x.add(i,"Z");

x.remove(2);

for(int i=0; i<x.size(); i++)

System.out.println(x.get(i));

"A"

"A", "B" 

"C", "A", "B" 

"C", "A", "D" 

"C", "Z", "A", "D" 

"C", "Z", "D" 
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• < a0, a1, a2, ..., an – 1 >
elementData[0], ..., elementData[n – 1] 

" ", " ", " "

size elementData

3

0 1 2 3 4

"
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public class ArrayList implements List {
private Object[] elementData;
private int size;
public ArrayList(int cap) {
elementData = new Object[cap];
size = 0;

}
public int size() { return size; }
public boolean isEmpty() { return size == 0; }
public boolean contains(Object e) {
return indexOf(e) != -1;

}
public void add(Object e) {
add(size, e);

}
public void remove(Object e) {
int i = indexOf(e);
if (i >= 0) remove(i);

}

© S. Prasitjutrakul 2006 04/10/49 8

public class ArrayList implements List {
...
public int indexOf(Object e) {
for(int i=0; i<size; i++)
if (elementData[i].equals(e)) return i;

return -1;
}
public Object get(int index) {
return elementData[index];

}
public void set(int index, Object e) {
elementData[index] = e;

}

(1)

O(n)

(1)
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size elementData 0 1 2 3 4

add(1, X)

3

public void add(int index, Object e) {
ensureCapacity(size+1);
for(int i=size; i>index; i--) {
elementData[i] = elementData[i-1];

}
elementData[index] = e;
size++;

} add(0,e)  add(size,e) 

O(n)
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size elementData 0 1 2 3 4

remove(0)

3

public void remove(int index) {
for(int i=index+1; i<size; i++) {
elementData[i-1] = elementData[i];

}
size--;
elementData[size] = null;

}
remove(0)    remove(size-1) 

O(n)
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"B"

first

2

size

"A"

header

2

size

"A" "B"
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"B"

first

2

size

"A"

header

2

size

"A" "B"
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last

2

size

"A" "B"

"A" "B"

header

2

size

"B"

first

2

size

"A"
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public class SinglyLinkedList implements List {
private static class LinkedNode {
Object element;
LinkedNode next;
LinkedNode(Object e, LinkedNode n) {
this.element = e;
this.next = n;

}
}
private LinkedNode header;
private int size;
...

headersize

"A" "B"
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public class SinglyLinkedList implements List {
...
private LinkedNode header = new LinkedNode(null,null);
private int size = 0;

public SinglyLinkedList() { }
public boolean isEmpty() {
return header.next == null;  // size == 0

}
public int size() {
return size;

}
...

headersize
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public class SinglyLinkedList implements List {
...
public int indexOf(Object e) {
LinkedNode q = header.next;
for (int i=0; i<size; i++) {
if (q.element.equals(e)) return i;
q = q.next;

}
return -1;

}   
public boolean contains(Object e) {
return indexOf(e) >= 0;

}
...

header

2

size

"A" "B"
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public void add(Object e) {
add(size, e);

}
public void add(int i, Object e) {
LinkedNode p = nodeAt(i-1);
p.next = new LinkedNode(e, p.next);
++size;

}
private LinkedNode nodeAt(int i) {
LinkedNode p = header;
for (int j = -1; j < i; j++) p = p.next;
return p;

}

header

2

size

"A" "B"

ep

i-1

i

i+1
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private void removeAfter(LinkedNode p) {
if (p.next != null) {
p.next = p.next.next;
--size;

}
}
public void remove(Object e) {
LinkedNode p = header;
while (p.next != null && !p.next.element.equals(e))
p = p.next;

removeAfter(p);
}
public void remove(int i) {
LinkedNode p = nodeAt(i-1);
removeAfter(p);

}

p

http://www.cp.eng.chula.ac.th/~somchai
67/235



© S. Prasitjutrakul 2006 04/10/49 19

public Object get(int i) {
return nodeAt(i).element;

}
public void set(int i, Object e) {
nodeAt(i).element = e;

}       
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public class LinkedList implements List {
private static class LinkedNode {
Object element;
LinkedNode prev, next;
LinkedNode(Object e, LinkedNode p, LinkedNode n) {
this.element = e;
this.prev = p;
this.next = n;

}
}
private LinkedNode header;
private int size;
...

"A" "B"

header

2

size
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public class LinkedList implements List {
...
private LinkedNode header;
private int size;

public LinkedList() {
header = new LinkedNode(null, null, null);
header.prev = header.next = header;

}

header

0

size
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"A" "B"

header

2

size
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private void addBefore(LinkedNode q, Object e) {
LinkedNode p = q.prev;
LinkedNode x = new LinkedNode(e, p, q);
p.next = q.prev = x;
++size;

}
public void add(Object e) {
addBefore(header, e);

}
public void add(int i, Object e) {
addBefore(nodeAt(i), e);

}

x

e

p q

"A" "B"

header

2

size

(1)

(1)

O(n)
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private void removeNode(LinkedNode q) {
LinkedNode p = q.prev;
LinkedNode x = q.next;
p.next = x;
x.prev = p;
--size;

}
public void remove(int i) {
removeNode(nodeAt(i));

}
public void remove(Object e) {
LinkedNode q = header.next;
while (q != header) {
if (q.element.equals(e)) { removeNode(q); break; }
q = q.next;

}
}

p x
q

O(n)

O(n)

(1)
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SparseVector v1 = new SparseVector(7);
v1.set(1,3);                  // (0,3,0,0,0,0,0)
v1.set(6,4);                  // (0,3,0,0,0,0,4)
SparseVector v2 = v1.add(v1); // (0,6,0,0,0,0,8)
v2.set(2,3);                  // (0,6,3,0,0,0,8)
double d = v1.dot(v2); v1 = (0,3,0,0,0,0,4)

v2 = (0,6,3,0,0,0,8)
v1 v2 = 18   +  32 = 50
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public class SparseVector {
public int length() {...}
public double get(int i) {...}
public void set(int i, double x) {...}
public SparseVector add(SparseVector v) {...}
public double dot(SparseVector v) {...}
public SparseVector multiply(double x) {...}

}

© S. Prasitjutrakul 2006 04/10/49 28

elementData
0 1 2 3

sizelength

SparseVector v1 = new SparseVector(7);
v1.set(1,3);                  // (0,3,0,0,0,0,0)
v1.set(5,8);                  // (0,3,0,0,0,8,0)
v1.set(2,6);                  // (0,3,6,0,0,8,0)
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public class SparseVector {
private static class Element {
int index;
double value;
Element(int i, double v) {
this.index = i;  this.value = v;

}
}
private int size;
private int length;
private Element[] elementData;
public SparseVector(int length) {
this.elementData = new Element[0];
this.size = 0;
this.length = length;

}
public int length() { return length; }

elementDatasizelength

(index, value)
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public class SparseVector {
...
public double get(int index) {
for(int i=0; i<size; i++) {
if (elementData[i].index == index)
return elementData[i].value;

if (elementData[i].index > index) break;
}
return 0.0;

}

elementData
0 1 2 3

sizelength

O(n)
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public class SparseVector {
...
public void set(int index, double value) {

0 1 2 3 0 1 2 3

0 1 2 3 0 1 2 3
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public void set(int index, double value) {
int i = 0;
for ( ;i<size; i++ )
if (elementData[i].index >= index) break;

if (i<size && elementData[i].index == index)
elementData[i].value = value;

else
add(i, index, value);

}
void add(int i, int index, double value) {
if (value != 0) {
ensureCapacity(size+1);
for (int k=size; k>i; k--)
elementData[k] = elementData[k-1];

elementData[i] = new Element(index, value);
++size;

}
}

O(n)
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public double dot(SparseVector v2) {
SparseVector v1 = this;
double r = 0;
for (int i = 0; i<v1.length(); i++)
r += v1.get(i) * v2.get(i);

return r;
}

v1 = (0,3,0,0,1,4,0)
v2 = (0,6,3,0,0,3,0)
r = 0*0 + 3*6 + 0*3 +

0*0 + 1*0 + 4*3 + 0*0
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public double dot(SparseVector v2) {
SparseVector v1 = this;
double r = 0;
int i1 = 0, i2 = 0;
while (i1 < v1.size && i2 < v2.size) {
Element e1 = v1.elementData[i1];
Element e2 = v2.elementData[i2];
if      (e1.index < e2.index) i1++;
else if (e1.index > e2.index) i2++;
else {
r += e1.value * e2.value;
i1++; i2++;

}
}
return r;

}

v1 = (0,3,0,0,0,4,0)
v2 = (0,6,3,0,0,8,0)

v1 v2 = 18   +  32 = 50

O(n)

http://www.cp.eng.chula.ac.th/~somchai
75/235



© S. Prasitjutrakul 2006 04/10/49 35

public SparseVector add(SparseVector v2) {
SparseVector v1 = this;
SparseVector v3 = new SparseVector(v1.length());
for (int i = 0; i<v1.length(); i++)
v3.set(i, v1.get(i) + v2.get(i));

return v3;
}

v1 = (0,3,0,0,1,4,0)
v2 = (0,6,3,0,0,3,0)
v3 = (0,9,3,0,1,7,0)
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public SparseVector add(SparseVector v2) {
SparseVector v1 = this;
SparseVector v3 = new SparseVector(v1.length());
int i1 = 0, i2 = 0, i3 = 0;
while (i1 < v1.size && i2 < v2.size) {
Element e1 = v1.elementData[i1], e2 = v2.elementData[i2];
if (e1.index < e2.index)
{v3.add(i3++, e1.index, e1.value); i1++;}

else if (e1.index > e2.index)
{v3.add(i3++, e2.index, e2.value); i2++;}

else
{v3.add(i3++, e1.index, e1.value+e2.value); i1++;i2++;}

}
while (i1 < v1.size) {
Element e1 = elementData[i1++];
v3.add(i3++, e1.index, e1.value);

}
while (i2 < v2.size) {
Element e2 = elementData[i2++];
v3.add(i3++, e2.index, e2.value);

}
return v3;

}

O(n)
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(Stack)
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 Stack

 java virtual machine
 (postfix)

 (infix) 
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/

•  (Last-In First-Out)

A

C

B

A

X

push pop
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A  B  C  *  *  D  E  *  *  *

 : stack

public interface Stack {

public boolean isEmpty();

public int size();

public void push(Object e);

public Object peek();

public Object pop();

}

C B E D A
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ArrayStack :  Stack 

•  ArrayCollection
•
•

0s = new ArrayStack(1);

elementDatasizeStack s;

A1s.push("A");

A2 Bs.push("B");

A3 B Cs.push("C");

A2 Bs.pop();

© S. Prasitjutrakul 2006 04/10/49 6

ArrayStack : 

public class ArrayStack implements Stack {
private Object[] elementData;
private int size;

public ArrayStack(int cap) {
elementData = new Object[cap];

}
public boolean isEmpty() {
return size == 0;

}
public int size() {
return size;

}

size elementData

3

0 1 2 3 4

"
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ArrayStack : push

public void push(Object e) {
if (size == elementData.length) {
Object[] a = new Object[2*size];
for(int i=0; i<size; i++)
a[i] = elementData[i];

elementData = a;
}
elementData[size++] = e;

}

 : (1)
 : O(n)
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ArrayStack : peek, pop

public Object peek() {
if (isEmpty())
throw new NoSuchElementException ();

return elementData[size-1];
}
public Object pop() {
Object e = peek();
elementData[--size] = null;
return e;

}
}

(1)
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 Stack

 ( ) { } [ ] ...
 jvm

 undo/redo
 depth-first search

...
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•  : ( { ( ) [ { } ] } )

•  :   ( { ] )
•  :  ( { ( ) } ) ) }

•  : ( { ( ) }
•

–
–  push  stack
–  pop  stack 

–  pop  isEmpty 
–  stack 
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• ( { (  ) [ {  } ] } )
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• ( { (  ) [ {  ) ] } )

 !!
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• ( { (  ) } )  ]

 stack 

 !!
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• ( { (  ) [ {  }

 stack 

 !!
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public static boolean checkParentheses(String t) {
String open = "{([", close = "})]";
Stack s = new ArrayStack(100);
for (int i = 0; i < t.length(); i++) {
String token = t.substring(i, i + 1);
if (open.indexOf(token) >= 0) {
s.push(token);

} else {
int k = close.indexOf(token);
if (k >= 0)
if (s.isEmpty() ||

!open.substring(k, k + 1).equals(s.pop()))
return false;

}
}
return s.isEmpty();

}

a.indexOf(b)

 a 

 b 

 –1 
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 java virtual machine

•  jvm  (java stack) 
–
–  local variables
–  (operand stack)

public class Jeng3 {
public static void main(String[] a) {
main(args);

}
}

Exception in thread "main" java.lang.StackOverflowError
at Jeng3.main(Jeng3.java:3)
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Java Stack

01:public class StackFrame {
02:  public static void main(String[] args) {
03:    a(3, 2);
04:    b(5);
05:  }
06:  static void a(int x, int y) {
07:    int z = x/y;
08:    b(z);
09:  }
10:  static void b(int x) {
11:    ++x;
12:  }
13:}

args

JVMJVMRA
(Stack Frame) return address

parameters & 
local variables
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 Infix  Postfix

• infix ( )
– a + b * c / d – 2,    (a + b) * c / (d – 2) 
–  operators
–

• postfix ( )
– a b c * d / + 2 – ,   a b + c * d 2 - /
–  operators 
–

1   2   +   3   *   4    1   - /
3   3   *   4    1   - /

9   4    1   - /
9            3   /

3
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• 2 3 + 4 5 – 6 * +   ?
•  stack  postfix
•

–  postfix 
–  operand  push  stack
–  operator  pop operands  stack 

operator  push 
–  top of stack

© S. Prasitjutrakul 2006 04/10/49 20

2 3 + -2 3 44
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 infix  postfix

• input : infix expression
• output : postfix expression
•

–  infix
–  operand   output
–  operator

•  pop operator  output
• push operator 

–  infix 
•  pop operators  output

 list
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public static List infix2Postfix(List infix) {
List postfix = new ArrayList(infix.size());
Stack s = new ArrayStack(infix.size());
for (int i = 0; i < infix.size(); ++i) {
String token = (String) infix.get(i);
if (!isOperator(token)) {

postfix.add(token);
} else {

while (  ???  ) {
postfix.add(s.pop());

}
s.push(token);

}
}
while (!s.isEmpty()) postfix.add(s.pop());
return postfix;

}

 operand, 

 operator
 pop operators  stack 

 push operator 
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 operators

2    *    3     +    4input

output

*  +

pop  operator  operator 
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 operators

2    +    3     - 4input

output

+

 -

pop  operator 

 operator 
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 operators

2    +    3     *    4input

output

+  *  +

push  operator  operator 
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 operators
public static List infix2Postfix(List infix) {

List postfix = new ArrayList(infix.size());
Stack s = new ArrayStack(infix.size());
for (int i = 0; i < infix.size(); ++i) {
String token = (String) infix.get(i);
if (!isOperator(token)) {
postfix.add(token);

} else {
int p = priority(token);
while (!s.isEmpty() && priority((String)s.peek())>= p) {
postfix.add(s.pop());

}
s.push(token);

}
}
while (!s.isEmpty()) postfix.add(s.pop());
return postfix;

}

operator

pop  operator 

 operator 
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 operators

•  ^ 
• ^  + – * /
• *  /  +  –
• *  /
• +  –

private static String operators = "+-*/^";
private static int[] priority =  {3,3,5,5,7};
private static boolean isOperator(String x) {
return operators.indexOf(x) >= 0;

}
private static int priority(String x) {
return priority[operators.indexOf(x)];

}

5

3

7

© S. Prasitjutrakul 2006 04/10/49 28

 infix

2    *   (   3    +    4   ) ...input

output

•

•  push  ( )

•

•  pop 
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 operators 

•
– ,  push (

•
– ,  push ,  )

int p = priority(token);
while (!s.isEmpty() && priority((String)s.peek())>= p) {
postfix.add(s.pop());

}
s.push(token);

int p = outPriority(token);
while (!s.isEmpty() && inPriority((String)s.peek())>= p) {
postfix.add(s.pop());

}
if (token.equals(")")) s.pop(); else s.push(token);
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 operators 

private static String operators = "+-*/^()";
private static int[] outPriority =  {3,3,5,5,7,9,1};
private static int[] inPriority =  {3,3,5,5,7,0};
private static int outPriority(String x) {
return outPriority[operators.indexOf(x)];

}
private static int inPriority(String x) {
return inPriority[operators.indexOf(x)];

}

( )

+   – *   /   ^   (   )

3   3   5   5   7   9   1

3   3   5   5   7   0
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operator

( )

+   – *   /   ^   (   )

3   3   5   5   7   0

2 + 3 + 4  +  5 2  3 + 4 + 5  +

2   2   4   4   6   9   1

int p = outPriority(token);
while (!s.isEmpty() && inPriority((String)s.peek())>= p) {
postfix.add(s.pop());

}
if (token.equals(")")) s.pop(); else s.push(token);
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operator

( )

+   – *   /   ^   (   )

3   3   5   5       9   1

3   3   5   5   7   0

2 ^ 3 ^ 4  ^  5 2  3  4  5  ^ ^ ^

8

int p = outPriority(token);
while (!s.isEmpty() && inPriority((String)s.peek())>= p) {
postfix.add(s.pop());

}
if (token.equals(")")) s.pop(); else s.push(token);
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2   +   3   - 4   ^   5   ^   6     input

output
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 : push / pop / peek

(1)
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(Queue)
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/

enqueue dequeue

© S. Prasitjutrakul 2006 04/10/49 4

 : Queue

public interface Queue {

public boolean isEmpty();

public int size();

public void enqueue(Object e);

public Object peek();

public Object dequeue();

}

A  B  C  *  *  D  E  *  *  *

A B C D E
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Queue  List

public class ArrayListQueue implements Queue {
private List list = new ArrayList(10);
public boolean isEmpty() {return list.isEmpty();}
public int size() {return list.size();}
public void enqueue(Object e) {list.add(e);}
public Object peek() {
if (isEmpty()) throw new NoSuchElementException();
return list.get(0);

}
public Object dequeue() {
Object e = peek();
list.remove(0);
return e;

}
}

enqueue  list  O(1) 

 dequeue  list  O(n) 
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 Queue  LinkedList

public class LinkedListQueue implements Queue {
private List list = new LinkedList(10);
public boolean isEmpty() {return list.isEmpty();}
public int size() {return list.size();}
public void enqueue(Object e) {list.add(e);}
public Object peek() {
if (isEmpty()) throw new NoSuchElementException();
return list.get(0);

}
public Object dequeue() {
Object e = peek();
list.remove(0);
return e;

}
}

enqueue  list  O(1) 

dequeue  list  O(1) 
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ArrayQueue :  Queue 

elementDatasizeQueue q;

A3 B Cq.enqueue("C");

B2 Cq.dequeue();

(n)
A2 Bq.enqueue("B");

A1q.enqueue("A");

0q = new ArrayQueue(4);
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ArrayQueue : 

(1)

elementDatasizeQueue q; front

A3 B Cq.enqueue("C"); 0

2 B Cq.dequeue(); 1

1 Cq.dequeue(); 2

A2 Bq.enqueue("B"); 0
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ArrayQueue
public class ArrayQueue implements Queue {
private Object[] elementData;
private int size;
private int front;

public ArrayQueue(int cap) {
elementData = new Object[cap];
size = front = 0;

}
public boolean isEmpty() {
return size == 0;

}
public int size() {
return size;

}
...
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public class ArrayQueue implements Queue {
private Object[] elementData;
private int size;
private int front;
...
public void enqueue(Object e) {
// ... 
elementData[front + size] = e; size++;

}
public Object peek() {
if (isEmpty()) throw new NoSuchElementException();
return elementData[front];

}
public Object dequeue() {
Object e = peek();
elementData[front++] = null;
size--;
return e;

}
...

enqueue, peek, dequeue

elementDatasize

2 B C

front

1

1 C2
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0   1   2   3   4   5   6   7

X Y Z

elementDatasize

3

front

5

0

1

2

3 4

5

6

7

X

Y

Z
q.enqueue("A");

0

1

2

3 4

5

6

7

X

Y

ZA

0   1   2   3   4   5   6   7

A X Y Z

elementDatasize

4

front

5

b = (front + size) % elementData.length;
elementData[b] = e; size++;
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public class ArrayQueue implements Queue {
...
public void enqueue(Object e) {
if (size == elementData.length) {
Object[] a = new Object[2 * elementData.length];
for (int i = 0, j = front; i < size;

i++, j = (j+1)%elementData.length)
a[i] = elementData[j];

front = 0; elementData = a;
}
int b = (front + size) % elementData.length;
elementData[b] = e; size++;

}

ArrayQueue : enqueue

A B C D4 0

0   1   2   3   4   5   6   7

C D A B

elementDatasize

4

front

2

A B C D X5 0
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public Object dequeue() {
Object e = peek();
elementData[front] = null;
front = (front + 1) % elementData.length;
size--;
return e;

}

ArrayQueue : dequeue

0   1   2   3

C D A B

elementDatasize

4

front

3

C D A3 0
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 queue
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Radix Sort

321 142 5 81 19 391 25

--0 --1 --2 --3 --4 --5 --6 --7 --8 --9

321 142 5

81

19

391

25

-0- -1- -2- -3- -4- -5- -6- -7- -8- -9-

321 81 3911425

25

19

0-- 1-- 2-- 3-- 4-- 5-- 6-- 7-- 8-- 9--

5
19

321

25

142

391

81

321 81 391 142 5 25 19

5 19 321 25 142 81 391

5 19 25 81 142 321 391
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/ ( )

1 3 3 3 3/2/2/2
1 3 3 3 3 3/2/2/2/2/2 3 3/2

?
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/2 3
1

0 3

9

4 27

2 12 13

36 39

81

40 243

39  = 1 3 3 3 / 2 3

6

 39
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class Node {
int value;
Node prev;
Node(int v, Node p) {
this.value = v;
this.prev = p;

}
public boolean equals(Object o) {
if (!(o instanceof Node)) return false;
return this.value == ((Node) o).value;

}
}

3

1 9

/2 3
3

1 9

value prev

 nodes  values 

© S. Prasitjutrakul 2006 04/10/49 20

 Set  Queue 

1

0 3

9

4 27

12 13 812
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public static void bfsM3D2(int target) {
Set set = new ArraySet(100);
Queue q = new ArrayQueue(100);

Node v = new Node(1,null);  //  1
q.enqueue(v); set.add(v);
while( !q.isEmpty() ) {
v = (Node) q.dequeue();
if (v.value == target) break;

Node v1 = new Node(v.value/2, v);  //  ( )
Node v2 = new Node(v.value*3, v);  // 
if (!set.contains(v1)) {q.enqueue(v1); set.add(v1);} 
if (!set.contains(v2)) {q.enqueue(v2); set.add(v2);} 

}
if (v.value == target) showSolution(v);

}
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static void showSolution(Node v) {
if (v.prev != null) {
showSolution(v.prev);
System.out.print((v.prev.value / 2 == v.value) ?

"/ 2" : " 3"); 
} else {
System.out.print("1 ");

}
}

1

0 3
9

4 27

12 13 812

3/ 2331
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0 -11

1

2

3 4

45

5

67 7

78

8 8

9

9

9 10

10

10 11

12

13
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0 1

1

2

3 4

4

3

5

5

5

5 6

6

6

6

6

class Pos {
int row, col;
Pos(int r, int c) {row = r; col = c;}

}
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static void findPath(int[][] map, Pos source, Pos target) {
map[source.row][source.col] = 0;   // 
map[target.row][target.col] = -1;  // 
Queue q = new ArrayQueue(map.length); q.enqueue(source);
while (!q.isEmpty()) {
Pos p = (Pos) q.dequeue();
if (p.row == target.row && p.col == target.col) break;
expand(map, q, p.row + 1, p.col, map[p.row][p.col]+1);
expand(map, q, p.row - 1, p.col, map[p.row][p.col]+1);
expand(map, q, p.row, p.col + 1, map[p.row][p.col]+1);
expand(map, q, p.row, p.col - 1, map[p.row][p.col]+1);

}
}
static void expand(int[][] map, Queue q,int r,int c,int k){
if (r<0 || r>=map.length ||

c<0 || c>=map[r].length || map[r][c] != 0) return;
map[r][c] = k;
q.enqueue(new Pos(r, c));

}
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public interface PriorityQueue extends Queue{
public Object dequeue(); // 
public Object peek(); //

}

© S. Prasitjutrakul 2006 04/10/49 4

enqueue dequeue

PriorityQueue q = new BinaryHeap(10);
q.enqueue(new Integer(5));
q.enqueue(new Integer(3));
q.enqueue(new Integer(99));
q.dequeue();
q.enqueue(new Integer(4));
q.dequeue();
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public class ArrayPQ implements PriorityQueue {
private ArrayList list = new ArrayList(10);
public boolean isEmpty() { return list.isEmpty(); }
public int size() { return list.size(); }
public void enqueue(Object e) { list.add(e); }

© S. Prasitjutrakul 2006 04/10/49 6

public class ArrayPQ implements PriorityQueue {
...
public Object peek() { return list.get(maxIndex()); }
public Object dequeue() {
int max = maxIndex();
Object result = list.get(max);
list.remove(max);
return result;

}
private int maxIndex() {
if (isEmpty()) throw new NoSuchElementException();
int max = 0;
for (int i = 1; i < list.size(); i++) {
Comparable d = (Comparable) list.get(i);
if (d.compareTo(list.get(max)) < 0) max = i;

}
return max;

}
}

(n)
d < list.get(max)
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public interface Comparable {
//  this  obj
//  0  this  obj
//  this  obj
public int compareTo(Object obj);

}

Date d1 = new Date(1998, 4, 12);
Date d2 = new Date(1998, 5, 31);
System.out.println(d1.compareTo(d2));
System.out.println(d2.compareTo(d1));
System.out.println(d1.compareTo(d1));

-1

+1

0
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public class Rectangle implements Comparable {
private int width, height;
...
public int compareTo(Object obj) {
Rectangle that = (Rectangle) obj;
int thisArea = width * height;
int thatArea = that.width * that.height;
return thisArea - thatArea;

}
}

Rectangle r1 = new Rectangle(2, 4);
Rectangle r2 = new Rectangle(5, 1);
System.out.println(r1.compareTo(r2));
System.out.println(r2.compareTo(r1));
System.out.println(r1.compareTo(r1));

3

-3

0
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 (root)

/  (parent)

 (child)

 n log
2
n

 3
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size elementData
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50 30 5 15 21 4 2 2 10 18 20 312

0

1 2

3 4 5 6

7 8 9 10 11

© S. Prasitjutrakul 2006 04/10/49 12

public class BinaryHeap implements PriorityQueue {
private Object[] elementData;
private int size;

public BinaryHeap(int cap) {
elementData = new Object[cap];

}

public boolean isEmpty() { return size == 0; }

public int size() { return size; }

public Object peek() {
if (isEmpty()) throw new NoSuchElementException();
return elementData[0];

}
...

}
 index 0
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( )

fixUp( 5 )13

12 1

2 12

0 1 2 3 4 5 6

size elementData

13 12 1 2 12 166

16
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public void enqueue(Object e) {
ensureCapacity(size+1);
elementData[size] = e;
fixUp(size++);

}
private void fixUp(int k) {
while (k > 0) {
int p = (k-1)/2;
if (!greaterThan(k,p)) break;
swap(k, p);
k = p;

}
}
boolean greaterThan(int i, int j) {
Comparable e = (Comparable) elementData[i];
return e.compareTo(elementData[j]) > 0;

}
void swap(int i, int j) {
Object t = elementData[i];
elementData[i] = elementData[j];
elementData[j] = t;

}
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fixDown( 0 )

13

12 11

0 1 2 3 4 5 6

size elementData

15 13 9 2 11 16

9

15
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public Object dequeue() {
Object max = peek();
elementData[0] = elementData[--size];
elementData[size] = null; 
if (size > 1) fixDown(0);
return max;

}
private void fixDown(int k) {
int c;
while ((c = 2 * k + 1) < size) {
if (c+1 < size && greaterThan(c+1, c)) c++;
if (!greaterThan(c, k)) break;
swap(k, c);
k = c;

}
}

 > 
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log2 n
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4

1 3

6

1 1

3

3

1 4

3

1

4

1 3

6

4 3

1

6

4 3

1 8

8

6 3

1 4

8

6 3

1 4 10

10

6 8

1 9 3 11

10

6 8

1 9 3

11

6 10

1 9 3 8

public BinaryHeap(Object[] d) {
for(int i=0; i<d.length; i++) enqueue(d[i]);

}

log2 1 + log2 2 + log2 3 +...+ log2 n < log2 n! = O(n log n)

log2 1

log2 2

log2 3

log2 4 log2 5

log2 6 log2 7
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public BinaryHeap(Object[] d) {
elementData = (Object[]) d.clone();
size = d.length;
for(int i=size-1; i>=0; i--) fixDown(i);

}

125 12 10 11 27 9 1 20 25 21 7 19

0 1 2 3 4 5 6 7 8 9 10 11

25

12 10

11 27 9 1

20 25 21 7 19
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fixdown  k  k 

0
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0
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h k

k
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0

2 2h k

k

k = 2h+1 = O(n)
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max heap min heap
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public class BinaryMinHeap implements PriorityQueue {
private Object[] elementData;
private int size;

public BinaryMinHeap(int cap) {
elementData = new Object[cap];

}

public boolean isEmpty() { return size == 0; }

public int size() { return size; }

public Object peek() {
if (isEmpty()) throw new NoSuchElementException();
return elementData[0];

}
...

}
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public void enqueue(Object e) {
ensureCapacity(size+1);
elementData[size] = e;
fixUp(size++);

}
private void fixUp(int k) {
while (k > 0) {
int p = (k-1)/2;
if (!lessThan(k,p)) break;
swap(k, p);
k = p;

}
}
boolean lessThan(int i, int j) {
Comparable e = (Comparable) elementData[i];
return e.compareTo(elementData[j]) < 0;

}
void swap(int i, int j) {
Object t = elementData[i];
elementData[i] = elementData[j]
elementData[j] = t;

}
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public Object dequeue() {
Object max = peek();
elementData[0] = elementData[--size];
elementData[size] = null; 
if (size > 1) fixDown(0);
return max;

}
private void fixDown(int k) {
int c;
while ((c = 2 * k + 1) < size) {
if (c+1 < size && lessThan(c+1, c)) c++;
if (!lessThan(c, k)) break;
swap(elementData, k, c);
k = c;

}
}
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public class BinaryMinHeap extends BinaryHeap {
public BinaryMinHeap(int cap) {
super(cap);

}
boolean greaterThan(int i, int j) {
Comparable e = (Comparable) elementData[i];
return e.compareTo(elementData[j]) < 0;

}    
}  greaterThan 
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public class BinaryHeap implements PriorityQueue {
private Object[] elementData;
private int size;
...
public static void heapSort(Object[] data) {
BinaryHeap h = new BinaryHeap(0);
h.elementData = data;
h.size = data.length;
for (int k = h.size - 1; k >= 0; k--) {
h.fixDown(k);

}
for (int k = h.size - 1; k > 0; k--) {
data[k] = h.dequeue();

}
}

}

O(n)

O(n log n)

http://www.cp.eng.chula.ac.th/~somchai
124/235



© S. Prasitjutrakul 2006 04/10/49 29

public static Object select(Object[] a, int k) {
BinaryHeap.heapSort(a);
return a[k-1];

}

O(n log n) (1)
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O(n)
O(k log n)

public static Object select(Object[] a, int k) {
PrioriyQueue h = new BinaryMinHeap(a);
for (int i=0; i<k-1; i++) {
h.dequeue();

}
return h.dequeue();

}
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k = 4
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public static Object select(Object[] a,  int k) {
PrioriyQueue h = new BinaryMaxHeap(k);
int j = 0;
for (; j<k; j++) h.enqueue(a[j]);
for (; j<a.length; j++) {
Comparable e = (Comparable) a[j];
if (e.compareTo(h.peek()) < 0) {
h.dequeue();
h.enqueue(e);

}
}
return h.peek(); 

}

O(n log k)

 k : /  O( log k )
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public static Object select(Iterator i, int k) {
PrioriyQueue h = new BinaryMaxHeap(k);
int j = 0;
for (; j<k; j++) h.enqueue(a[j]);
for (; j<i.hasNext(); j++) {
Comparable e = (Comparable) i.next();
if (e.compareTo(h.peek) < 0) {
h.dequeue();
h.enqueue(e);

}
}
return h.peek(); 

}

Iterator
hasNext next

k
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A
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G HFA

C D EB

F HG

class Node {
Object element;
Node leftChild;
Node nextSibling;

}
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class Node {
Object element;
Node left, right;
Node(Object e, Node l, Node r) {
element = e; left = l; right = r;

}
boolean isLeaf() {
return left == null && right == null;

}
}

A

B C

E

A

B C

E
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public class BinaryTree {
static class Node {
Object element;
Node left;
Node right;
Node(Object e, Node l, Node r) {
element = e; left = l; right = r;

}
boolean isLeaf() {
return left == null && right == null;

}
}
Node root;
...

public class BinaryTree {
static class Node {
Object element;
Node left;
Node right;
Node(Object e, Node l, Node r) {
element = e; left = l; right = r;

}
boolean isLeaf() {
return left == null && right == null;

}
}
Node root;
...

A

B C

E

root
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public static HuffmanTree coding(int[] freq) {
BinaryMinHeap h = new BinaryMinHeap();
for (int i = 0; i < freq.length; i++) {
h.enqueue(new HuffmanTree(freq[i], null, null));

}
for (int i = 0; i < freq.length - 1; i++) {
HuffmanTree t1 = (HuffmanTree) h.dequeue();
HuffmanTree t2 = (HuffmanTree) h.dequeue();
int f = t1.freq() + t2.freq();
h.enqueue(new HuffmanTree(f, t1.root, t2.root));

}
return (HuffmanTree) h.dequeue();

}
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public class HuffmanTree extends BinaryTree
implements Comparable {

...
public HuffmanTree(int freq, Node left, Node right) {
root = new Node(new Integer(freq), left, right);

}
public int freq() {
return ((Integer) root.element).intValue();

}
public int compareTo(Object obj) {
return freq() - ((HuffmanTree) obj).freq();

}
}
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infix : 5  +  y  *  4
postfix : 5  y  4  *  +

© S. Prasitjutrakul 2006 04/10/49 14

public class Expression extends BinaryTree {
public Expression(List infix) {
List postfix = infix2Postfix(infix);
Stack s = new ArrayStack(10);
for (int i=0; i<postfix.size(); i++) {
String token = (String)postfix.get(i);
if (!isOperator(token)) {
s.push(new Node(token, null, null));

} else {
Node right = (Node) s.pop();
Node left = (Node) s.pop();
s.push(new Node(token, left, right));

}
}
root = (Node) s.pop();

}
...

pop 2 

binary operaor
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=
numNodes

+1 +

0

int numNodes(Node node) {
if ( node == null ) return 0;
return 1 + numNodes(node.left) +

numNodes(node.right);
}

numNodes numNodes
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=
height

-1

int height(Node node) {
if ( node == null ) return -1;
return 1 + Math.max(height(node.left), 

height(node.right));
}

height heightmax(             ,                )

1 +
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public class BinaryTree {
static class Node { ... }
Node root;
public int numNodes() {
return numNodes(root);

}
public int height() {
return height(root);

}
private int numNodes(Node node) {
if ( node == null ) return 0;
return 1 + numNodes(node.left) +

numNodes(node.right);
}
private int height(Node node) {
if ( node == null ) return -1;
return 1 + Math.max(height(node.left),

height(node.right));
}
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Node rr = copy(r);
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Node copy(Node r) {
if (r == null) return null;
Node leftTree = copy(r.left);
Node rightTree = copy(r.right);
return new Node(r.element, leftTree, rightTree);

}

left
right

AA

left
right

public class Expression extends BinaryTree {
...
// copy constructor
public Expression(Expression e) {
root = copy(e.root);

}
...

}
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void preOrder(Node x) {
if (x == null) return;
visit(x.element);
preorder(x.left);
preorder(x.right);

}
void inOrder(Node x) {
if (x == null) return;
inorder(x.left);
visit(x.element);
inorder(x.right);

}
void postOrder(Node x) {
if (x == null) return;
postorder(x.left);
postorder(x.right);
visit(x.element);

}
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public class BinaryTree {
Node root;
...
public Object[] toArray() {
int n = numNodes(root);
Object[] a = new Object[n];
toArray(root, a, 0);
return a;

}
private int toArray(Node x, Object[] a, int k) {
if (x == null) return k;
a[k++] = x.element;
k = toArray(x.left, a, k);
k = toArray(x.right, a, k);
return k;

}

 preorder

root  a 

 0 
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public abstract class Visitor {
public abstract void visit(Object e);

}
void preOrder(Node r, Visitor v) {
if (r == null) return;
v.visit(r.element);
preOrder(r.left, v);
preOrder(r.right, v);

} public Object[] toArray() {
Object[] a = new Object[numNodes()];

Visitor v = new Visitor() {
int k = 0;
public void visit(Object e) {
a[k++] = e;

}
};

preOrder(root, v);
return a;

}

 Visitor

anonymous class

final
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public abstract class Visitor {
private boolean done = false;
public void done() {
done = true;

}
public boolean isDone() {
return done;

}
public abstract void visit(Object e);

}

void preOrder(Node r, Visitor v) {
if (r == null || v.isDone()) return;
v.visit(r.element);
preOrder(r.left, v);
preOrder(r.right, v);

}
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public boolean contains(final Object x) {
Visitor v = new Visitor() {

public void visit(Object e) {
if (e.equals(x)) done();

}
};

preOrder(root, v);
return v.isDone();

}
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public class BinaryTree {
...
public void preOrder(Visitor v)  { preOrder(root, v);  }
public void inOrder(Visitor v)   { inOrder(root, v);   }
public void postOrder(Visitor v) { postOrder(root, v); }

void preOrder(Node x, Visitor v) {
if (x == null || v.isDone()) return;
v.visit(x.element);
preOrder(x.left, v);
preOrder(x.right, v);

}
void inOrder(Node x, Visitor v) {
if (x == null || v.isDone()) return;
inOrder(x.left, v);
v.visit(x.element);
inOrder(x.right, v);

}
void postOrder(Node x, Visitor v) {
...
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public class Expression extends BinaryTree {
...
public double eval() {
return eval(root);

}
private double eval(Node r) {
if (r == null) return 0;
if (r.isLeaf())
return Double.parseDouble((String) r.element);

double vLeft = eval(r.left);
double vRight = eval(r.right);
if (r.element.equals("+")) return vLeft + vRight;
if (r.element.equals("-")) return vLeft – vRight;
if (r.element.equals("*")) return vLeft * vRight;
if (r.element.equals("/")) return vLeft / vRight;
if (r.element.equals("^")) return Math.pow(vLeft,vRight);
throw new IllegalStateException();

}
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public class Expression extends BinaryTree { 
...
public void diff() {
root = diff(root);

}
private Node diff(Node r) {
if (r == null) return null;
String s = (String) r.element;
if ( r.isLeaf() ) {
r.element = (s.equals("x") ? "1" : "0");

} else {
if (s.equals("+"))      r = diffSum(r);
else if (s.equals("-")) r = diffSum(r);
else if (s.equals("^")) r = diffExpo(r);
else if (s.equals("*")) r = diffMult(r);
else if (s.equals("/")) r = diffDiv(r);

}
return r;

}
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public class Expression extends BinaryTree { 
...
private Node diffSum(Node r) {
r.left = diff(r.left);
r.right = diff(r.right);
return r;

}
private Node diffMult(Node r) {
Node u = copy(r.left);
Node v = copy(r.right);
Node du = diff(r.left);
Node dv = diff(r.right);
Node t1 = new Node("*", u, dv);
Node t2 = new Node("*", v, du);
return new Node("+", t1, t2);

}

( ) ( ) ( ) ( )u x v x u x v x

( ) ( ) ( ) ( ) ( ) ( )u x v x v x u x u x v x

+

*

u(x) v'(x)

t1
dvu

*

u'(x)v(x)

t2

duv
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public class BSTree extends BinaryTree {
int size;

public BSTree() {}
public int size() { return size; }
public boolean isEmpty() { return size == 0; }

int compare(Object a, Object b) {
return ((Comparable)a).compareTo(b);

}

public Object get(Object e) {...}
public Object getMin() {...}
public Object getMax() {...}
public void add(Object e) {...}
public void remove(Object e) {...}
public static treeSort(Object[] data) {...}
...
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public class BSTree extends BinaryTree {
...
public Object get(Object e) {
Node node = getNode(root, e);
return node == null ? null : node.element;

}
Node getNode(Node r, Object e) {
while (r != null) {
int cmp = compare(e, r.element);
if (cmp == 0) return r;
if (cmp < 0)
r = r.left;

else
r = r.right;

}
return null;

}

2

1 9

4

3 5
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public class BSTree extends BinaryTree {
...
Node getNode(Node r, Object e) {
if (r == null) return null;
int cmp = compare(e, r.element);
if (cmp == 0) return r;
if (cmp < 0)
return getNode(r.left, e);

else
return getNode(r.right, e);

}

x
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public Object getMin() {
Node r = root;
if (r == null) return null;
while (r.left != null) {
r = r.left;

}
return r.element;

}

20

2

15 40

25 54

5 47 60

O(h)
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public Object getMax() {
Node r = root;
if (r == null) return null;
while (r.right != null) {
r = r.right;

}
return r.element;

}

20

2
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25 54

5 47 60

O(h)
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public void add(Object e) {
Node newNode = new Node(e, null, null);
if (root == null) root = newNode;
else {
Node p = null, r = root;
while( r != null ) {
int cmp = compare(e, r.element);
if      (cmp < 0) {p = r; r = r.left;}
else if (cmp > 0) {p = r; r = r.right;}
else return;

}
if (compare(e, p.element) < 0)
p.left = newNode;

else
p.right = newNode;

}
++size;

}

20

15 40

25 54

47 60
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if (r == null) return new Node(e, null, null) 

if (compare(e,r.element)<0) r.left = add(r.left,e); 

r

r

9

r'
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public void add(Object e) {
root = add(root, e);

}
Node add(Node r, Object e) {
if (r == null) {
r = new Node(e, null, null);
++size;

} else {
int cmp = compare(e, r.element);
if (cmp < 0)
r.left = add(r.left, e);

else if (cmp > 0)
r.right = add(r.right, e);

}
return r;

}
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public void remove(Object e) {
root = remove(root, e);

}
Node remove(Node r, Object e) {
if (r == null) return r;
int cmp = compare(e, r.element);
if (cmp < 0) {
r.left = remove(r.left, e);

} else if (cmp > 0) {
r.right = remove(r.right, e);

} else {
//

}
return r;

}
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Node remove(Node r, Object e) {
...
} else {
if (r.left == null || r.right == null) {
r = (r.left == null ? r.right : r.left);
--size;

} else {
Node m = r.right;
while (m.left != null) m = m.left;
r.element = m.element;
r.right = remove(r.right, m.element);

}
}
return r;

}

r ee

xx

r xxee- r xx

xx

xx-

m m
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• n

• log2 n h n – 1

– 1.39 log2 n

–  null 2 + 1.39 log2 n

– 2.99 log2 n

Devroye, L. 1986. A note on the height of binary search trees. J. ACM 33, 489–498.
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public class BSTree extends BinaryTree { 
...
public static void treeSort(final Object[] data) { 
BSTree t = new BSTree();
for (int i=0; i<data.length; i++) {
t.add(data[i]);

}
t.inOrder(new Visitor() {

int k = 0;
public void visit(Object e) {
data[k++] = e;

} } );
}
...

 n  O(n log n)

 n  O(n)

O(n log n)
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public class BSTSet implements Set {
protected BSTree tree = new BSTree();
public int size() {
return tree.size();

}
public boolean isEmpty() {
return tree.isEmpty();

}
public boolean contains(Object e) {
return tree.get(e) != null;

}
public void add(Object e) {
tree.add(e);

}
public void remove(Object e) {
tree.remove(e);

}
}

BSTree 
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Node add(Node r, Object e) {
if (r == null) {
r = new Node(e, null, null);
++size;

} else {
int cmp = compare(e, r.element);
if (cmp <= 0)
r.left = add(r.left, e);

else
r.right = add(r.right, e);

}
return r;

}

1
4

2

5

0 5
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public class BSTree extends BinaryTree {
...
Node rotateLeftChild(Node r) {
Node newRoot = r.left;
r.left = newRoot.right;
newRoot.right = r;
return newRoot;

}
...

10
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5 15
99

r

newRoot 20

10

5
15 99

newRoot

(1)
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public class BSTree extends BinaryTree {
...
Node rotateRightChild(Node r) {
Node newRoot = r.right;
r.right = newRoot.left;
newRoot.left = r;
return newRoot;

}
...

20
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9915
5

r

newRoot 10

20

99
155

newRoot
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public class AVLTree extends BSTree {
private static class AVLNode extends Node {
private int height;
AVLNode (Object e, Node left, Node right) {
super(e, left, right);
setHeight();

}
void setHeight() {
height = 1+Math.max(height(left),height(right));

}
int height(Node n) {
return (n == null ? -1 : ((AVLNode) n).height);

}
int balanceValue() {
return height(right) - height(left);

}
}
...

0 +1 -1

-2+2
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public class AVLTree extends BSTree {
...
Node add(Node r, Object e) {
if (r == null) {
r = new AVLNode(e, null, null);
++size;

} else {
r = super.add(r,e);
r = rebalance(r);

}
return r;

}
Node remove(Node r, Object e) {
r = super.remove(r,e);
r = rebalance(r);
return r;

}

rebalance  4 
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private Node rebalance(Node r) {
if (r == null) return r;
int balance = ((AVLNode)r).balanceValue();
if (balance == -2) { 
if (((AVLNode)r.left).balanceValue() == 1)
r.left = rotateRightChild(r.left);              

r = rotateLeftChild(r);
} else if (balance == 2) { 
if (((AVLNode)r.right).balanceValue() == -1) 
r.right = rotateLeftChild(r.right);             

r = rotateRightChild(r);
}
((AVLNode)r).setHeight();
return r;

}

© S. Prasitjutrakul 2006 04/10/49 20

public class AVLTree extends BSTree {
...
Node rotateLeftChild(Node r) {
r = super.rotateLeftChild(r);
((AVLNode) r.right).setHeight();
((AVLNode) r).setHeight();
return r;

}
Node rotateRightChild(Node r) {
r = super.rotateRightChild(r);
((AVLNode) r.left).setHeight();
((AVLNode) r).setHeight();
return r;

}
}
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log2 n h < 1.44 log2 n

O(log n)

http://www.cp.eng.chula.ac.th/~somchai
173/235



http://www.cp.eng.chula.ac.th/~somchai
174/235



© S. Prasitjutrakul 2006 04/10/49 2

http://www.cp.eng.chula.ac.th/~somchai
175/235



© S. Prasitjutrakul 2006 04/10/49 3

15

20

99

10

5 15

10

5
20

99

rotateLeftChild(r) rotateRightChild(r)

r r

© S. Prasitjutrakul 2006 04/10/49 4

1
0 5

3 8

http://www.cp.eng.chula.ac.th/~somchai
176/235



© S. Prasitjutrakul 2006 04/10/49 5

22

11

00 55

8833

11

00 22

55

8833

11

00

88

55

22

33

© S. Prasitjutrakul 2006 04/10/49 6

11

00 55

8833

22

11

00 55

88

33

22

11

00 22

33 88

55

11

00 55

8833

http://www.cp.eng.chula.ac.th/~somchai
177/235



© S. Prasitjutrakul 2006 04/10/49 7

1,2,3,...,5001,2,3,...,500

© S. Prasitjutrakul 2006 04/10/49 8

x

Splay
Splay

x
contains(x)

5

4

3

2

1

5

1

4

2

3

5

2

1 4

3

3

2 4

51

http://www.cp.eng.chula.ac.th/~somchai
178/235



© S. Prasitjutrakul 2006 04/10/49 9

A B

C
D

g
p

x A

x

C

p

D

gB

B C
A

D

g
p

x

x

A B

p

C D

g

BA
C

p
x

x

A

B C

p

zig

zig-zag

zig-zig

© S. Prasitjutrakul 2006 04/10/49 10

8

1

0

6

4

2

9

7

5

3

8

1

0

6

4

2

9

7

5

3

8

1

0

6

4

2

9

7

5

3

8

1

0

6

4

2

9

7

53

8

1

0

42

9

5

3

6

7

81

0 42 9

5

3

6

7

zig

zig-zigzig-zag

http://www.cp.eng.chula.ac.th/~somchai
179/235



© S. Prasitjutrakul 2006 04/10/49 11

1,2,3,...,5001,2,3,...,500

© S. Prasitjutrakul 2006 04/10/49 12

8
1

0

6
4

2

9

7
5

3

88
11

00

22 99

7755

44

6633

81
0

2

9

75

4

63

81
0 9

75

4

638

1
0 4

75

6

3

9

8

1
0

4

75

6

3

9

http://www.cp.eng.chula.ac.th/~somchai
180/235



© S. Prasitjutrakul 2006 04/10/49 13

© S. Prasitjutrakul 2006 04/10/49 14

14,30

6,10 40

80,2,4 

18,22,26

24

 2
 4

 3

http://www.cp.eng.chula.ac.th/~somchai
181/235



© S. Prasitjutrakul 2006 04/10/49 15

• log4 n h log2 n
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public class Table implements Set {
private Object[] table;
private int size = 0;

public Table(int m) { table = new Object[m]; }
public boolean isEmpty() { return size == 0; }
public int size() { return size; }

public void add(Object x) {
if (table[f(x)] == null)
{++size; table[f(x)] = x;}

}
public void remove(Object x) {
if (table[f(x)] != null && table[f(x)].equals(x))
{--size; table[f(x)] = null;}

}
public void contains(Object x) {
return table[f(x)] != null && table[f(x)].equals(x);

}
private int f(Object x) { ... }

}

(1)
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public class SeparateChaining {
private LinkedList[] table;
private int size = 0;

public SeparateChaining(int m) {
LinkedList[] table = new LinkedList[m];
for (int i=0; i<table.length; i++)
table[i] = new LinkedList();

}
public int size() {
return size;

}
public boolean isEmpty() {
return size == 0;

}
...
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public class SeparateChaining {
...
public boolean contains(Object x) {
return table[h(x)].contains(x);

}
public void add(Object x) {
table[h(x)].add(0, x);
++size;

}
public void remove(Object x) {
int i = h(x);
int s = table[i].size();
table[i].remove(x);
if (s > table[i].size()) size--;

}
private int h(Object x) {  ...  }

}
contains  remove  list

add
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= n / m
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static int h1(int x) {
long hash = (2654435769L * x) & 0xFFFFFFFFL;
return (int) (hash >> 22);

}

x 1    2    3    4    5    6    7    8 

static int h2(int x) {
x = ~x + (x << 15);
x ^= (x >>> 11);
x += (x << 3);
x ^= (x >>> 5);
x += (x << 10);
x ^= (x >>> 16);
return x;

}

h1(x)   632  241  874  483   92  725  334  966 

h2(x)   500 1001  507  978  486 1014  403  933
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:

int multHash(int x, int p) {
long s = 2654435769L;
long hash = (s * x) & 0xFFFFFFFFL;
return (hash >> (32-p));

}

0,40503,15470,55974,30941,5909,46412,21380,61883,36851

for (int i = 0; i < 10; i++) {
System.out.print(multHash(i, 16)+",");

}

5 1ˆ
2

0.6180339887 232
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• h(x) = x % p

– p = 10q q

– p = 2q q

– p

• c p x

• x % p c

• c x % p

p
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public int h(String s) {
int hash = 0;
for (int i=0; i<s.length(); i++)
hash = 31 * hash + s.charAt(i);

return (hash & 0x7FFFFFFF);
}

public int h(Point2D p) {
long bits = Double.doubleToLongBits(p.getX());
bits ^= Double.doubleToLongBits(p.getY()) * 31;
hash = (((int) bits) ^ ((int) (bits >> 32)));
return (hash & 0x7FFFFFFF);

}
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h(x) = ((ax + b) % p) % m)
– x {0, 1, ..., u – 1}, u

– m

–  p [u, 2u)
– 0 < a < p 0 b < p

a b
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()
,

() ==

System.out.println(new Integer(1234).hashCode());
System.out.println(new Integer(1234).hashCode());
System.out.println(new Object().hashCode());
System.out.println(new Object().hashCode()); 1234

1234
8222510
18581223
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public class Point2D {
private double x, y;
...
public int hashCode() {
long bits = Double.doubleToLongBits(x);
bits ^= Double.doubleToLongBits(y) * 31;
return (((int) bits) ^ ((int) (bits >> 32)));

}
} public class Book {

private String name;
private String publisher;
private double price;
...
public int hashCode() {
return name.hashCode() ^ publisher.hashCode();

}
}
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:
public class SeparateChaining {
...
public boolean contains(Object e) {
return table[h(e)].contains(e);

}
public void add(Object e) {
table[h(e)].add(0, e);
++size;

}
public void remove(Object e) {
int i = h(e);
int s = table[i].size();
table[i].remove(e);
if (s > table[i].size()) size--;

}
private int h(Object x) {
return Math.abs(x.hashCode()) % table.length;

}
}
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public void add(Object e) {
table[h(e)].add(0, e);
++size;
if (size/table.length >= threshold) rehash();

}
private void rehash() {
LinkedList[] oldTable = table;
table = new LinkedList[2*table.length];
for (int i=0; i<table.length; i++)
table[i] = new LinkedList();

for (int i=0; i<oldTable.length; i++) {
Object[] items = oldTable[i].toArray();
for (int j=0; j<items.length; j++) {
table[ h(items[j]) ].add(0, items[j]);

}
}

}
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= n/m
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hj(x) j

• h0(x) = h(x)

hj(x) = (h(x) + j) % m hj(x) = (hj–1(x) + 1) % m

0 1 2 3 4 5 6 7 8 9 10 11 12

h(x) = x % 13

17 32 26 7 4 43 12 11 24
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public class LinearProbingHashSet implements Set {
private Object[] table;
private int size = 0;
public LinearProbingHashSet(int m) {
table = new Object[m];

}
public boolean contains(Object e) {
return table[indexOf(e)] != null;

}
private int indexOf(Object e) {
int h = h(e);
for (int j=0; j<table.length; j++) {
if (table[h] == null) return h;
if (table[h].equals(e)) return h;
h = (h + 1) % table.length;

}
throw new AssertionError(" ");

}
private int h(Object e) {
return Math.abs(e.hashCode()) % table.length;

}
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public void add(Object e) {
int i = indexOf(e);
if (table[i] == null) {
table[i] = e;
++size;

}
}
public void remove(Object e) {
int i = indexOf(e);
if (table[i] != null) {
table[i] = null;
--size;

}
}

43 h(x) = x % 13

26 24 17 4 32 43 11 12

0 1 2 3 4 5 6 7 8 9 10 11 12

7
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table[i] == null

table[i] == DELETED

table[i] != null && != DELETED

26 24 17 4 43 11 12

0 1 2 3 4 5 6 7 8 9 10 11 12

public void remove(Object e) {
int i = indexOf(e);
if (table[i] != null) {
table[i] = null;
--size;

}
}

DELETED;
DELETED

 indexOf 

DELETED

© S. Prasitjutrakul 2006 04/10/49 34

public class LinearProbingHashSet implements Set {

private Object[] table;
private int size = 0;

public void add(Object e) {
int i = indexOf(e);
if (table[i] == null) {
table[i] = e;
++size;

}
}

private static final Object DELETED = new Object();

private int numNonNulls = 0;

++numNonNulls;
if (numNonNulls > table.length/2) rehash();

private void rehash() {
Object[] old = table;
table = new Object[4*size];
size = numNonNulls = 0;
for(int i = 0; i< old.length; i++)
if (old[i] != null && old[i] != DELETED) add(old[i]);

}

 DELETED 
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public void add(Object e) {
int empty = -1;
int h = h(e);
for (int j=0; j<table.length; j++) {
if (table[h] == DELETED && empty == -1) empty = h;
if (table[h] == null || table[h].equals(e)) break;
h = (h + 1) % table.length;

}
if (table[h] == null) {
if (empty != -1) h = empty;
table[h] = e;
++size; ++numNonNulls;
if (numNonNulls > table.length/2) rehash();

}
}

int h = indexOf(e);

if (empty == -1) ++numNonNulls;

26 24 17 4 43 11 12

0 1 2 3 4 5 6 7 8 9 10 11 12

43
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Cookie Monster 

Effect
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hj(x) = (h(x) + j2 ) % m hj(x) = (hj–1(x) + 2j – 1) % m

+1, +3, +5, +7,...

hj(x) = (h(x)+j2) % m
hj–1 (x) = (h(x)+(j – 1)2) % m

hj(x) – hj–1 (x) = (j2 – (j – 1)2 ) % m
= (j2 – j2 + 2j – 1) % m

hj(x) = (hj–1 (x) + 2j – 1) % m
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h(x) = x % 13 )

0 1 17 4 5 7 8

0 1 2 3 4 5 6 7 8 9 10 11 12

h(x) = 4
(4+12)%13 = 5
(4+22)%13 = 8
(4+32)%13 = 0
(4+42)%13 = 7
(4+52)%13 = 3
(4+62)%13 = 1

(4+72)%13 = 1
(4+82)%13 = 3
(4+92)%13 = 7

(4+102)%13 = 0
(4+112)%13 = 8
(4+122)%13 = 5
(4+132)%13 = 4

...
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: 0 i < j m/2
i j

: (j – i) (j+i) m

(j – i)(j+i) % m 0 < m

m

h(x) + j2 h(x) + i2 mod m
j2 i2 mod m

(j2 – i2) 0 mod m
(j – i)(j + i) 0 mod m
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h = (h + 1) % table.length

h = (h + 2*j-1) % table.length
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import java.math.BigInteger;
public class QuadraticProbingHashSet implements Set {
private static final Object DELETED = new Object();
private Object[] table;
private int size, numNonNulls;

public QuadraticProbingHashSet(int m) {
table = new Object[nextPrime(m)];

}
private int nextPrime(int n) {
BigInteger bi = new BigInteger(Integer.toString(n));
return bi.nextProbablePrime().intValue();

}
private void rehash() {
Object[] old = table;
table = new Object[nextPrime(4*size)];
size = numNonNulls = 0;
for(int i = 0; i< old.length; i++)
if (old[i] != null && old[i] != DELETED) add(old[i]);

}
...

 n=5000  5003
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public boolean isEmpty() { return size == 0; }
public int size() { return size; }

public boolean contains(Object e) {
return table[indexOf(e)] != null;

}
private int indexOf(Object e) {
int h = h(e);
for (int j=0; j<table.length; j++) {
if (table[h] == null) return h;
if (table[h].equals(e)) return h;
h = (h + 2*j - 1) % table.length;

}
throw new AssertionError(" ");

}
private int h(Object e) {
return Math.abs(e.hashCode()) % table.length;

}
...

hj(x) = (hj–1(x) + 2j – 1) % m
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public void remove(Object e) {
int i = indexOf(e);
if (table[i] != null) {
table[i] = DELETED; --size;

}
}
public void add(Object e) {
int empty = -1;
int h = h(e);
for (int j=0; j<table.length; j++) {
if (table[h] == DELETED && empty == -1) empty = h;
if (table[h] == null || table[h].equals(e)) break;
h = (h + 2*j-1) % table.length;

}
if (table[h] == null) {
if (empty != -1) h = empty;
table[h] = e;
++size; if (empty == -1) ++numNonNulls;
if (numNonNulls > table.length/2) rehash();

}
}
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h(x)

– hj(x) = (h(x) + j) % m, hj(x) = (h(x) + j2) % m
– h(x)
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g(x) % m 0 ( )
– g(x) = R – (x % R) R R < m

• g(x) m  1 

– m

– h(x) = 0, g(x) = 4, m = 8  0  4 
– h(x) = 0, g(x) = 4, m = 7  0, 4, 1, 5, 2, 6, 3

hj(x) = (h(x) + j g(x)) % m hj(x) = (hj–1(x) + g(x)) % m
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public class DoubleHashingHashSet implements Set {
...

private int indexOf(Object e) {
int h = h(e);
int g = g(e);
for (int j=0; j<table.length; j++) {
if (table[h] == null) return h;
if (table[h].equals(e)) return h;
h = (h + g) % table.length;

}
throw new AssertionError(" ");

}
private int h(Object e) {
return Math.abs(e.hashCode()) % table.length;

}
private int g(Object e) {
return 11 – (Math.abs(e.hashCode()) % 11);

}
...

hj(x) = (hj–1(x) + g(x)) % m

http://www.cp.eng.chula.ac.th/~somchai
209/235



© S. Prasitjutrakul 2006 04/10/49 47

 (linear probing)

 (quadratic probing)

 (double hashing)

= 0.8
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11.632.6711.372.7949.705.44= 0.9

5.322.055.642.1612.843.00= 0.8

3.441.743.701.826.022.16= 0.7

2.541.532.721.593.631.75= 0.6

2.021.392.141.432.501.50= 0.5

1.671.281.751.311.891.33= 0.4

1.431.191.471.211.521.21= 0.3

Double HashingQuadratic ProbingLinear Probing
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1 + 1 + /2( 0)

(0 1)

(0 1)
1 11
2 1

1 1ln
1

1
1

 :  5 

 :
2

1 15 1
2 (1 ) 2

19
(1 )

2 / 31 1/9

2
1 11
2 (1 )
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1117=1x3x3x3/2x3x3x3x3x3/2/2x3x3/2/2/2/2/2x3x3x3/2/2/2x3/2

ArraySet 164987

BSTSet 1112

AVLSet 430

LinearProbingHashSet 1903

QuadraticProbingHashSet 390

SeparateChainingHashSet 350

Set  (ms)

 set  73816 
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#probes = 1 + 2
1 11
2 (1 )

#probes =
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(m+n)
•

public class Book {
private String isbn;
...
public int hashCode() {
return 0;

}
}

return isbn.hashCode() & &7FFFFFFFH;|
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2  4  1  6  5  9  3  8

1  2  3  4  5  6  8  9
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public class ArrayUtil {
...
private static boolean lessThan(Object a, Object b) {
return ((Comparable)a).compareTo(b) < 0;

}

private static void swap(Object[] d, int i, int j) {
Object t = d[i]; d[i] = d[j]; d[j] = t;

}
...

}
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public static void selectionSort(Object[] d) {
for (int k=d.length-1; k>0; k--) {
int m = k;
for (int j=0; j<k; j++)
if (lessThan(d[m],d[j])) m = j;

swap(d, m, k);  // d[m] d[k]
}

}

#(lessThan)
1 n n-1
2 n-1 n-2
... ... ...
n-1 2 1

#swaps = n-1

= n(n-1)/2

(n2)
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public static void bubbleSort(Object[] d) {
for (int k=d.length; k>1; k--) {
boolean sorted = true;
for (int j=1; j<k; j++) {
if (lessThan(d[j], d[j-1])) {
swap(d, j-1, j);
sorted = false;

}
}
if (sorted) break;

}
}

public static void bubbleSort(Object[] d) {
for (int k=d.length; k>1; k--)
for (int j=1; j<k; j++)
if (lessThan(d[j], d[j-1])) swap(d, j-1, j);

}

(n2)

O(n2)
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4 9 12 31 47 10 6 7 8 9 10 11

k

k+1

4 9 10 12 31 47 6 7 8 9 10 11
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public static void insertionSort(Object[] d) {
for (int k=1; k<d.length; k++) {
Object t = d[k];
int j = k-1;
while (j>=0 && lessThan(t, d[j])) {
d[j+1] = d[j];
j--;

}
d[j+1] = t;

}
}

O(n2)

#(lessThan)
1 1 1
2 2 1  2
... ... ...
n-1 n-1 1  n-1

k

=

n-1

n(n-1)/2
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Donald Shell, 1959
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11 9 10 2 7 0
6 4 8 5 3 1

0 2 7 9 10 11
1 3 4 5 6 8

0 1 2 3 4 5 6 7 8 9 10 11

59

15+14

20
49

h=1,2
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public static void shellSort(Object[] d) {
for (int h=d.length/2; h>0; h/=2) {
for (int m = 0; m < h; m++) {
for (int k = h+m ; k < d.length; k += h) {
Object t = d[k];  int j = k - h;
while( j >= 0 && lessThan(t, d[j]) ) {
d[j + h] = d[j];  j -= h;

}
d[j + h] = t;

}
}

}
}
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?

·

public static void shellSort(Object[] d) {
for (int h =d.length/2; h>0; h/=2) {
for (int m = 0; m < h; m++) {
...

h = h==2 ? 1 : (int)(h/2.2)
 Gonnet
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10 12 21 5 8 2 6 9 0 9 10 11

0 1 2 3 4 5 6 7 8 9 10 11

10 12 21 5 8 2 6 9 0 9 10 11
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61.433.912.64123337.25102,400

17.311.911.2529179.2551,200

12.101.000.577240.2525,600

3.480.450.281814.6612,800

1.540.230.14459.646,400

0.730.110.07112.643,200

0.290.060.0428.591,600

0.180.030.027.01800

0.060.020.011.80400

0.030.010.010.44200

n
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102.35153943.75221318.25124168.50102,400

31.1036625.2553754.7529249.7551,200

15.498988.0013449.507250.5025,600

6.552266.793349.861816.8312,800

4.57573.99844.04458.976,400

1.36141.22210.30112.623,200

0.6435.1851.0128.431,600

0.299.7312.867.36800

0.152.293.231.80400

0.060.550.810.44200

n
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184.83171231.25332638.25200588.50102,400

62.4320123.7556241.0030183.5051,200

27.834639.2513349.257273.0025,600

12.111147.653318.251834.7812,800

5.83284.56823.90452.576,400

2.4974.17207.47112.863,200

1.1016.9349.7131.011,600

0.454.3815.387.02800

0.191.103.131.82400

0.080.300.190.45200

n
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125 12 10 11 27

0 1 2 3 4
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public static void heapSort(Object[] d) {
int size = d.length;
for(int k=size/2-1; k>=0; k--)
fixDown(d, size, k);

for(int k=size-1; k>0; k--) {
swap(d, 0, k);
fixDown(d, --size, 0);

}
}
static void fixDown(Object[] d, int size, int k) {
int c;
while ((c = 2 * k + 1) < size) {
if (c < size-1 && lessThan(d[c], d[c+1])) c++;
if (!lessThan(d[k], d[c])) break;
swap(d, c, k);
k = c;

}
}

O(n)

O(n log n)
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Merge

MergesortMergesort
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public static void mergeSort(Object[] d) {
mSortR(d, 0, d.length-1,(Object[]) d.clone());

}

private static 
void mSortR(Object[] d,

int left, int right, Object[] t) {
if (left < right) {
int m = (left + right)/2;
mSortR(t, left, m, d);
mSortR(t, m + 1, right, d);
merge(t, left, m, right, d);

}
}
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b

a 2 5 15 18 0 9 19 52

static void merge(Object[] a, int left, int mid,
int right, Object[] b) {

int i = left, j = mid+1;
for (int k = left; k <= right; k++) {
if (i > mid)   {b[k] = a[j++]; continue;}
if (j > right) {b[k] = a[i++]; continue;}
b[k] = lessThan(a[i], a[j]) ? a[i++] : a[j++];

}
}
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Merge

MergesortMergesort c(n/2) + c(n/2)

c(n) n

n/2 n – 1

c(n) 2c(n/2) + n – 1
c(n) 2c(n/2) + n/2
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c(n) 2c(n/2) + n – 1
2( 2c(n/4) + n/2 – 1 ) + n – 1

= 4c(n/4) + n – 2 + n – 1

4( 2c(n/8) + n/4 – 1 ) + n – 2 + n – 1
= 8c(n/8) + n – 4 + n – 2 + n – 1

2kc(n/2k) + n – 2k – 1 + ... + n – 2 + n – 1
. . .

= 2kc(n/2k) + nk – (2k – 1)

= n log2 n – n + 1
n = 2k , k = log2 n= O(n log n)

c(1) = 0
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Partition

QuickSort QuickSort

p pp

pivot
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public static void quickSort(Object[] d) {
qSortR(d, 0, d.length-1);

}
static void qSortR(Object[] d, int left, int right){
if (left < right) {
int j = partition(d, left, right);
qSortR(d, left, j - 1);
qSortR(d, j + 1, right);

}
}
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ii jjii jjjjii

p

< p > p

d 5 15 18 9 11 5212 0

static int partition(Object[] d, int left, int right) {
Object p = d[left];
int i = left, j = right + 1;
while (i < j) {
while (lessThan(p, d[--j]));
while (lessThan(d[++i], p)) if (i == right) break;
if (i < j) swap(d, i, j);

}
swap(d, left, j);
return j;

}
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Partition

QuickSort QuickSort

p pp

c(n) n

c(k) + c(n – k – 1)

n – 1

k
c(n) = c(k) + c(n – k – 1) + n – 1 
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c(n) = c(k) + c(n – k – 1) + n – 1

cmin(n) = cmin( n/2 ) + cmin(n – n/2 – 1) + n – 1

2cmin(n/2) + n – 1 

= n log2 n – n + 1

= O(n log n)
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c(n) = c(k) + c(n – k – 1) + n – 1

cmax(n) = c (0) + cmax(n – 1) + n – 1

= cmax(n – 1) + n – 1 

= cmax(n – 2) + n – 2 + n – 1

. . .

= cmax(1) + 1 + 2 + ... + n – 2 + n – 1

= n(n – 1)/2

= (n2)
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c(n) = c(k) + c(n – k – 1) + n – 1
1

avg avg avg
0

1( ) ( ) ( 1) ( 1)
n

k

c n c k c n k n
n

1

avg
0

2 ( ) ( 1)
n

k

c k n
n

1

avg avg
0

( ) 2 ( ) ( 1)
n

k

nc n c k n n

2

avg avg
0

( 1) ( 1) 2 ( ) ( 1)( 2)
n

k

n c n c k n n

avg avg( ) ( 1) ( 1) 2( 1)nc n n c n n
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avg avg( ) ( 1) ( 1) 2( 1)nc n n c n n

avg avg( ) ( 1) 2( 1)
1 ( 1)

c n c n n

n n n n

avg

2

(1) ( 1)2
2 ( 1)

n

i

c i

i i

avg ( ) 2 ln O( )c n n n n

2

12
( 2)

n

i i

2(ln O(1))n

21.39 log O( )
O( log )

n n n

n n
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static int partition(Object[] d, int left, int right) {
int m = left + (int)(Math.random()*(right–left+1));
swap(d, left, m);
Object p = d[left];
...
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static int partition(Object[] d, int left, int right) {
int c = (left + right)/2;
if (lessThan(d[left],d[c])) swap(d, left, c);
if (lessThan(d[right],d[c])) swap(d, c, right);
if (lessThan(d[right],d[left])) swap(d, left, right);
Object p = d[left];
int i = left, j = right + 1;
while (i < j) {
while (lessThan(p, d[--j]));
while (lessThan(d[++i], p)) if (i==right) break;
if (i < j) swap(d, i, j);

}
swap(d, left, j);
return j;

} X Y Z

Y X Z
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